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Resume
Electric car does not supply all the electric energy, obtained from the electric 
network, to the wheels in the form of mechanical energy. During such a 
transformation, a part of this energy is lost. The article endeavours to determine 
the energy efficiency of selected electric car. The electric car used for 
measurements is not from the batch production since that is a vehicle designed 
at University of Zilina. The efficiency has been observed while driving under the 
conditions of amended methodology of New European Driving Cycle (NEDC). 
The measured value of electric car's efficiency is being analyzed from the energy 
consumption, as well as emission production, points of view.
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amount of emissions produced, certain amount of non-
renewable energy resources consumed as well as certain 
amount of money spent on electric energy purchase [8-9].

The value of energy efficiency of electric car also 
affects the value of its coasting, or the needed capacity of 
electric car’s batteries. Such a capacity closely relates to 
mass of the batteries. Increasing of battery capacity by 10 
kWh means increase in mass of electric car by about 15 
kg depending on the battery type. Such an increase can 
cause a difference in energy consumption, according to 
driving cycle parameters [10], up to 1 kWh . 100 km-1. When 
increasing the battery capacity, as well as the unladed mass 
of electric car, it leads to decrease in vehicle load capacity 
[11].

There is also a relation between the amount of emissions 
produced and the energy efficiency and consumption of an 
electric car [12]. A theoretical amount of selected emissions 
produced in connection with production of electric energy 
used for the electric car to be driven has been calculated, as 
well. Such a theoretical production of emissions of carbon 
dioxide, carbon monoxide, nitrogen oxides and particulate 
matters has been calculated per unit of energy consumed. 
The reason of the comparison of emissions produced by 
electric cars and combustion engine vehicles lies in the fact 
that the road transport is a major producer of the above-
mentioned gaseous emissions [13].

Carbon dioxide CO
2
 is considered as a gas causing 

the greenhouse effect with approximately 55% share on it. 
In the EU, the transport is the only sector in which there 

1	 Introduction

Energy input to an electric car in the form of electric 
energy obtained from the electric network is regulated 
before being supplied to the wheels in the form mechanical 
energy; there is a change in the value of electric current 
and voltage and it is further stored in the accumulator 
and transformed into mechanical energy in the electric 
motor. These processes are connected to energy losses [1]. 
Scientific publications, in many cases, pay attention only 
to particular components of electric cars, mostly to energy 
efficiency of electric car‘s batteries [2-4], or to efficiency of 
hybrid vehicles [5-7].

The article aims to determine the energy efficiency of 
an electric car. Through the measurements, the amount of 
energy obtained from the electric network and the amount 
of energy supplied to the dynamometer’s cylinders, by 
means of which the measurements were performed, have 
been compared. The value of energy efficiency of electric 
car affects several aspects. One of those aspects is the 
amount of energy consumed that is needed for overcoming 
a certain distance. For instance, when increasing the 
overall energy efficiency of electric car from 60% to 80%, 
the energy consumption needed for 100 km to be driven 
would decrease by 20%. In the case of average value of 
energy consumption of 20 kWh . 100 km-1, the 20%-increase 
in efficiency would lead to decrease in energy consumption 
to 16 kWh . 100 km-1. What is more, every single kWh of 
electric energy consumed is connected with a certain 
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driving mode and the transformation of mechanical energy 
to electric energy during the recuperation mode, are being 
under way.

The electric car used for measurements has all of its 
devices, from the electric socket up to electric motor’s shaft, 
operating only with electric energy and from the electric 
motor’s shaft up to wheels, operating only with mechanical 
energy. Not taking into consideration mechanical losses, 
conducting the vehicle coasting test on the dynamometer 
has enabled to determine the efficiency of particular parts 
of vehicle that operate with electric or mechanical energy. 
The mechanical losses in electric motor are caused only by 
two rolling bearings and thus, it can be assumed that they 
are not of significant value and their share on the result 
accuracy can be neglected.

The article contributes an insight into the efficiency 
of energy transmission by electric cars from several points 
of view.

2	 Measurement	methodology

In the form of mechanical energy, there has been the 
transmission energy efficiency, taken from electric energy 
to dynamometer’s cylinders, determined. 

was no reduction, but an increase in the greenhouse gases 
production when comparing to 1990 [13].

Carbon monoxide CO is a colourless and odourless 
gas, which is highly toxic for humans. It can bind with 
haemoglobin up to 300 times more efficiently than oxygen 
resulting in a limited transportation of oxygen from lungs 
into the tissues and thus the tissues and cells are being 
damaged. The longer exposure of humans, together with its 
higher concentration in blood, causes coma or death [14].

Specific chemical compounds, known as nitrogen 
oxides NO

x,
 affect the greenhouse effect, acid rains and 

health of population negatively.
Particulate matters PM have a negative impact on 

population’s health. They also cause faster ice melting due 
to their higher absorption of light resulting from black 
colour [15].

Concerning the electric car operation, the amounts 
of emissions produced have been compared to values 
calculated for combustion engine vehicles. 

Devices through which is the energy for the wheels to 
be driven coming can be divided into those that operate 
only with electric energy and those that operate only 
with mechanical energy. There is an exception seen in 
the electric motor’s shaft in which the transformation of 
electric energy to mechanical energy during the wheel 

Figure 1 Vehicle used for measuring

Table 1 Technical parameters of vehicle used for measuring [16]

parameter value

electric motor AC, AKOE 15/30 kW, 80 V

controller Curtis 1238

batteries Thunder Sky LiFeYPO4, 300 Ah

gross vehicle weight 1300 kg

maximal speed 80 km.h-1

frame steel tube space frame

body steel/plastic

length 3100 mm

wheelbase 2130 mm

width 1550 mm
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As seen from Figure 2, while charging, the energy is 
transmitted from the socket to the battery pack via charger 
together with convertor. 

Figure 3 displays the flow of energy while wheel 
driving.

During the mode of wheel driving, the electric energy 
from batteries is being transmitted through the DC/DC 
convector into the electric motor in which it is converted 
into mechanical energy. This energy is further transmitted 
through the planetary gear to the wheels. Electric energy in 

2.1	 Vehicle	used	for	measuring

Figure 1 shows the vehicle used for measuring. It is 
called Edison II and its production was at University of 
Zilina.

The technical parameters are given in Table 1.
The basic vehicle modes comprise charging, wheel 

driving and recuperation. Particular modes are controlled 
via battery management system. The energy flow during the 
charging mode is displayed in Figure 2.

Figure 2 Mode of battery charging [16]

Figure 3 Mode of wheel driving [16]

Figure 4 Recuperation mode [16]
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better accuracy in comparison to measurements while road 
driving and it also enables to record a value of mechanical 
energy delivered from the wheels on its cylinders [18]. In 
order to have the cylinder values at the level of situation in 
which a vehicle is road driving, it is necessary to introduce 
these values into the cylinder test station’s control computer. 
The values are achieved by the coasting deceleration 
measurement of vehicle resistance under the conditions 
of Standard EN 30 0556 [19]. Such measurement relies on 
a vehicle with prescribed laden mass, which is accelerated 
up to the speed about of 80 km.h-1; disconnection between 
the engine and wheels, and on the recording of vehicle 
coasting [20]. Figure 5 depicts the vehicle deceleration 
during measurement.

The recorded vehicle speed that depends on the time 
of disconnection between the engine and wheels is further 
introduced into the cylinder test station’s computer. Based 
on these values and measurement results, the computer 
sets values of deceleration or acceleration directly at the 
cylinders during the particular driving modes. At the same 
time, based on the coasting test, the computer is calculating 
the difference in values of the rolling resistance between 
the road and cylinder driving since the rolling resistance 
has an increasing character on the cylinders compared 
to road surface. Thus, the cylinder test station can fully 
provide a road driving simulation [21].

the vehicle is also necessary for on-board computer, vehicle 
headlights, windscreens and other devices to be connected. 
It is, therefore, also transmitted from the DC/DC convector 
to 12 V auxiliary battery intended for the above-mentioned 
devices to be plugged-in.

While vehicle is running, there is no need to bring the 
driving force on the wheels. It can be seen while engine 
braking for example when driving downhill [17]. The energy 
flow during the recuperation is shown in Figure 4.

During the mode of energy recuperation, mechanical 
energy from the wheels is being transmitted through 
the transmission to electric motor. The electric motor 
converts the mechanical energy into electric energy, 
which is further transmitted through the controller 
and DC/DC convertor to the charger and subsequently to 
the batteries.

2.2	 Device	used	for	measuring

The device used for measuring was a dynamometer 
MAHA MSR 1050. The measurement deviation of this 
device is +/-2% from the measured value according to the 
manufacturer. The dynamometer enables a simulation of a 
vehicle driving by simulating the real driving resistances via 
braking or cylinder driving. At the same time, it provides the 

Figure 5 Vehicle deceleration during coasting deceleration measurement

Figure 6 Real driving speed according to amended methodology of the NEDC
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Subsequently, the energy supplied to the cylinders and 
calculated in kWh was recalculated into joules according 
to relation (1). 

By the theoretical calculations, it was also possible to 
determine an approximate energy loss between the electric 
socket and electric motor‘s shaft as well as between the 
electric motor‘s shaft and cylinders of dynamometer. This 
calculation has been made based on the measurement 
between the power of electric motor‘s shaft and power 
transmitted on the dynamometer’s cylinders.

2.4	 Calculation	of	average	energy	consumption	

Average energy consumption, given per 100 km of the 
distance driven, has been determined, as well. Based on 
the average energy consumption per one amended NEDC 
cycle and its average length, the energy consumption has 
been calculated. On the grounds of transmission energy 
efficiency, the energy consumption has been calculated 
as an energy consumption taken from the socket, energy 
consumption in the electric motor‘s shaft and energy 
consumption on the dynamometer’s cylinders.  

The energy consumption on the cylinders of 
dynamometer has been calculated according to relation: 

EC D
E

c
dc=  (3)

where:
EC

c
 - energy consumption on dynamometer’s cylinders 

[kJ.100km-1],
E

dc
 - energy delivered to dynamometer’s cylinders [kJ],

D - trajectory driven while measuring [m] [24].
Similarly, the energy consumption in connection with 

energy taken from the electric socket has been calculated, 
however, there is a difference. Instead of energy delivered 
to the dynamometer’s cylinders, the energy taken from 
the socket has been taken into consideration within the 
formula of calculation. 

In order to calculate the energy consumption in 
connection with electric motor shaft, the same relation has 
been used, though there has been also the transmission 
energy efficiency from the electric motor‘s shaft on the 
dynamometer’s cylinders borne in mind.

3	 Results

Figure 7 displays the curves showing the courses of 
power measured by Edison II vehicle on the cylinder test 
station MAHA MSR 1050. The abscissa displays the driving 
speed, the left ordinate axis displays the power and the 
right ordinate axis shows the torque. 

Data from Figure 7 can also be obtained from the 
control computer of MAHA MSR 1050 numerically. By 
averaging the data values of power on the dynamometer’s 
cylinders and torque, it is possible to find out that the 
transmission power efficiency from the electric motor‘s 

2.3	 Measurement	process

Measurement of the transmission energy efficiency 
has been performed while the vehicle driving according 
to amended new European driving cycle, known as NEDC 
[22]. Such amendment of NEDC cycle comprises a change 
in the maximum driving speed from 121 km.h-1 to 70 
km.h-1. The instantaneous speed deviation, opposite to the 
prescribed one, has been of ± 2 km.h-1. The real course of 
driving, according to amended methodology of the NEDC, 
is shown in Figure 6.

While vehicle driving under the NEDC conditions, 
various driving modes are changing such as vehicle 
acceleration, driving at the stabilised speed, or vehicle 
deceleration as seen in Figure 5. Thus, while driving, 
there are both driving modes active, wheel driving and 
recuperation modes. 

According to conditions of the NEDC, the transmission 
energy efficiency has been determined while vehicle driving 
under the comparison of the amount of energy supplied 
to vehicle from the electrical socket and energy delivered 
from the vehicle into dynamometer’s cylinders. 

An electricity meter has been used for measuring the 
energy delivered from the socket since it is a designated 
measuring device, which is tested according to [23]. The 
electricity meter displays the amount of energy consumed 
in kilowatt-hours. A kilowatt-hour is not a part of the 
International System of Units (SI), although it is derived 
from the watt unit. According to SI, the unit that corresponds 
to the energy is a joule. One joule is one watt-second. In 
order to calculate the amount of energy delivered in the 
joules, the relation below has been used:

EE EE 36 10s sk
5$ $= , (1)

where: 
EEs - electric energy delivered in [J],
EE

sk
 - electric energy delivered in [kWh].
Value of electric energy delivered has been determined 

by subtraction of the value seen in the electricity meter at 
the end of charging from the value seen at the beginning. 
While charging the electric car from the socket, to which 
the electricity meter was connected, there was no electric 
energy taken by any other device. 

The dynamometer has recorded the power supplied to 
the cylinders by the wheels 10 times per second. In order 
to compare the energy supplied to the dynamometer’s 
cylinders with the energy delivered from the socket, it was 
necessary to calculate the energy supplied to the cylinders 
firstly according to relation:

EM T
P

sc
m

c= , (2)

where: 
EM

sr
 - mechanical energy supplied to the cylinders [kWh],

P
c
 - average value of power supplied to the dynamometer’s 

cylinders [kW],
T

m
 - time of measuring [hours].
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The transmission energy efficiency from the electric 
socket on the dynamometer’s cylinders has been 45% that 
is quite a low value [26]. However, it is necessary to bear 
in mind that there is a rolling resistance added into the 
efficiency [27]. On the other hand, the rolling resistance, as 
well as the other driving resistances, is always seen when 
vehicle driving. 

Table 4 shows the value of energy according to the 
place of its dissipation, that means its conversion into other 
energy than mechanical, supplied to the dynamometer’s 
cylinders. 

As seen from Table 4, there are large energy losses 
between the socket and electric motor’s shaft.  

Based on the data from Tables 2 and 3, it is possible to 
calculate an average energy consumption of Edison II per 
100 km while driving according to amended NEDC cycle. 

shaft on dynamometer’s cylinders is 82%. Thus, there is 
an energy loss of 18% between the electric motor‘s shaft 
and cylinders. When assessing results of calculations, it 
is necessary to take into consideration that besides losses 
in the vehicle there are also losses caused by the wheels’ 
rolling resistance along the dynamometer’s cylinders. 
Therefore, the calculation cannot be regarded as accurate 
but approximate [25]. The values measured during one 
amended NEDC cycle correspond to measurements from 
the number 1 up to 4 and the results measured during four 
successive amended NEDC cycles and subsequent charging 
correspond to measurement number 5. 

The parameters of particular measurements according 
to amended NEDC cycle are shown in Table 2.

Results of the transmission energy efficiency are given 
in Table 3.

Figure 7 The course of power and torque in Edison vehicle

Table 2 The values of selected parameters during measurement

number of measuring
time of measuring  

(s)
average driving speed 

(km.h-1)
distance driven  

(m)
average cylinders power 

(kW)

1. 1324 28.14 10349 2.643

2. 1345 27.97 10449 2.607

3. 1321 27.82 10208 2.640

4. 1336 28.02 10398 2.617

5. 5394 27.03 40499 2.563
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according to values given by the power plants in the case of 
electric cars. The data are calculated for the motor’s shaft 
energy output and can be seen in Table 6.

Concerning the heavy goods vehicles and SI engines for 
M1 vehicles, it is considered that only a certain part of the 
chemical energy from the fuel is converted into mechanical 
energy on the motor’s shaft energy output, depending on the 
energy efficiency of combustion engine. On the other hand, 
in the case of electric cars, it is considered that all of the 
energy delivered from the electric socket is being converted 
into mechanical energy on the output of the motor’s shaft. 
However, that is not a true fact as proved in the previous 
part of the article. Based on the measurement results, 
it is possible to add a value of theoretical production of 
selected emissions to Table 6 by taking into consideration 
the energy efficiency of energy transmission measured from 
the electric socket up to electric motor’s shaft that is seen 
in Table 7.

The average energy consumption pursuant to the 
above-mentioned conditions is given in Table 5. 

As seen from Table 5, the wheels’ energy consumption 
has been 45% of the energy consumption taken from the 
electric socket. The energy consumption of electric motor’s 
shaft represented 53% of the energy consumption of electric 
socket. That means there was 47% energy from the electric 
socket lost between the electric socket and electric motor’s	
shaft.

Publication [28] shows the theoretical calculation of 
the amount of selected emissions produced per energy 
unit. There is emission production compared between 
the combustion engine vehicles and vehicles with electric 
motors. Concerning the vehicles with electric motor, the 
data are calculated for electric energy made in European 
Union. Since the Standard [29] sets the emissions in 
kilowatt-hour, the data are also set so. Values have been 
calculated based on data from the Euro 6 standard and 

Table 3 Transmission energy efficiency from the electric socket on dynamometer’s cylinders

number of measuring
energy delivered  

(kJ)
energy on cylinders  

(kJ)
efficiency  

(%)

1. 7711 3499 45

2. 7715 3506 45

3. 7672 3488 45

4. 7711 3496 45

5. 30924 13824 45

Table 4 Reduction of electric car efficiency

number of 
measuring

overall energy lost 
(kJ)

energy lost in front 
of the electric 
motor’s shaft

 (kJ)

energy lost in front 
of the electric 

motor’s shaft (%)

energy lost behind 
the electric motor’s 

shaft (kJ)

energy lost behind 
the electric motor’s 

shaft (%)

1. 4212 3454 82 758 18

2. 4209 3451 82 758 18

3. 4184 3431 82 753 18

4. 4215 3456 82 759 18

5. 17100 14022 82 3078 18

Table 5 Average energy consumption

place of energy consumption 
calculation 

dynamometer’s cylinders 
(kJ.100km-1)

electric motor’s shaft

(kJ.100km-1)

electric socket

(kJ.100km-1)

energy consumption 33958 40071 75373

Table 6 Emission production depending on how a vehicle is driven 

vehicle
emission (g.kwh-1)

CO CO
2

NO
x

PM

heavy goods vehicles 1.5 - 0.4 0.01

SI engines for M1 vehicles 0.989 253 0.06 0.06

electric energy from 
power plants in EU

0.186 459.2 0.348 0.019
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The theoretical production of the greenhouse gas CO
2
, 

relating to the operation of electric cars is significantly 
higher as for the SI engine vehicles. When taking into 
consideration the real efficiency of energy transmission 
from the electric socket on the electric motor’s shaft, the 
theoretical production of CO

2
 within the electric cars has 

increased from the value of 459 g.kWh-1 to 675 g.kWh-1. 
Considering the combustion engines, CO

2
 production is 

being proportional to the fuel consumption [24]. Assuming 
the higher engine energy efficiency of heavy goods vehicles, 

For better transparency, the results are also given in 
graphs in Figures 8-11.

As seen from Figure 8, the electric cars should not 
produce more CO than the combustion engine vehicles. CO 
is a gas, which affects the health of population negatively, 
and thus, it is important that electric cars do not produce 
CO directly while running.

Figure 9 shows the comparison of CO
2
 production. 

Since the CO
2 

production is not being assessed within the 
heavy goods vehicles, it is not given in Figure 9 either.

Table 7 Emission production depending on efficiency of electric car’s transmission energy and how a vehicle is driven 

vehicle
emission (g.kwh-1)

CO CO
2

NO
x

PM

heavy goods vehicles 1.5 - 0.4 0.01

SI engines for M1 vehicles 0.989 253 0.06 0.06

electric energy from power plants in 
EU, 100% efficiency

0.186 459.2 0.348 0.019

electric energy from power plants in 
EU, real efficiency

0.273 675 0.512 0.028

Figure 8 Comparison of theoretical CO production

Figure 9 Comparison of theoretical CO
2 
production



A S S E S S I N G  T H E  E N E R G Y  E F F I C I E N C Y  O F  A N  E L E C T R I C  C A R   A9

V O L U M E  2 3  C O M M U N I C A T I O N S    1 / 2 0 2 1

The losses measured between the electric motor‘s shaft 
and dynamometer have reached 18% of energy transmitted. 
These losses are predominantly of mechanical character 
[31]. In comparison to combustion engine vehicles, such 
loss has shown as lower. Concerning the combustion engine 
vehicles, the losses reach up to 25% and more, mainly due 
to their construction design, primarily and foremost due to 
simplification of the transmission system [32]. The vehicle 
Edison II has a planetary transmission with three gears 
of speed. Thus, the transmission mechanism of a vehicle 
used has substantially fewer parts in which it could lead to 
mechanical losses [33]. 

Concerning particular measurements, the data from 
Table 1 slightly vary. While driving according to amended 
NEDC cycle, some deviations were noticed in time of 
measuring, average speed, distance driven and in an average 
value of power supplied to dynamometer’s cylinders, as 
well. The reason of these deviations lies in a fact that drivers 
were not always driving precisely according to conditions 
of amended NEDC cycle. This requires a long time practice 
by the driver. However, the deviations between particular 

it is possible to expect lower production of CO
2 
grams per 

one kWh within the framework of these vehicles.
After taking into consideration the real efficiency, the 

greatest producers of NO
x
, albeit indirectly, are the electric 

vehicles. 
The theoretical production of PM within the electric 

cars is higher than within the heavy goods vehicles, however, 
concerning the SI engines for M1 vehicles, it is lower.

4	 Discussion

Concerning the electric cars, the comparison of values 
of the energy input and output has shown their energy 
efficiency issues. 

The power measured on the Edison II has been higher 
(Figure 7) than the power given in its documentation (Table 
1). The power in the documentation is the assumed one and, 
in the case of electric cars, there is a common phenomenon 
that the power measured is the higher than power given by 
the manufacturer [30]. 

Figure 10 Comparison of theoretical NO
x
 production

Figure 11 Comparison of theoretical PM production
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low. Such a value has been probably affected by using the 
vehicle of serial production. However, whether using serial 
or individual vehicles, the efficiency of energy transmission 
has a significant impact on energy efficiency of electric cars. 

As also stated in the article’s introduction, the devices 
through which the energy in electric car, used for the 
measurement, is coming can be divided into electric and 
mechanical ones. The electric devices especially include 
charger, convertors, battery pack, electric conductors and 
part of the electric motor’s shaft (Figures 2 - 4). Mechanical 
parts consist predominantly of transmissions gear, shafts 
and wheel bearings. All of the vehicle’s electrical parts, 
used in the measurement, are placed between the electric 
socket and electric motor’s shaft and the mechanical 
parts are placed between the electric motor’s shaft and 
wheels. Through the vehicle coasting driving test on 
the dynamometer it was possible to determine losses of 
mechanical energy between the electric motor’s shaft and 
cylinders of dynamometer. The energy taken from the 
socket has been delivered to electric motor’s shaft in the 
amount of 53%. The losses have had up to 82% in electric 
devices and 18% in mechanical devices from the overall 
amount of energy lost. Thus, the electric part of a vehicle 
has had substantially higher share on the overall energy 
losses than its mechanical part. It is necessary to take 
into consideration that losses also have included a part of 
electric energy delivered from the electric socket that has 
been used for an on-board indicator to be plugged in. Lights, 
ventilators and other electronic devices have been switched 
off during the measurement. 

The value of the electric car energy efficiency has 
a large impact on the harmful emission production, as 
well, as seen in Table 7 and in Figures 8-11. Knowing 
the value of efficiency of energy transmission from the 
electric socket onto the electric motor’s shaft has enabled a 
comparison of theoretical production of selected emission 
production within the combustion engines as there has 
been a theoretical production of emission calculated for 
them having considered the engine’s energy efficiency.

Concerning the theoretical production of CO, a 
considerably lower CO production within the electric cars 
was found out, even having made calculations with the real 
efficiency of energy transmission onto the electric motor’s 
shaft. It is important to know that the electric cars do not 
produce CO directly during the driving, but indirectly, 
during the electric energy production. Thus, to introduce 
the electric car driving in the cities is positive.

Concerning the CO
2
 production, the highest theoretical 

value of production of gas causing the greenhouse effect 
has been calculated within the production of electric energy 
in relation to operation of electric vehicles. Therefore, it 
can be said that from the local point of view the electric 
vehicles can contribute to reduction of CO concentration 
in densely populated areas. However, from the global point 
of view, using the electric vehicles does not weigh in on 
slowing down global warming.

Taking into consideration the efficiency of energy 
transmission from the electric socket onto the electric 

measurements do not have a negative impact on needs for 
the article’s research.

The transmission energy efficiency from the electric 
socket on the dynamometer’s cylinders was 45% under the 
conditions set in this article. It is quite a low value and it 
is necessary to take into consideration that the value was 
not measured on the wheels directly, but on the cylinders 
of dynamometer [34-35]. It means that the efficiency was 
decreased by the rolling resistance of tires along the 
cylinders.  If the efficiency is increased by the rolling 
resistance, the transmission energy efficiency will be still 
low, up to 55% and less. The reason lies in various factors. 
The first one represents the charging during which it must 
lead to the voltage transformation and its rectification 
[36]. The second one is the storage of electric energy in 
accumulators and its further transmission through the 
DC/DC convertor into electric motor, as seen in Figure 3 
[37-38]. There are also some energy losses depending on 
design of accumulator. The Li-ion accumulators have the 
efficiency of 80-90%, the PB accumulators have 50 up to 
92%, and the NiMH accumulators have the efficiency of 
about 66% [39-41]. Thus, the storage and further deliver of 
electric energy from the accumulators are accompanied 
with energy losses. Those losses can be also seen between 
the engine and wheels due to mechanical resistances of 
the transmission system. The last place in which the losses 
can be seen is tire. However, there is a part of energy used 
for the on-board computer and other appliances to be 
plugged-in. 

The measurements have been done at the surrounding 
temperature of about 22 °C. In the case of lower 
temperatures, the efficiency would have lower values [42]. 
While driving according to amended NEDC cycle, there 
is also vehicle deceleration. Here, it can be assumed that 
the driving mode of recuperation, i.e. vehicle accumulator 
charging, is applied. 

From Table 4 can be seen an obvious difference 
in average energy consumption if assessing it on the 
dynamometer’s cylinders and as taken from the electric 
socket. The cylinders of dynamometer have the average 
energy consumption calculated as 33958 [kJ.100km-1], resp. 
9.43 kWh . 100 km-1, the electric socket has had 75373 
[kJ.100km-1], resp. 20.93 kWh . 100 km-1. 

5	 Conclusion

Measurements have shown a great difference between 
the amount of energy taken from the electric socket and 
amount of energy delivered to the dynamometer’s cylinders.

Efficiency of the transmission energy from the electric 
socket on the dynamometer’s cylinders has been 45% within 
the electric car used for the measurement. Thus, 55% of the 
energy taken from the electric socket has not been used 
for the wheels to be driven. In other words, under these 
conditions, only 5 kWh from every 10 kWh of energy taken 
from the electric socket is being delivered to wheels in the 
form of electric energy. This value of efficiency is relatively 
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Results of this article point out that it is important to 
take the energy efficiency into consideration when thinking 
about electric cars. 

Acknowledgement

This contribution/publication is the result of the project 
implementation:

VEGA no. 1/0436/18 - Externalities in road transport, an 
origin, causes and economic impacts of transport measures.

motor’s shaft, the theoretical production of nitrogen oxides 
has increased from the value of 0.348 g.kWh-1 up to 0.512 
g.kWh-1 (Figure 10). Thus, when considering such energy 
efficiency, the indirect production of nitrogen oxides by 
electric cars is higher than in the case of heavy goods 
vehicles.

Due to considering the real efficiency of energy 
transmission from the electric socket onto the electric 
motor’s shaft, the theoretical production of PM within 
electric cars has increased from the value of 0.019 g.kWh-1 
up to 0.028 g.kWh-1 (Figure 11).
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Resume
Countries seek to use the knowledge and capital of the private sector to 
minimise the gap between the transport infrastructure needs and the capacity of 
their budgets. A form of private investor involvement is usually a public-private 
partnership PPP. However, success in implementing the PPP projects requires 
appropriate economic, legal and institutional conditions.
The article presents results of research aimed at identifying the PPP success 
factors in Poland and assessing the strength of impact of individual factors on 
the implementation of projects. An analysis of the subject literature was carried 
out, based on which the success factors were determined. Next, econometric 
modelling methods were applied (correlation and regression), which were used 
to measure the degree of correlation between the variables and showed the 
relationships of variables to each other.
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the process of successful project implementation [1]. Result 
of this research is to determine the best ways of planning 
and realizing the PPP investment projects.

The aim of the undertaken research was to identify 
the success factors of the PPP in Poland and to assess 
the strength of influence of particular factors on 
implementation of projects. The notion of success is 
understood very synthetically (because it is not the main 
subject of research) and means of a PPP project that 
was performed in accordance with the budget, schedule 
and service quality standard. The adopted aim of the 
research implied in the first stage - a review of the subject 
literature and then - developing statistical data and applying 
econometric modelling methods. A qualitative research 
approach was used, based on conceptual and comparative 
analysis of the secondary data, scientific literature and 
reports of international institutions. Then, in the next 
stage of research, correlation and regression analysis were 
applied. The former was used to measure the degree of 
correlation between the variables and the latter showed the 
quantitative dependence of one variable on another.

2	 Background	of	the	PPPs

As a result of the financial crisis in the 1980s, 
governments have focused their attention on the private 
sector as a source of financing for investments of general 
interest. One of the first scientists who dealt with this 

1	 Introduction

Public-private partnership (PPP) as a form of 
cooperation between the public and private partners, who 
act together while realizing a project, keeping their own 
goals and interests, has been an area of scientific research 
since the 1980s. Initially, directions of this research included 
such issues as: risk management, managing relations 
between project partners, project financing system or 
public procurement procedures. However, the global 
financial crisis in 2007-2008 intensified the research of 
scientists on the PPP issues. Governments around the 
world are trying to use the knowledge and capital of the 
private sector to minimize the gap between the needs for 
infrastructure, especially transport and possibilities of their 
budgets. The subject of particular interest of governments 
is the transport infrastructure, which determines economic 
and social development, and in the current state of quantity 
and quality requires large investment outlays. These include 
European rail, road and air transport systems, as well as 
urban transport systems, which are suffering from effects 
of congestion and citizens expect a rapid improvement of 
current transport systems. At the same time, the previous 
practice of the PPP implementation and the conducted 
research have shown that the success of a partnership 
requires appropriate economic, legal, institutional and social 
conditions. Therefore, at present, the main area of research 
on the PPP is to identify success factors and determine 
influence of particular factors, their strength of influence on 
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important: a strong private consortium, appropriate risk 
allocation and available financial market.

Out of these factors, the most important for the transport 
infrastructure projects, as highlighted by Hammami et 
al. [10] and Chou et al. [9], is the country’s stable macro-
economic condition and, in particular, such indicators as: 
the GDP level and growth, market size, customer purchasing 
power. Good macroeconomic conditions, according to 
Mansoor and Klein [13], are able to attract investors and 
increase the level of financial resources. In contrast, the 
size of the market affects the volume of demand and the 
purchasing power of customers at the level of future fees, 
which, in turn, determines the revenues and liquidity of the 
private consortium. Efficient financial intermediation, free 
access to capital and financial services are also important 
factors. Involvement of multilateral lenders and credit 
agencies in the transport project strengthens the positive 
outcome of this investment [14]. The factor related to the 
government’s economic policy and legal system is the 
transparent (transparent) public procurement process and 
the level of competitiveness of the procurement market. 
Intensity of competition means a large number of complex 
bids, which gives the possibility to choose a better supplier 
and carry out an ex-ante evaluation.

The conceptual and comparative analysis of the 
scientific literature has allowed identification of the critical 
success factors for the PPP projects that will be further 
investigated. These included: macroeconomic conditions, 
the legal framework (including the level of democracy and 
corruption) and availability of funding and competitiveness 
of the public procurement system.

3	 Methodology	and	research	results		

The tests carried out consisted of two main stages:
• in the first stage, the critical success factors for the 

PPPs were assigned macroeconomic quantities and 
the quantitative indicators that are appropriate for 
them, characterize them, constitute an aggregated set 
of information; these quantities were established based 
on the statistical data and reports of international 
institutions and covered the period 2009-2018, 

• in the second stage, the correlation and regression 
analyses were used and the constructed models 
made it possible to measure the degree of correlation 
between the variables and interdependencies occurring 
between them.
Thus, in order to characterise the macro-economic 

conditions, the basic macro-economic quantities, expressed 
in monetary terms, were selected: gross domestic product 
- GDP, exports, deficit, public debt. The international 
investment position of a country, which indicates whether 
a given country is a creditor or a net debtor to the foreign 
country, was also taken into account [15]. Positive values 
show that the country is a creditor and negative values 
- a debtor. This indicator is presented both in monetary 
units, as well as in relation to GDP, because the preliminary 

issue was a professor at Columbia University - E. S. Savas 
[2-3]. Research concerning not only the financing, but the 
operation and management of public infrastructure by the 
private sector as well, was conducted in the 1990s by D. 
Osborne and T. Gaebler [4]. Among European countries, the 
United Kingdom implemented various forms of cooperation 
between the public and private sector at the earliest and the 
largest scale. On the initiative of the government agency 
- The Private Finance Initiative, a lot of theoretical and 
research work on the role of the private sector in the sphere 
of public infrastructure and services was created [5-7]. 
Initially, the research directions covered such issues as: risk 
management, management of relations between the project 
partners, project financing system or public procurement 
procedures. However, in the last twenty years the main area 
of research are the success factors of the PPP, described 
in the literature as critical success factors (CSF). Their 
detailed review was presented by the author in an earlier 
publication [8], therefore only the most important of them 
will be discussed here.

Based on the literature research, it can be assumed 
that classification of determinants of the PPP success 
includes four groups of factors: economic and financial, 
political and legal, technical and social. Moreover, they can 
be divided according to the level of analysis. Determinants 
that are shaped by the government and its institutions can 
be defined as factors at the macro level. On the other hand, 
those that affect practical implementation at the stage of 
project preparation and feasibility assessment concern the 
micro-level.

The research undertaken has focused on the macro-
level factors as they provide a fundamental framework 
for functioning of the partnership. Without them the 
PPP formula will not exist at all, let alone successful 
implementation. Thus, the research conducted by Chou et al. 
[9] shows that at the macro level the following factors have 
the strongest impact: stable macroeconomic conditions, 
economic and political support of the government, legal 
system, availability of financing, competent advisory public 
agencies, social support, transparent procurement process, 
competition in the procurement process. Osei-Kyei and 
Chan [1] also point out in their research the importance 
of stable macroeconomic conditions, a favourable legal 
framework, political and social support and a clear 
procurement system. In general, the conducted research 
shows that the PPPs are more common in countries where 
there are strong and effective legal institutions and in 
countries where legal regulations well protect investors’ 
rights [10]. All this creates a good atmosphere for investors 
and has a positive impact on trust between the government 
and the private consortium. Mutual trust is important for 
success of the PPPs [11].

Moreover, the already mentioned studies by Osei-Kyei 
and Chan [1], underline the importance of factors such as 
the appropriate allocation and sharing of risks and presence 
of the strong private consortia on the economic market. 
According to studies, undertaken by Esmaeili, Pellicer and 
Molenaar [12], the following factors proved to be the most 
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regression models are presented in Table 2 and in Figures 1 
and 2. Next, the linear correlation coefficients, Spearman’s 
RHO (RHO Spearman) and linear regression functions were 
determined (Table 3).

It is worth noting that in the case of number of 
models estimating the number of the PPP agreements, the 
adjustment measured by the coefficient of determination 
R2 is much better than in the case of agreement values. 
Both models Wu1 and Wu2 are models of generalised 
log-hyperbolic regression; Lu1 is a model of exponential 
regression and Lu2 of hyperbolic regression. It is important 
to note that the best suited contract count models are 
those with six and five explanatory variables (indicators), 
contract count models use seven indicators. The average 
annual value of the PPP contracts in Poland in the years 
2009-2018 amounted to 0.1405 billion Euro (standard 
deviation 0.1384 billion Euro) and the average number of 
contracts 13.1 (standard deviation = 5.7). Thus, the average 
error in estimating the value of contracts, according to the 
given models, represents for Wu1 20.7% and Wu2 21.4% of 
the average value of contracts and for Lu1 4.0% and Lu2 
4.5% of the average number of contracts.

There is a significant positive correlation between the 
GDP, value of exports, level of public debt and a negative 
correlation between the international investment position 
and the deficit and number of contracts concluded. In the 
case of the value of contracts, the correlation with these 
macroeconomic indicators is much weaker. Level of the 
GDP value indicates the size, potential of the internal 
market that generates demand. This is an important factor 
for possible charges for use of the transport infrastructure. 
Correlation coefficients also show that growth of the 
GDP and value of export, i.e. generally the economic 
development of the country, causes an increase in number 
of the PPP agreements. On the other hand, a deterioration 
of the international position, i.e. an increase in the country’s 
debt to foreign countries, results in an increase in both the 
number and value of concluded agreements. In addition, 
an increase in the public debt level positively influences an 
increase in the number of agreements. Based on that, one 
can formulate an assumption that an increase in the level 
of debt, i.e. generally the government’s willingness to take 
on obligations and then an increase in money supply in the 
economy, contributes to development of the PPP, both in 
terms of the number of concluded agreements and their 
value. However, it is a conclusion that requires even further, 
in-depth research and analysis. Undoubtedly, however, 

studies have shown its great influence on success of the 
PPP projects. 

The rule of law indicator was used to assess the legal 
regulations and the general level of standards of operation 
of the state and its institutions (scale from 0 to 1; where 1 
means the strongest compliance with the rule of law) [16], 
democracy (scale from 0 to 10; where 10 means a fully 
democratic state) [17] and a corruption indicator [18]. The 
latter shows how national entrepreneurs assess the level 
of corruption in the public sector. The indicator value of 
0 means the highest level of corruption and 100 means the 
lowest level of corruption.

Another group of indicators allows assessing 
availability of financing. The following indicators were 
taken into account: bank assets, debt and private sector 
credit. The first one, due to its importance for the successful 
implementation of the PPP projects, is presented in EUR 
billion and in % of the GDP. The other two, however, are 
presented only in % of the GDP [15]. Debt of the private 
sector is the state of liabilities of enterprises, households 
and non-commercial institutions acting for the benefit of 
households, calculated cumulatively in subsequent years. 
Private sector credit is the net amount of liabilities of 
private entities, incurred in a given year.

The competitiveness of the public procurement process 
was assessed by means of an indicator that reflects several 
aspects of public procurement, including competition 
and red tape. The indicator measures the percentage of 
contracts awarded for which there was only one bidder 
[19]. A larger number of bidders is more advantageous 
because it means that public purchasers have more options 
and can obtain the better value for the money.

Table 1 summarises indicators that have been assigned 
to each PPP success factor.

In the second stage of research, the correlation and 
regression analyses was used. The first is used to measure the 
degree of correlation between the variables. The regression 
analysis is an extension of the analysis, which allows for 
a quantitative description of a relationship between one 
variable and another. The subject of the research was the 
degree of connection between the value and number of the 
PPP agreements concluded in a given year and indicators 
assigned to particular groups of the PPP success factors 
(Table 1). The two econometric (regression) models are 
given, expressing the value of agreements (Wu) and number 
of the PPP agreements (Lu) concluded in a given year. 
Calculations were made in an Excel spreadsheet. Selected 

Table 1 Indicators (explanatory variables) included in the surveys

a group of success factors indicators

macroeconomic conditions gross domestic product GDP, exports, deficit, public debt, international investment position (EUR 
billion), international investment position (% of GDP)

availability of financing bank assets (EUR billion), bank assets (% of GDP), private sector debt, private sector credit

legal framework, level of 
democracy

rule of law index, democracy index, corruption index

competitiveness of the 
public procurement process

competitiveness indicator
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of democracy, on the other hand, can be considered a very 
insignificant factor for the PPP projects.

There is a significant correlation between the level 
of financial assets of banks and the number of concluded 
PPP agreements - an increase in assets also in relation 
to the GDP, causes an increase in number of agreements. 
However, the level of private sector debt has the greatest 
impact, among the financial instruments taken into account. 
A progressive increase in the private sector debt implies 
an increase in the number of concluded agreements. On 
the other hand, credit flows of the private sector in a given 
year clearly influence, primarily the value of concluded 
agreements and, to a lesser extent, their number. It is 
a negative correlation - an increase in the level of private 
sector credit liabilities in a given year limits the value of 
concluded PPP agreements to a greater extent than the 
number of projects.

the increase in the budget deficit in a given year limits 
the number of concluded agreements. In the case of other 
indicators, the correlation is at most very weak.

There is a strong correlation between the rule of law 
and number of the PPP agreements concluded. Stable, 
clear regulations and compliance with the law are the 
factors that have the greatest impact on development of 
the PPP projects. In the case of the influence of this factor 
on the value of concluded agreements, one can only speak 
of a weak linear correlation. The value of the correlation 
coefficient for the number of contracts, which is 0.78, 
indicates a very strong correlation, which in practice means 
a large increase in number of contracts with a low level 
of corruption. Impact of this factor on value of contracts 
can be described as relatively weak, although significantly 
stronger than the rule of law. Nevertheless, the low level of 
corruption contributes to the value of contracts. The level 

Table 2 Selected econometric models (regression) of the PPP agreements concluded in a given year in years 2009-2018 in 

Poland: Wu value of agreements [billion EUR], Lu number of agreements

W equation R2 xdr

(bln 
EUR)

sd

(bln 
EUR)

x
sd
r

(%)

Wu1

. . . . .

.
.

expy x x x x x

x

38111 33 5158 27 3608 38 16549 21 481 79

1199 27
27 8616

9 9 6 5 4

2

= - - + + -

- -

t a
k

0.8908 0.02904 0.03724 128.2

Wu2 . . . . .
.expy x x x x x

36115 2 5128 85 3539 19 16185 69 636 52
24 3909

9 9 6 5 2
= - - + + -t a k 0.8822 0.03000 0.03879 129.3

Lu1
. . . . .

. . .

expy x x x x x

x x2

0 18542 0 08103 0 26490 1 37281 0 37548

0 00565 0 08754 6 36924

13 9 8 6 5

4

= - + - - +

+ - +

t ^
h 0.9874 0.52 0.40 77.7

Lu2

. . . . . .

.
.

y x x x x x x

x

0 09056 0 22300 0 83611 3 18745 0 91355 0 04327

0 18879
6 50
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2

= - - + + -

+

-

-

t
0.9847 0.59 0.42 71.4

W - specification

x n y y1
d ii

n
i1

= -
=

r t|  - mean absolute deviation of model values from actual values, where yi  actual value, yit  model value 
(regression function),

sd  - standard deviation of the absolute deviation of model values from actual values,

R2 - determination factor,

xi  - explanatory variables, according to the Table 3.

Figure 1 Value of the PPP agreements in Poland in 2009-
2018 and their estimation with regression models Wu1 and 

Wu2 from Table 2

Figure 2 Number of the PPP agreements in Poland in 2009-
2018 and their estimation with regression models Lu1 and 

Lu2 from Table 2
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investment position deteriorates, since an increase in 
foreign debt generates an increase in number of contracts. 
However, with respect to the value of contracts concluded 
in a given year, none of the factors, apart from a minor 
impact of the rule of law, have a practical significance.

The conducted research and analysis of its results 
allowed identifying the following critical success factors of 
CSF for the PPP projects in Poland: 

macroeconomic situation: GDP volume, public debt 
level, international investment position; 

legal regulations: rule of law, corruption;
availability of financing: the level of private sector debt, 

bank assets and private sector credit debt in a given year.
Legal regulations and compliance with the rule of law, 

as well as the low level of corruption, have the greatest 
influence on success of the PPP. Among economic factors, 
the international investment position of the country, the 
level of banks’ assets and private sector debt (calculated 
cumulatively) and its credit debt in a given year, are 
important.

4	 Conclusions	

When considering factors that determine the success 
of implementation of the PPP concept in the area of 

The last of the examined factors - competitiveness of 
the public procurement market in practice has no impact 
on number of concluded contracts and value of those 
contracts.

The Spearman’s rank correlation coefficient shows 
that a positive moderate correlation appears between the 
size of the GDP, level of exports, private sector debt and 
assets of banks. A moderate negative correlation occurs in 
the case of international investment position and number of 
contracts. On the other hand, when analysing the strength 
of the correlation between the value of contracts and 
individual characteristics, one should pay attention to the 
significant correlation with corruption. The strength of the 
correlation between the other features is low.

Analysis of the directional coefficient and linear 
regression allows formulating a conclusion that appropriate 
legal regulations and observance of the rule of law can 
have a very significant influence on increase in number of 
the PPP agreements. An analogous situation, however, the 
expected changes will not be so decisive, occurs in the case 
of increasing competitiveness of the public procurement 
market. Important factors are also private sector credit 
commitments in a given year and the international 
investment position of the country. An increase in credit debt 
may cause a decrease in number of agreements concluded 
in a given year. The opposite situation occurs when the 

Table 3 Linear correlation coefficient, Spearman’s rank correlation coefficient, directional coefficient and linear regression 

(y = ax +b)

specification linear correlation factor spearman’s rank correlation 
factor

linear regression directional 
factor a 

(y = ax +b)

value of 
contracts 

concluded in 
a given year 

(Wu)

number of 
contracts 

concluded in 
a given year 

(Lu)

value of 
contracts 

concluded in 
a given year 

(Wu)

number of 
contracts 

concluded in 
a given year 

(Lu)

value of 
contracts 

concluded in 
a given year 

(Wu)

number of 
contracts 

concluded in 
a given year 

(Lu)

1 GDP 0.1789 0.4980 0.3333 0.5061 0.00051 0.05860

2 exports 0.1816 0.4913 0.2970 0.4207 0.00069 0.07751

3 deficit -0.1110 -0.4302 -0.1758 -0.3598 -0.00222 -0.35650

4 public debt 0.3571 0.5341 0.3697 0.3476 0.00218 0.13500

5
international investment 
position (EUR billion)

-0.2475 -0.5066 -0.2606 -0.4268 -0.00154 -0.13031

6
international investment 

position (%GDP)
-0.3860 -0.4501 -0.3455 -0.4573 -0.02919 -1.41120

7 private sector credit -0.4493 -0.3244 -0.3222 -0.2844 -0.05884 -1.76102

8 private sector debt 0.2115 0.5989 0.3212 0.5061 0.00614 0.72089

9
bank assets (EUR 

billion)
0.1609 0.5016 0.2970 0.4207 0.00039 0.04970

10 bank assets (%GDP) 0.1447 0.5272 0.2606 0.3354 0.00437 0.66030

11 democracy -0.0594 0.0047 -0.2646 0.1238 -0.03378 0.11148

12 rule of law 0.2849 0.6670 0.3084 0.7187 1.64243 159.375

13 corruption 0.3874 0.7848 0.4602 0.6543 0.01342 1.12657

14
competitiveness of the 

public procurement
-0.0285 0.1175 -0.1184 0.1442 -0.17826 30.4704
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PPP projects in Poland are based, above all, on the long-
term external (foreign) financing, both on the side of the 
public and private partner. However, as it has already been 
mentioned before, this hypothesis requires further, in-depth 
research.

The results presented are of practical and academic 
importance. In economic practice, the knowledge of the 
critical success factors of the PPP gives experts and 
institutions the opportunity to shape an effective, efficient 
policy for the implementation of the PPP enterprises. The 
results can also be incorporated into government guidelines 
to inform local practitioners about the best ways to manage 
projects. Assessment of the success factors at the initial 
stage is essential for both large transport infrastructure 
projects and provision of the transport services, for example 
by private operators in public transport. 

From an academic point of view, it is worthwhile to 
expand the research to include further critical success 
factors, to conduct an in-depth analysis, using statistical 
methods and econometric models. The research could 
include such factors as: activity of advisory public agencies 
or, in relation to the private partner, activity of strong 
consortia. Another direction of research, even at the 
current stage of the CSF identification, using the adopted 
methodology, could be to increase its scale, e.g. by Central 
European countries (Slovakia, Czech Republic, Hungary) 
and to conduct comparative analysis.

infrastructure, especially transport infrastructure, the main 
factors include: the macroeconomic situation, the wider 
rule of law and the availability of financing. 

The most critical factors with the greatest impact 
on functioning and development of the PPP market  
in Poland are the legal framework, compliance with the 
rule of law and low levels of corruption. Results of 
research by Chou et al. [9] and Osei-Kyei and Chan [1] 
also show that these factors are fundamental for the PPP. 
Hammami et al. [10] emphasized that PPP is more common 
in countries where there are strong legal institutions 
and in countries where legal regulations well protect 
investors’ rights. However, in the economic and financial 
aspect of the Polish economy, the size, internal market 
potential, as well as the international investment position 
of the country or the level of banks’ assets, are very 
important. These factors were pointed out by Mansoor and 
Klein [13] and the team: Esmaeili, Pellicer and Molenaar 
[12]. Good macroeconomic conditions are able to attract 
investors and increase the possibility of obtaining funds.  
Therefore, the conducted research generally confirms 
the conclusions formulated earlier by other scientists. 
However, in Poland, deterioration of the international 
investment position, increase in the level of public and 
private sector debt contributes both to the increase in 
number of agreements concluded in a given year and 
their value. Based on that, it can be assumed that the 
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Resume
The paper is focused on assessment of the transport services in small towns. 
Current legislation in the Slovak Republic, however, does not clearly determine 
which cities must provide the urban public transport (UPT). Analysis of the 
current state of the UPT evaluated 71 district towns of the SR and it was found 
out that 21 towns did not provide operation of the UPT. Another criterion for 
evaluation was the number of inhabitants of the city over 10,000 in Slovakia 
and selected regions of the Czech Republic and Poland. The paper presents 
results of a research conducted in the area of a transport operation, along with 
a proposal for the content of the methodology, based on a multi-criterial analysis 
to assess the need to introduce the UPT. The EU research results, regarding 
dependency of a GDP size and transport performances in UPT in selected EU 
states, Switzerland and Norway, are presented, as well.
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with the SR. In addition, the objective was to propose 
a methodology to determine the need for the UPT based on 
a multi-criterial analysis. 

Within the SR, there is a lag behind in building the 
integrated transport systems, one reason for which is the 
non-existence of a law on public passenger transport and 
a disunity of ordering the urban public transport [2-4].

2	 Analysis	of	the	current	state	in	the	Slovak	
Republic	and	abroad

Analysis of the current state of the UPT was evaluated 
in 71 district towns of the SR and it was found that 21 towns 
(29 %) did not provide operation of the UPT (Figure 1, 
left). Out of 50 towns with the UPT, only 12 operators are 
members of the Association of operators of the public 
transport for people in conurbations of the Slovak Republic 
(Figure 1, right). 

A duty to operate UPT is neither defined by the law, 
nor specified exactly. The literature states that in the case 
of an average transport distance of 2 km it is possible to use 
calculations to find out that public transport is desirable 
when the number of residents of an urban settlement 
exceeds 15,000 people [5-6]. Considering this fact, it was 
found that in two district towns (Pezinok and Senec) the 
number of residents significantly exceeds the required limit. 
In one town (Detva), the number of residents approaches 
that limit (Figure 2).

1	 Introduction

In the Slovak Republic (SR), the transport operation 
plans are required to be prepared by the Act on road 
transport and the Act on transport on the railways in 
towns, which nowadays act as an order party of the urban 
public transport. The transport operation plan is a source 
for granting the transport licences to the UPT lines, for 
making contracts on transport services in public interest 
and for drawing up schedules. However, the applicable 
law in the EU does not specify which towns must have 
and order UPT. The EU has committed to reduce the air 
pollution from transport in towns; however, it has not set 
even minimum requirements for obligation to establish 
the UPT in towns, e.g. depending on the number of their 
residents. The EU supports the UPT infrastructure through 
structural funds, but it does not interfere in the legislation 
of states in that sense which towns shall provide UPT and 
to what extent. In the SR, there exists a whole series of 
district towns (or other towns) with a significant railway 
station or stop, which is also part of an integrated transport 
system without any UPT in the town. Thus, in majority of 
cases the area or time accessibility is not provided. The 
issue of accessibility, mainly in suburban areas, is for 
example dealt with in [1].

This paper presents results from research projects for 
towns and the main goal of the paper was to assess the UPT 
accessibility in all the district towns of the SR and in some 
regions of Poland and the Czech Republic, neighbouring 
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Analysis revealed that there is a railway station in 
Revuca and Velky Krtis, however, passenger transport is 
currently disrupted on the line. The highest number of 
secondary schools is in Svidnik (8), Banska Stiavnica (6), 
Pezinok, Revuca, Stropkov and Namestovo (4) and only 
in Ilava there is no secondary school. The university is 
situated only in Banska Stiavnica.

In the case of a foreign country, analysis was 
performed for Poland and part of the Czech Republic 
- for Moravia-Silesia region. Analysis of Poland implies 
that urban public transport is not operated in 77 towns 
(46 %), out of total 167 towns investigated. The number 
of residents in these towns is represented in Figure 3; 
in 13 towns the number of residents exceeds 15,000. 
In the case of Zawiercie, this value is exceeded several 
times. Regarding the town facilities, a railway station is 

However, it is necessary to note that building the UPT 
system is not affected only by the number of residents, but 
by many other factors, as well. Some additional factors are 
the town area or town residential area (built-up area), the 
fact if there is a bus or railway station in the town, if the 
town is a catchment area from the point of view of health 
services (a hospital in the territory of the town), as well 
as education (secondary schools and universities). Thus, 
one may assume some higher requirements to provide 
transport operation not only for town residents, but also 
for commuters. The need for the UPT in smaller towns and 
development of the integrated transport systems are dealt 
with by Nigro et al. [8]. Due to this reason, the need to build 
the UPT is justified even in towns with a smaller number of 
residents. Table 1 lists the results found for the investigated 
towns.

Figure 1 The UPT in district towns (left); members of the Association  
of operators of the public transport for people in conurbations  

of the Slovak Republic (right)

Figure 2 The number of residents of towns without the UPT operation, based on [7]

Table 1 Evaluation of facilities in towns without the UPT, [9-10]

 bus station railway station hospital secondary school university

yes 13 17 12 20 1

no 8 4 9 1 20
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university in any of the towns (with no UPT). The bus 
station facilities were not investigated in these towns.

3	 Methods	of	solution

3.1	 The	study	of	relation	between	the	transport	
performances	within	the	UPT	and	the	gross	
domestic	product	in	selected	states	of	the	EU

The decision to study the relation between the 
transport performances of the UPT and the gross domestic 
product (GDP) was made by authors, because in the SR the 
UPT is operated in most of the towns where the UPT was 
funded through the national budget before 2003. In that 
year, the UPT was funded this way in 49 district towns; out 
of those towns, the UPT is currently not operated only in 
towns of Sabinov and Svidnik. To the contrary, in Piestany, 
Brezno and Skalica the UPT is operated even though it was 
not funded through the national budget in 2003.

situated in 29 towns, a hospital is situated only in 6 towns, 
secondary schools are in 31 towns and universities are not 
established in any of the evaluated towns without the UPT 
operation. The bus station facilities were not investigated 
in these towns.

In the case of analysis of the Moravia-Silesia region, it 
was found that the urban public transport is not operated 
in 29 towns, which represents 70 %, out of total 41 towns 
investigated. However, this is partially affected by the fact 
that the transport operation of multiple towns is performed 
by the suburban lines (a partial replacement of urban 
public transport), which are part of the integrated transport 
system ODIS (Integrated Transport System of Moravia-
Silesia region). An overview of the number of residents of 
towns, where the UPT is not operated, is represented in 
Figure 4, which makes it clear that in 2 towns the number 
of residents exceeds the value of 20,000.

Regarding the town facilities, a railway station is 
situated in 23 towns, hospital is situated in 4 towns, 
a secondary school exists in 13 towns and there is no 

Figure 3 Number of residents of towns without the UPT operation in Poland, based on [11]

Figure 4 Number of residents in towns without the UPT operation in Moravia-Silesia region in the Czech Republic,  
based on [12]
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on a change of responsibilities), funding of the UPT, 
determination of prices, as well as selection of a carrier, 
have lien within the full authority of towns. Towns or self-
governing regions have been funding the UPT from current 
transfers from the national budget or their own incomes 
[13].

Hypothesis 01: If the gross domestic product increases, 
then the state tax revenues, as well as share of taxes for 
towns, increase, which should be manifested in support 
for the UPT and thus in an increase of the transport 
performances.

This hypothesis was verified on a sample of data on 
EUROSTAT from selected states of the European Union 
(EU), Switzerland and Norway, presented in Table 2, 
covering the years 1998-2017. The results of correlation 
between the transport performances in the UPT and the 
GDP, in selected EU states, are presented in Table 2.

In order to determine the intensity of correlation, the 
following criteria were established: 
• weak dependency, if 0 < |r| < 0.3, 
• moderate strong dependency, if 0.3 ≤ |r| < 0.8, 

Towns of Bratislava, Banska Bystrica, Kosice, Presov 
and Zilina received subsidies for the urban public transport, 
which included regular, as well as capital expenditures. 
Other towns with the urban public transport received the 
so-called current transfers for the self-governing regions in 
order to provide regular public bus transport for the year 
2003. Those transfers were intended to cover a decrease in 
incomes arising from the provision of discount travels and 
to provide the operation of the territory. At that time, the 
state also dictated the amounts of discounts for selected 
groups of passengers. 

Since 2004, the direct subsidies from the national budget 
have been granted to urban public transport in Bratislava, 
Banska Bystrica, Kosice, Presov and Zilina, but there have 
been no subsidies for other urban public transports. The 
national budget, however, has found a subsidy for the self-
governing regions to compensate for a loss, completely or 
partially, or to provide another compensation for carriers, 
while providing performances in public interest in regular 
public bus transport and to provide the operation of the 
territory. Since 2005, on the territory of the SR (and based 

Table 2 Results of correlation between the transport performances in the UPT (passenger kilometres) and the GDP in selected 

EU states, Switzerland and Norway

 
country

correlation 
coefficient

determination 
coefficient

coefficient 
a

coefficient b P-value a P-value X
significance 

F

strong 
direct 

dependency

Switzerland 0.9709 0.9989 0 0.0128 x 0.000 0.000

Romania 0.9421 0.9954 0 0.1015 x 0.000 0.000

Macedonia 0.9205 0.9426 0 0.2079 x 0.000 0.000

Austria 0.8702 0.9968 0 0.0333 x 0.000 0.000

moderate 
direct 

dependency

France 0.7606 0.9847 0 0.0258 x 0.000 0.000

Denmark 0.5682 0.9598 0 0.0427 x 0.000 0.000

Spain 0.4091 0.9886 0 0.0500 x 0.000 0.000

weak direct 
dependency

Croatia 0.2469 0.9868 0 0.0825 x 0.000 0.000

Poland 0.2161 0.9415 0 0.1047 x 0.000 0.000

Latvia 0.1517 0.9552 0 0.1514 x 0.000 0.000

Estonia 0.0532 0.9387 0 0.1509 x 0.000 0.000

Lithuania 0.0289 0.9442 0 0.1053 x 0.000 0.000

Finland 0.0257 0.9916 0 0.0424 x 0.000 0.000

weak 
indirect 

dependency
Bulgaria -0.0949 0.9469 0 0.2853 x 0.000 0.000

moderate 
indirect 

dependency

Czech 
Republic

-0.3062 0.9699 0 0.1042 x 0.000 0.000

Hungary -0.4599 0.9777 0 0.1764 x 0.000 0.000

Portugal -0.5000 0.8921 0 0.0440 x 0.000 0.000

Norway -0.5344 0.9821 0 0.0133 x 0.000 0.000

Great 
Britain

-0.7674 0.9680 0 0.0235 x 0.000 0.000

strong 
indirect 

dependency

Slovenia -0.8110 0.9622 0 0.0953 x 0.000 0.000

Netherlands -0.9345 0.9445 0 0.0097 x 0.000 0.000

Slovakia -0.9384 0.7055 0 0.1120 x 0.000 0.000

Sweden -0.9795 0.9627 0 0.0239 x 0.000 0.000
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affected by regulation of individual automobile transport, 
employment rate, pricing policy, etc. Thus, the hypothesis 
01 has not been confirmed.

3.2	 Selected	experience	from	creating	transport	
operation	plans	in	UPT

As a part of the towns’ transport operation plans 
creation, one may state that not all the towns in the SR, 
which feature the UPT or urban bus transport, have 
worked out the transport operation plans. Effective as of 
April 2019, the Ministry of Transport and Construction of 
the SR imposed a fine from 500 Euro to 10,000 Euro upon 
a municipality (town) for failing to perform the obligation 
under the Article 20 Paragraph 4, Act No. 56/2012 Coll. on 
the road transport (preparation of the transport operation 
plan). If even after three months from the date of entry into 
force of the relevant decision on imposing the previous 
fine, the obligation were not performed, the fine would be 
imposed repeatedly until the obligation is performed. The 
transport operation plans are to be worked only for towns 
that already had the UPT. There are 21 district towns in the 
SR without the UPT. Do the residents of these towns not 
need UPT? Can they manage their mobility by foot, by bike 
or car? Do they have no problems with parking their cars in 
the town centres?

Even within district towns, the UPT is utilised for 
relatively long distances. For example, in the UPT Prievidza 
– Bojnice it was found that the majority of passengers 
travel for the distance of 2 km, then the distances of 3.5 and 
4 km follow (Figure 5). An average transport distance in 
Prievidza was discovered even at the level of 4.7 km.

In the case of Martin, it was found that the highest 
number of passengers is transported for the distance of 
3 km; then follow the distances of 2, 4 and 5 km. The average 
transport distance was discovered at the level of 4.2 km.

Another criterion is the spatial accessibility of the 
public passenger transport. As part of working the transport 
operation plans out, one always assesses distribution of the 
UPT stops, as well as stops of the suburban bus transport 

• strong dependency, if 0.8 ≤ |r| < 1.
The studied dependency was modelled using a linear 

function in the form):

y = a + bx. (1)

The significance level was selected at the level α = 0.01. 
Initially, the linear regression model was created for 

each country. Based on the comparison of the significance 
level α = 0.01 to the P-value, it was determined that the 
localising constant a was not significant in at least 75 % 
of cases. Due to that, it was decided to create the linear 
regression models without a constant. Then, the form of 
a regression relation is as follows:

y = bx. (2)

In analyses’ results (Table 2), the individual states are 
sorted according to the correlation coefficients, starting 
from the strongest direct dependency to the strongest 
indirect dependency. Results imply that the GDP change 
impact on demand for the passenger transport by the UPT 
differs in the studied European countries. 

The strong	 direct	 dependency is observed in 
Switzerland, Romania, Macedonia and Austria. France, 
Denmark and Spain fall into the category with the moderate	
strong	direct	dependency.	The	weak	direct	dependency 
can be seen in Croatia, Poland, Latvia, Estonia, Lithuania 
and Finland.

In the case of Bulgaria, the weak indirect dependency 
was discovered. The moderate indirect dependency is 
observed in the Czech Republic, Hungary, Portugal, Norway 
and Great Britain. Slovenia, Netherlands, Slovakia and 
Sweden feature the strong indirect dependency. 

In the case of all the models, the significance level 
is less than 0.01, which means that all the models are 
significant. The results mentioned above indicate a different 
impact of the GDP on transport performances in the UPT. 
With respect to differences in the UPT funding, which is in 
majority of countries fully dependent on towns and their 
authorities, the transport performances in the UPT are also 

       
Figure 5 Distribution of the transport distance in the UPT Prievidza (left)  

and in the UPT Martin (right) in km, based on [14-15]
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individual streets (Figure 7). The routing of lines and the 
time position of individual connections can then reflect 
requirements of the residents with a higher share in the 
given urban part.

A detailed study of the access by foot, including 
the quality of pavement surface, to the UPT stops was 
conducted in Ljubljana, Slovenia [16]. Modelling of the 
UPT stops accessibility in smaller towns is in the centre 
of interest of Lamotte, O. et al. [17]. They state that in 
Europe and France it is basically anticipated that residents 
are close to a UPT stop if its distance is not more than 
400 m [17]. This statement was also confirmed by results 
of research realised in the Slovak Republic. In addition, 
thanks to studying different towns, especially in South 
Korea, a multi-criterial analysis was worked out, which 
also considers deploying the advanced public transport 
modes (APTM) with respect to building the new types of 
towns, [7]. 

Figure 8 implies that the pedestrian traffic is only 
counted with for the distance of up to 1 km; in the case of 
the bike transport, it is something more than 2 km. Still, 
the utilisation of the bus transport with a combination of 
accelerated lines is counted with. One can see that foreign 

and railway transport on the territory of the given town and 
their accessibility from the built-up area [14-15]. The spatial 
accessibility of the UPT is evaluated through depicting the 
isochrones of the time accessibility for individual stops, 
which, at the same time, will evaluate the area operation of 
the town. Places without the UPT operation are defined, as 
well (Figure 6). It is not possible to expect that the suburban 
bus transport lines, with very small area coverage of stops, 
would suffice for commuting to schools (children), or to 
health care institutions, or that citizens would commute to 
and from the stops for the distance of 1.5-2 km. 

The passengers require an attendance distance to the 
UPT stop (the so-called spatial accessibility of the UPT), 
which is derived from conducted questionnaire surveys 
within the management of transport operation plans; in the 
town of Prievidza it was discovered at the level of 300 m 
(71.6 % of responses) [14].

Since not all the residents of the town or commuters 
(especially schoolchildren and pensioners above 70) are 
given the option to get to their destination in the town 
using other transport means than the UPT, the transport 
operation plans also include a study of the town residents’ 
distribution from the point of view of the age structure by 

Figure 6 Representation of isochrones of the stops accessibility in the UPT Prievidza - Bojnice  
and village Opatovce nad Nitrou and accessibility of schools, based on [14]

Legend: Dark green circle of UPT The stop accessibility less than 2 min. by foot
Light green circle of UPT The stop accessibility less than 5 min. by foot

   

Figure 7 The graphical representation of streets with an above-average number of residents at the age of 7-15 years (left) 
and at the age above 70 years (right) in towns of Prievidza and Bojnice; a darker colour means a higher number,  

based on [14]
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Elements of the criteria matrix, y
ij
, i = 1, 2..., p, j = 1, 

2..., k, express information on evaluation of alternatives by 
individual criteria. The information may take the following 
form:
• cardinal information - it represents the actual value 

achieved with individual variants during the evaluation 
by the given criteria, 

• ordinal information - it expresses the order of a certain 
variant by individual criteria, i.e. sorting the criteria by 
their importance, 

• relative information - it compares pair variants between 
each other by individual criteria [21].
The next criterion of the decision-making about the 

UPT provision is reduction of the attendance distance by 
foot or by the bike transport to the railway or bus station and 
thus reduction of individual automobile transport effects 
on environment in the town, reduction of congestions, 
enhancement of road transport safety, etc. [22]. Moreover, 
it is very important to study how the behaviour of residents 
in smaller towns is affected by quality of the UPT. A factor 
analysis can be applied here [23].

Furthermore, a very important issue is the setting of 
the UPT offering via lines, connections and operation time 
[24]. They are bound to provide accessibility of the UPT to 
health care institutions, schools, offices and last, but not the 
least, regular commuting to work. Provision of transport to 
work is a separate specific area of studying the mobility of 
the population.

Based on the assessments conducted by the authors, 
eight criteria to be taken into account when deciding 
on the necessity of establishing the UPT were defined. 
Standardized scales of importance and reference values 
were defined for individual criteria (Table 3). The ranking 
method was used to determine the scales of importance, 

countries deal in detail with the question what kinds of 
public passenger transport should be applied in towns. In 
the SR, part of residents from bigger towns, with respect 
to the growing prices of flats and a lack of building lands, 
moves to the countryside where the satellite built-up areas 
of family houses and flat complexes arise without sufficient 
facilities of schools and health care institutions, etc. and 
often even without a link to the public passenger transport 
[18].

4	 Application	of	the	multi-criterial	analysis	and	
discussion

As a part of the decisions making about the need to 
provide the UPT, it is necessary to take into account many 
more factors than the number of the town residents only. 
The authors studied a whole series of other factors besides 
those already mentioned. In fact, it is a problem of a multi-
criterial decision making which is also applied to logistics 
[19].

In case of a multi-criterial decision-making, the 
decisive subject evaluates individual variants through the 
multiple criteria when the objectification of the decision 
process depends on a number of evaluative aspects. If 
the number of evaluative criteria and variants is small, 
the decisive subject can make the decision based on their 
intuition. However, if the number of criteria is higher and 
the decision situation is more complex, it is necessary to 
apply formalised procedures. An appropriate formalised 
procedure is determination of the evaluative criteria weights 
and aggregation of the partial evaluations into a complex 
evaluation [20]. Fiala, Jablonsky and Manas [21] introduce 
that in case of the multi-criterial evaluation of variants the 
task is specified explicitly with a set of alternatives A = {a1, 
a2..., etc.}. In here presented case, it is created with options 
to choose a transport means and maybe specific carriers 
and with a set of evaluative criteria F = {f1, f2..., fk}, which 
is created with selected bank products and with evaluation 
of selected variants via individual criteria in the form of the 
so-called criteria matrix:

Figure 8 Characteristics of the advanced public transport modes (APTM) and existing options  
for the transport modes, [7]



A28  G N A P  e t  a l .

C O M M U N I C A T I O N S    1 / 2 0 2 1  V O L U M E  2 3

As a part of the further research, the authors would 
like to focus on completing the methodology for application 
of the multi-criterial analysis to the decision process on 
providing the UPT in smaller towns with less than 50,000 or 
30,000 residents. The objective is its application in the SR 
and Poland, the Czech Republic and some other EU states, 
using experts on the UPT. 

In this case, the Delphi method was used to verify 
the correctness of the established criteria and defined 
the scales of importance and it is assumed to verify the 
accuracy of the defined methodology, as well.

5	 Conclusion

In the case of important strategic decisions on 
provision of the UPT and its scope, the following strategic 
documents should definitely be helpful in the SR: a transport 
operation plan of a town, or a transport operation plan 
of a self-governing region; here the methods of a multi-
criterial decision making are required to be applied. It is 
recommended that the decisive subject - a town or a self-
governing region - evaluates individual variants using the 
multiple criteria, when the objectification of the decision 
process depends on a number of evaluative aspects and on 
the accuracy of inputs, e.g. from transport operation plans, 
which, unfortunately, are still worked out in a varied quality.

where the order of the criteria was ranked by the authors 
based on their experience with the creation of transport 
operation plans. Defined reference values for each criterion 
take into account the fact that the methodology is proposed 
for small towns, where values were determined by expert 
authors estimate. Determination of the precise reference 
values will be the subject of further more detailed research.

The methodological procedure is based on the 
percentage assessment of fulfilment of the defined criteria 
reference values. The achieved evaluation of the criteria 
corresponds to the value of the performance multiplied by 
the scales of importance for the given criterion. The sum of 
the subtotal is determined final value, whereby it is possible 
to decide on the need for setting up the UPT. The authors 
set the minimum value of the final evaluation at the level of 
60 points, which corresponds to fulfilment of the reference 
values at the level of 60 %. An example of application of the 
methodological procedure is given in Table 4.

The decision-making also includes the criterion weight 
of impacts of a specific transport mode, or a combination of 
transport means on the environment. Except for the costs, 
the so-called carbon footprint on specific transport means 
used may be calculated [25]. Alternatively, in the case of 
railway passenger transport, which uses the electricity as 
its source of energy, calculation of the so-called indirect 
emissions, which arise during its production, will be taken 
into account [26-27]. 

Table 3 Defined criteria with assigned scales of importance and reference values

 criteria scales of importance reference values

number of inhabitants 0.22 50,000

number of pupils and students of all the schools 0.19 2,000

number of employers with 100 or more employees 0.17 10

number of medical facilities (ambulances / wards in the hospital) 0.14 100

number of public authorities (district office, building office, labour office, etc.) 0.11 50

railway station equipment (number of passenger rail connections) 0.08 100

bus station equipment (number of bus connections) 0.06 500

preference for ecological modes of transport 0.03 1/0

*In the case of medical facilities of superregional importance, value of the scales of importance needs to be adjusted

Table 4 Application of the methodical procedure

     information’s of the city under assessment fulfilment of the criterion [%] achieved evaluation

30,000 inhabitants 60 13.2

1,500 pupils and students 75 14.25

3 employers with 100 or more employees 30 5.1

30 ambulances / wards in the hospital 30 4.2

10 public authorities 20 2.2

21 passenger rail connections 21 1.68

130 bus connections 26 1.56

1 the city wants to prefer an ecological mode of transport 100 3

total 45.19

minimum value for ordering the UPT 60

necessary UPT no
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transport in the form of a hybrid operation of suburban 
lines with the character of an intra-municipal operation in 
the territory of a village or town. 

Unfortunately, with respect to saving money, such 
standards set for towns with less than 50,000 residents 
may lead to the point when, in certain district towns of 
the SR, the offering of the UPT connections, as well as the 
spatial accessibility of stops may decrease, especially if the 
suburban lines are funded by the self-governing region, not 
the town itself.

As a part of the UPT funding, it is necessary to 
highlight that the issue does not lie only in the mobility of 
town residents, but in the financing of an environmentally 
more friendly form of mobility than a car is, as well. In 
other words, the subject under consideration is financing 
a healthier way of life of town residents.

Potential considerations regarding the possibility to 
replace the UPT by a car sharing in smaller towns, where 
also the offering of taxi service is not sufficient, are 
published in [33].
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For the decision process on provision of the UPT 
and choice of the transport means, one may also utilise 
the latest decision techniques and potential engineer 
applications, which can evaluate a whole series of data 
obtained online within a transport chain; e.g. Collaborative 
Filtering Bandits method can be applied here [28-29]. In the 
case of the multi-criterial analysis application, it is possible 
to complete the partial evaluation by using other additional 
and new methods [30].

Of course, it is inevitable to deal with requirements of 
the town residents, visitors, students, etc. imposed on the 
urban public transport in view of building a sustainable 
transport system in the town [31-32]. 

In the Slovak Republic, the general legislation was 
amended with a regulation of the Ministry of Transport and 
Construction of the SR No. 5/2020 Coll., laying down certain 
provisions related to ordering of the public passenger 
transport. In addition, it includes standards of transport 
operation. Under this regulation, special standards for 
urban transport in municipalities, with the number of 
residents less than 50,000, are represented by creation 
of connections, leading mainly to the centres with the 
occurrence of jobs, schools, health care institutions and 
public authorities. That includes guaranteed changes, bound 
to the suburban or long-distance transport to facilities 
mentioned before, if such centres are at a distances of more 
than 1,500 m or more than 20 min walk from a stop of the 
long-distance or suburban transport. Part of the transport 
operation of a village or a town may also be alternative 
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Resume
Computational models of artificial neural networks are currently used in different 
areas. Accuracy of results exceeds the performance of traditional statistical 
techniques. Artificial neural networks as the Kohonen map may be used e.g. 
to identify industry leaders, thus replacing the traditional cluster analysis and 
other methods. The aim of this contribution is to analyse the transportation 
industry in the Czech Republic by the Kohonen networks and identify industry 
leaders. The data file contains results - division of companies into a total of 100 
clusters. Each cluster is subjected to analysis of absolute indicators and several 
parameters, average, as well as absolute, are examined. In total, 88 firms may be 
considered as industry leaders. Consequently, a fairly small group of companies 
has a strong influence on development of the whole transportation industry in 
the Czech Republic.
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methods. In the transport sector, one can find abundant 
use of the ANN, such as for processing data on consumer 
behaviour, prediction of train delays based on historical 
time data, or generally, in comprehensive evaluation of 
companies which is dealt with, for example, by Vochozka 
[2]. Neural networks can be also widely used in analysis 
of companies, as they were used e.g. by Machova and 
Vochozka [3], who analysed business companies in the 
Czech Republic using the artificial neural networks and 
subsequently estimated development of this sector of the 
national economy. Transport companies abound in a large 
amount of (not only) company data, which - thanks to 
their fast and efficient processing - can be transformed into 
useful outputs that provide companies with many benefits 
and predictions of the future development. Transport 
companies form an important component of the national 
economy in the Czech Republic, whether it is the transport 
of people, information, or freight. According to Svobodova, 
Veznik and Hofmann [4], the unprecedented importance 
of transport in the Czech Republic arises from its position 
at the crossroads of trans-European routes. Undoubtedly, 
the interior transport is also of a great importance in the 
Czech Republic, above all for the import and export of 
raw materials and products and especially for satisfying 
the need for interior and international passenger transport.

Artificial neural networks are in fact computational 
models that are inspired by biological neural networks, 
namely neuronal behaviour [5]. Use of these networks is, 

1		 Introduction

Artificial neural networks (ANN) have become 
a frequently addressed topic over the last decade and 
currently they are inevitable in all the sectors, including 
transport. With their help, it is possible not only to analyse 
the large data files, but also to predict future development 
or to apply them in decision-making processes. Their 
application in the transport sector offers many advantages, 
which might become not only competitive. The need to 
use the ANN is constantly growing, and becoming an 
advantage that can both save time and improve results of 
analyses, as well as help where traditional methods are 
no longer sufficient. A significant deficiency in traditional 
methods is their inability to work with nonlinear data, or 
their problem with processing of large data files, and the 
perfect solution is to use the artificial neural networks. 
Demand for use of the neural networks in business 
processes has been constantly growing and range of their 
application is so wide that they will prove useful to a large 
number of users. However, using the ANN is not only 
a useful option, but for some companies it is a question 
of necessity, because, as already mentioned, there are 
issues where traditional methods of data processing can 
no longer be applied. Advantage in neural networks 
over the traditional methods is also seen by Horak and 
Krulicky [1], who say that the method of artificial neural 
networks has many advantages over the conventional 
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According to Severin [16], separate Kohonen 
networks can be used to improve the time stability of 
the financial failure model. This model is successfully 
used for data mapping and its trajectory allows clustering 
and visualization of bankruptcy tendencies, offering new 
insights into models of business expansion in competition 
[17]. On the other hand, it serves as a tool for predicting the 
future bankruptcy and much relevant literature suggests 
such models [18].

Cluster analysis has many uses, not only in the transport 
sector. For example, Hitka et al. [19] applied the cluster 
analysis to define three motivationally oriented groups in 
the category of managers and three similar motivationally 
oriented groups in the category of employees, using the 
cluster analysis as a strategic advantage of human resource 
management in small and medium-sized enterprises in 
the woodworking industry. Furthermore, e.g. Vrbka and 
Rowland [20] used the neural networks to forecast stock 
price developments.

This article explores the Kohonen networks to analyse 
transport companies and therefore there is a need to 
briefly describe the specificities of transport companies 
and introduce some research on a similar topic. Transport 
companies provide public services and usually operate 
under the conditions of a natural monopoly [21]. Most 
authors categorize transport businesses by road, water, air, 
sea and rail and as public and non-public. As is well known, 
the process of globalization is a link between existing 
economies, with transport companies trying to meet the 
highest leading business standards [22]. This change in the 
transport market and acceleration of the cycle of external 
and internal changes in the transport companies brings 
extraordinary demands on top management in the area of 
management processes [23]. According to Ou et al. [24], 
a significant difference between the transport and other 
businesses is the focus on ecology. Traffic and transport 
companies have a far greater negative impact on the 
environment and, therefore, ecological issues of course 
concern them far more than the most of other companies. 
The transport sector has been one of the major factors 
contributing to environmental pollution in recent years. At 
present, many studies are working on the fuel consumption 
analysis in transport. Fuel types, including alternative fuel 
systems, have been compared, leading to a greater fuel 
technology development and, therefore, environmental 
protection.

Vochozka, Rowland and Vrbka [25], briefly presented 
the financial analysis, typical of transport and logistics 
companies and defined the financial characteristics 
of the average transport and logistics company in the 
Czech Republic. Based on the findings, they carried 
out a financial analysis of the average company, thus 
revealing the future potential of the transport and 
logistics sector in the Czech Republic. It can be said 
that the transport and logistics sector is financially 
sound and promising in the Czech Republic. Seroka-
Stolka, Tomski and Pabian [26] analysed and evaluated 
the current situation of environmental management 

however, applicable in many different areas. According 
to Pao [6], neural networks are currently widely used to 
address potential future problems, in particular for value 
prediction. Horak, Vochozka and Machova [7] state that 
results of the neural networks are very promising, and their 
performance and accuracy when calculating a company’s 
key performance indicators are significantly higher than 
those of the traditional statistical techniques. Sayadi et 
al. [8] argue that the main advantages of artificial neural 
networks are the ability to generalize, the ability to learn, 
etc. One of disadvantages of networks is that they require 
high data quality and possibility of illogical behaviour of 
the artificial neural network [9]. According to Grigoryev et 
al. [10], this illogical behaviour can be explained by the fact 
that a trained ANN classifies the observations according to 
its own criteria, which differ from the usual criteria used 
by humans. Therefore, using these unusual criteria, ANN 
can make fundamental errors in the non-standard irregular 
situations. Thus, some specific additional techniques are 
needed to detect such illogical behaviour. One of the major 
disadvantages is also the inability to estimate an error of the 
result, which is obtained by a neural network.

According to Vochozka and Machova [11], the artificial 
neural network is one of the most popular methods that 
is used as a prognostic method that requires a more 
complex model, uses more variables and tends to be 
nonlinear. Therefore, this method is suitable for auxiliary 
adjustments of the financial sector, especially in the stock 
market. The authors’ study proves that the neural network, 
as a predictive model, could significantly outperform the 
minimum return.

Vochozka and Sheng [12] used the artificial neural 
networks to predict potential financial problems in transport 
companies in the Czech Republic. The result is a neural 
network, which, with accuracy exceeding 90%, determines 
if a company is able to overcome potential financial 
problems, in how many years a company could go bankrupt 
or whether a company could fail within one calendar year. 
The model can be used in practice by leading transport 
companies, investors looking for a suitable company for 
capital investment, competitors, etc. [13], based on the 
presented data, demonstrated the classification capability 
of the Kohonen network model, one of the models of 
artificial neural networks. Using this approach to analysing 
a company can help to decide, quickly and easily, whether 
the company is healthy or in recession with respect to 
historical data. This is often a crucial requirement for 
the successful business activity in the area. According to 
Han and Wang [14], business analysis can be measured in 
different ways, but Kohonen networks are considered as 
a very attractive model. These networks can be used to 
group into different groups. Many experimental results 
show that Kohonen’s networks are very effective for 
business valuation. Krulicky [15] noted that Kohonen’s 
network is self-organized and is composed of an input 
layer that is interlinked to the output layer. Since it is an 
alternative network, it has a wide range of application that 
can be used for most neural network calculations.
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be 10 x 10. The topology is set in advance; it is a grid in 
the space of sample neurons. If only a single one was 
omitted, the grid would be irregular. It was also impossible 
to omit clusters that were not filled with real data, because 
in reality there may be a company that belongs to such 
a cluster. It is also impossible to find fewer clusters than 
the topology contains - it follows from the structure itself. 
The topological length and width of the Kohonen map was 
therefore set to 10. The view was orthogonal, however the 
distance measured was Euclidean. A sample neuron was 
created; after that, the distance was measured according to 
the distance of a real neuron. The neuron was represented 
by a number. The specification and methodology of creating 
Kohonen networks in the given software were used. That 
created a total of 100 clusters, 100 neurons. The number of 
repetitions of the calculation (iteration) was determined to 
be 10,000. However, the error level should be crucial - if the 
parameters did not improve with each subsequent iteration, 
the training would be terminated earlier. If, on the other 
hand, the network parameters improved, even during the 
final iteration, the whole process would be repeated and 
a higher iteration value would be set.

The results, namely the division of companies into 
100 clusters, were imported to an Excel spreadsheet file. 
Consequently, each cluster was subjected to the analysis of 
absolute indicators. At this moment, the question should be 
answered, how an industry leader is understood. Numerous 
parameters can be selected, including, but not limited to:
• Volume of assets,
• Volume of fixed assets,
• Operating profit,
• Earnings before taxes (EBT). 

The analysis has examined both average and absolute 
parameters of each cluster in order to establish:
• Most successful company clusters in the transportation 

industry.
• Most successful companies in the transportation 

industry.
The evaluation of return on assets and return on equity 

was also included in the analysis of absolute indicators. 
Return on assets (ROA) has shown the appreciation 
of capital invested in companies, or company clusters. 
Return on equity should, among others, document the 
attractiveness of each cluster for potential investors.

3	 Results

Clusters were created using the applied methodology. 
The breakdown by representation of companies in each 
cluster of the Kohonen map is shown in Figure 1.

Figure 1 offers three-dimensional display of a Kohonen 
map and number of companies represented in each cluster. 
It is obvious from the graph that Cluster (4, 10) has 
the highest representation of companies. It is followed 
by Cluster (4, 9) and Cluster (5, 9) comes as the third. 
A hundred or more companies are also concentrated 
in Clusters (6, 10), (5, 10), (2, 6), (3, 8) and (1, 6). The 

in the Austrian transport sector. The authors sought 
to identify the specific characteristics of the transport 
sector with regard to environmental protection. They 
stated that there are effective ways to increase the 
overall sustainable performance of transport companies, 
especially through planned route optimization, pooling 
or investing in efficient warehouses.

2	 Data	and	methods

In terms of methodology, the text is related to [15]. 
For the purposes of the contribution, the same set of data 
is used. A data file was analysed, containing data on 3,989 
companies operating in the transport sector in the Czech 
Republic in 2016. The data file comes from Bisnode’s 
Albertina database. All the enterprises are included in 
the database in the given year according to the CZ NACE 
classification of economic activities; in the specified sector 
H. Those are the complete financial statements of the 
companies. For the analysis itself, only certain items, 
expressing the main activity of the company, were used. 
Those items are not directly value generators, but they 
can have an impact, albeit indirect, on the company’s 
performance. Those are the total assets (information on the 
size of the company), fixed assets (the level of technology 
used and the expected volume of performance - transport 
machines, i.e. cars, planes, etc.), current assets (the volume 
of funds, cash equivalents, account receivables and stock 
inventory), own resources (the degree of business risk), 
external resources (the external view of potential risks), 
performance (the production), added value (the value 
added by the company to the basic input - material), 
operating profit (how successful the company is in its 
activities), return on equity (the appreciation of equity) 
and profit before tax (a success or a failure of the company 
in its entire activity). The superstructure is to identify the 
transportation industry leaders in the Czech Republic. The 
contribution provides a deeper analysis of the previously 
obtained results.

The data file was subjected to cluster analysis using one 
type of artificial neural networks without a teacher, namely 
Kohonen networks. Dell’s Statistica software version 12 
was used. The data for the analysis was determined - in all 
the cases there were the continuous predictors. The data 
file was divided into three parts, of which the first - the 
training data set - contained 70% of the companies in the 
file. Based on this data set, a Kohonen network was created. 
The second part was a test data set, which contained 15% of 
the data and was used to verify parameters of the created 
network. The third part was a validation set, which also 
contained 15% of the data and was used to verify the created 
network and whether or not it was applicable.

The topology was based on the idea that it should be 
factually graspable, the length and width should not be 
too wide or too small (so that the level of detail is ideal). 
Prior to this research, a topology from 5 x 5 to 20 x 20 
was tested and the most suitable one was determined to 
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3.1	 Analysis	of	average	values

The first parameter used is the average value of 
corporate assets per cluster (Figure 2). 

In practice, there is a marginal rate of capital-labour 
substitution, i.e. the fixed assets for employees. It can be 
concluded that companies, which own a high volume of fixed 
assets implement a high number of contracts with a lower 
number of employees. However, there is a very specific 
marginal rate of substitution in transportation. It rather 
varies between modes of transport, e.g. rail transport is a lot 
more challenging than the road transport. Nevertheless, the 
volume of the fixed assets may predetermine the volume of 
incomes realized from a company activity. However, it was 
expected for that to be the assets necessary for operation 
(i.e. assets needed by the company to realize income). In 
the case of transportation companies, a cluster with high 
average values of assets was identified. It is Cluster (10, 1). 
It is followed by several clusters with highly above-average 
average values of the fixed assets. In particular, note Cluster 
(10, 2) and Cluster (9, 2). Clusters (8, 1), (9, 3), (8, 2) (9, 1) 
and (8, 3) are also considered as very significant.

remaining clusters show a considerably lower number of 
companies. By the same token, note that only one cluster of 
the Kohonen map remains unoccupied, namely Cluster (10, 
8). Several clusters are formed by a single company: (1, 10), 
(8, 2), (9, 1), (9, 3) a (10, 10).

Figure 1 is supported by specific values listed in Table 1 
to provide a detailed overview of companies in each cluster.

Table 1 shows that apart from the clusters above 
(marked “*” in the table) no other clusters include more 
than a hundred of companies. 

Further, the transportation companies, or the 
transportation industry, were analyzed from two points of 
view:
• The prism of average values of companies represented 

in each cluster: to determine how companies are 
characterised in each cluster and to which extent their 
company activity is successful on average;

• The view of absolute values per cluster: to get 
information how each cluster affects the future 
development and success of the transportation industry 
in the Czech Republic.

Figure 1 Breakdown by representation of companies in each cluster of the Kohonen map

Table 1 Representation of companies in Kohonen map clusters

cluster position 1 2 3 4 5 6 7 8 9 10

1 22 5 33 76 48 100* 10 21 3 1

2 11 34 13 45 61 125* 3 23 12 6

3 20 18 20 37 34 58 81 115* 30 51

4 15 20 12 20 3 7 53 62 304* 919*

5 16 15 15 11 3 11 50 49 271* 137*

6 2 11 10 5 4 40 48 31 33 167*

7 7 5 5 4 8 41 33 8 21 57

8 5 1 2 3 7 39 18 3 29 23

9 1 2 1 13 15 18 32 22 12 5

10 3 3 2 4 15 25 29 0 7 1
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The average operating profit (Figure 4) allows 
comparing the success of companies in different clusters.

Different sizes of companies are compared (although 
average parameters). Companies in Cluster (10, 2) appear 
to be the most successful. They are immediately followed 
by Clusters (10, 1), (9, 2), (6, 1) and (9, 1). In addition, 
note Clusters (8, 2), (8, 1), (5, 2) and (9, 3). The results of 
Clusters (6, 1) and (6, 2) are definitely very interesting. In 
terms of results, both clusters, in particular Cluster (6, 1), 
may easily compete with companies from clusters, which 
dispose of much more capital and fixed assets. It means that 
their management and administration are very effective, or 
they offer services with high value added. Or additionally, 
we can assume that sales are partly realized outside the 
transportation sector and their secondary activity is very 

In addition to fixed assets, an interesting indicator 
is total assets of an average company per cluster  
(Figure 3).

The total volume of assets predetermines the ability 
of the company to generate production. In particular, they 
include two out of three production factors [27] - i.e. fixed 
assets and material. The third production factor, human 
labour, is impossible to keep on store, thus it cannot be 
measured before the moment of consumption. The figure 
shows a very high value of average assets in Cluster (10, 1). 

Clusters (10, 2), (9, 2), (8, 1), (9, 3), (8, 2) (9, 1) and 
(8, 3) show much lower values of the average total assets, 
however, still higher above the average.

There is another average value, which is very strong, 
namely operating profit.

Figure 2 Average value of corporate fixed assets per cluster

Figure 3 Average value of total corporate assets per cluster
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Figure 4 Average operating profit per cluster

Figure 5 Assets owned by companies per cluster

Figure 6 Cluster shares of assets in the transportation industry
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The graph shows that the most of assets are owned by 
companies in Cluster (10, 1). The companies in this cluster 
dispose of the total assets amounting to nearly EUR 7,851 
billion. The companies in Cluster (10, 2) own total assets 
exceeding EUR 3.61 billion. The companies allocated 
to Clusters (8, 1), (9, 2), (9, 1) and (7, 1) also dispose of 
total assets exceeding EUR 393 million. This interesting 
information is completed by cluster shares of the owned 
capital (Figure 6).

The graph shows that companies in Cluster (10, 1) own 
nearly 35% of all the assets in the transportation sector of the 
Czech Republic. The companies in Cluster (10, 2) own more 
than 15% assets of the transportation industry. Eventually, 
the companies in Cluster (8, 1) own 9.26% of all assets in 
the transportation sector of the Czech Republic. It has 
been expected that clusters large in numbers also appear in 
absolute parameters. However, that was not the case. Cluster 
(4, 10) representing 919 companies, i.e. more than 23% of the 
studied companies, represents only 0.28% of the total assets.

The fixed assets was another parameter examined 
(Figure 7).

effective. In terms of efficiency (measured by the total 
and fixed assets to operating profit ratio), Cluster (6, 1) is 
considered as the most successful. On the other hand, the 
least successful companies are included in Cluster (6, 4) 
with realized operating loss exceeding on average EUR 1.8 
million. This loss is in big contrast to their total assets and 
fixed assets. It can be deduced that the fixed assets are not 
used efficiently by those companies, or that just a small 
part of their fixed assets can be referred to as necessary 
for operation.

3.2	 Analysis	of	absolute	indicators

As previously mentioned, the analysis of absolute 
indicators should reveal how much each company cluster 
is important for the entire transportation industry in the 
Czech Republic. The same parameters, as in the case of 
average values analysis, were analyzed.

Figure 5 shows the absolute amount of fixed assets 
owned by companies pertaining to the same cluster.

Figure 7 Fixed assets owned by companies per cluster

Figure 8 Cluster shares of fixed assets in the transportation industry
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followed by Cluster (10, 1) with operating profit exceeding 
EUR 164.9 million. Those two are followed by Clusters (6, 
2), (6, 1) (9, 2), (8, 1) and (5, 2). See Figure 10 for illustration.

Figure 10 shows the predominance of Cluster (10, 2). 
In 2016 it generated nearly 15.8% of operating profit of the 
entire transportation industry. Cluster (10, 1) realized nearly 
15% of operating profit across the Czech transportation 
industry in the reference period. Clusters (6, 2), (6, 1) 
and (8, 1) are also ranged above 8% of the total profit 
from operations in the transportation industry. The largest 
Cluster (4, 10) shares are - 0.00083% in the profits from 
operations of the Czech transportation industry.

It was also interesting to compare the return of equity 
(ROE) of different clusters (see Figure 11 for more details).

The graph does not show ROE values for clusters 
where companies achieved values outside the interval 
-500% to + 500%. Those were senseless values of clusters 
where only one company was represented at each time. The 
values outside the interval would cause a high distortion of 
outputs from the graph in Figure 11. Whether the interval 
was not too large is still a question. The ROE (return 

The graph shows again that the most of fixed assets 
are owned by companies in Cluster (10, 1). They register 
the aggregate value of fixed assets over EUR 7.18 billion. 
Clusters (10, 2), (8, 1) and (9, 2) also dispose of considerable 
fixed assets. All the identified clusters each dispose of fixed 
assets of billions of EUR. The situation was clarified based 
on a relative comparison of companies - namely the share 
of total owned fixed assets in the transportation sector 
(Figure 8).  

The graph in Figure 9 indicates that companies in Cluster 
(10, 1) own more than 42% of the fixed assets employed 
in the transportation industry. Then 18.64% belongs to 
companies in Cluster (10, 2); 8.7% is owned by Cluster (8, 
1) and less than 7% by Cluster (9, 2). The percentage of 
the fixed assets, employed in the transportation industry, 
owned by companies in Cluster (4, 10) is only 0.19%. 

Figure 9 provides a comparison of absolute operating 
profits. 

From the graph results that Cluster (10, 2) is definitely 
the most successful cluster in terms of operating profit. It 
generates a total income of less than EUR 192.4 million. It is 

Figure 9 Realized operating profit of companies per cluster

Figure 10 Cluster shares of the operating profit realized in the transportation industry
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Figure 11 ROE comparison of clusters in the transportation industry

Figure 12 ROA comparison of company clusters in the transportation industry

Table 2 Leaders in the transportation industry 2016

row description
number of companies 

in a cluster 
fixed assets 

(in EUR)
total assets 
(in EUR)

operating profit 
(in EUR)

(10, 2) 3 3,158,116,467 3,626,118,037 192,304,809

(10, 1) 3 7,193,464,181 7,830,443,415 169,191,482

(6, 2) 11 82,295,388 310,578,842 105,335,191

(6, 1) 2 123,062 58,153,759 103,901,418

(9, 2) 2 1,185,279,686 1,403,650,638 97,468,106

(8, 1) 5 1,473,422,493 2,152,522,473 67,550,854

(9, 1) 1 224,062,807 788,537,782 42,512,267

(5, 2) 61 30,765,810 145,671,717 37,633,091

total 88 13,347,529,890 16,315,676,660 816,998,430

percentage  
of the total

2.21% 78.77% 70.17% 67.10%
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67.10% of the profit from operations in the entire industry is 
generated by 88 companies. 

5	 Conclusions

The aim of this paper was to analyse transportation in 
the Czech Republic with Kohonen networks. The analysis 
was supposed to identify industry leaders.

The Kohonen networks were used for cluster analysis. 
There were 3,989 companies active in the transportation 
industry in 2016 and they were classified into 100 clusters 
(the Kohonen map was predefined using the mesh topology 
10 x 10). All the clusters were analysed. Cluster (4, 10) 
was the largest one. Still, this cluster is not crucial for 
development of the transportation industry in the Czech 
Republic. On the contrary, the transportation industry 
is strongly influenced by companies of Clusters (10, 1) 
and (10, 2). Those clusters include only 6 companies. 
Nevertheless, their average values are highly above those 
of all the other companies active in the industry. In 
addition, their absolute indicators surmount all the other 
clusters. Still, there are other clusters, which have no 
small influence on development of the transportation 
industry in the Czech Republic, namely clusters (6, 2), (6, 
1), (9, 2), (8, 1), (9, 1) and (5, 2). On overall, 88 companies 
can be referred to as leaders in the transportation industry 
although the importance of companies in Cluster (5, 
2), which includes 61 companies can be looked at. The 
conclusion is that a relatively small group of companies 
have a major influence on development of transportation in 
the Czech Republic. If one should speculate, it can be said 
that this group has a great influence on development on 
the entire national economy. The reason lies in the nature 
of the transportation industry. The result implies that the 
future development of the entire transportation industry 
can be predicted based on results of 88 companies. The 
other companies, with a view to their number and partial 
low influence on development of the industry, provide 
a certain hotbed, which is not going to change a lot in the 
aggregated form. As a prediction tool, the analysis of 88 
companies seems very positive. However, the negative 
fact is that fluctuations in production (no matter what is 
the cause) can result in fluctuations in the entire industry 
if not the entire national economy.

Further research should then focus on: 
• Identifying whether the representation of companies in 

different clusters changes over time, in particular for 
clusters where leaders in the transportation industry 
come from (both the number and the form of specific 
companies - especially for Clusters (10, 1) and (10, 2).

• Verifying the ability to predict development of the 
transportation industry based on analysis of industry 
leaders.

• Identifying how potential fluctuations in economic 
results of the leaders have affected development of the 
transportation industry, in particular with accent on 
Clusters (10, 1) and (10, 2).

on equity) provides information on the appreciation for 
deposits of the owners. The best would be only to consider 
taxed equity for calculation. In this case, however, all the 
equity was used. The indicator is considered as one of 
the key indicators of the company’s success. The value 
is typically compared to profitability of other investment 
opportunities on the market. Weakness of the ROE comes 
from the fact that it does not take into account the risk of 
investment opportunities. Several values are visible in the 
figure. The best results are reported by clusters in another 
part of the Kohonen map. Specifically, Clusters (8, 10), (8, 
8) and (8, 9) followed by Clusters (7, 10), (7, 8) and (7, 9). 
Conversely, the worst results are presented by Clusters (1, 
8) and (2, 8). The most profitable Cluster (10, 2) achieved an 
ROE of 21.35%. Cluster (10, 1), the largest cluster in terms 
of the total assets, had an ROE about 4.65%. In terms of 
operating profit, the successful Cluster (6, 1) achieved an 
ROE outside of the present range, Cluster (6, 2) then had an 
ROE of 49%. The largest Cluster (4, 10) achieved an average 
ROE of -0.19%.

Return on assets (ROA) was analysed as the second 
ratio indicator (Figure 12).

The ROA as the indicator evaluates the ability of assets 
to make profit. The value of this indicator is based on the 
ratio of the two underlying parameters - namely assets and 
profit. Thus, the relatively small companies may achieve 
attractive results similar to large companies. The ROA 
indicator is fairly high for a number of clusters. Cluster (2, 
9) is the most successful cluster. The value is about 234.1%. 
Conversely, the worst result was achieved by Cluster (2, 9). 
In this case, the cluster value is highly negative, specifically 
-206.5%.

4	 Discussion	of	results

The aforementioned analyses clearly demonstrate that 
Clusters (10, 2), (10, 1), (6, 2), (6, 1), (9, 2), (8, 1), (9, 1) and 
(5, 2) are the most important for the transportation industry 
in terms of the total assets, fixed assets and profit-making. 
Clusters (10, 2) and (10, 1) are each formed only by three 
companies. Still, they dispose of the largest amount of 
assets and fixed assets as well as they achieve the highest 
profit from operations in the industry.

Note that the total of 3,989 companies were active in 
the Czech transportation industry in 2016. Considering all 
the analyses, one can conclude that industry leaders are 
the representatives of Clusters (10, 2), (10, 1), (6, 2), (6, 1), 
(9, 2), (8, 1), (9, 1) and (5, 2). Table 2 summarizes the most 
successful clusters.

The identified group of leaders in the transportation 
industry consists of 88 companies, out of which 61 are 
allocated to Cluster (5, 2), of the total of 3,989. Thus, it 
makes 2.21% of all the companies that were active in the 
industry during the reference period. Those 88 companies 
own 78.77% of all fixed assets allocated to transportation 
in the Czech Republic. At the same time, they own 70.17% 
of all the assets concentrated in the industry. A total of 
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Resume
Elimination of connection between an increase in transport and economic growth 
has been the main aim of the transport policy of the EU for a few years and it has 
not been accomplished yet. Transportation causes considerable external costs 
that have concrete originators but are not paid by them. The biggest external 
costs are connected with emissions, noise, accidents and congestions. In this 
contribution, the problem of congestions, which currently bother drivers in EU 
was analysed, together with possibilities for their solving, since the congestions' 
reduction is one of the priorities of the EU’s transport policy. The task was to 
observe a relation between the basic traffic flow characteristics on the specific 
section of the road no. I/65 and to identify effects on traffic in general, as well as 
to specify reasons and conditions within the traffic congestions that occurred. 
These results are a basis for the theoretical proposal of possible solutions of the 
issue.
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the traffic flow theory. The next part includes a description 
of the selected road section, methodology and results 
of transport survey using the Sierzega microwave radar. 
Based on those findings, the last part consists of discussion 
and formulated conclusions.

2		 Literature	preview

Since the 1960s of 20th century, the generalized 
relationships between speed, density and the flow rate are 
defined with the following parameters [3]: 

Flow Rate (intensity) - number of vehicles per hour, 
which pass over a given point or section of a lane or 
roadway during a given time interval of less than one hour. 

Speed - defined as a rate of motion expressed as 
a distance per unit of time, generally as kilometre per 
hour (km/h). In characterizing the speed of a traffic flow, 
a representative value must be used, because a broad 
distribution of individual speeds is observable in the traffic 
flow. 

Density - the number of vehicles occupying a given 
length of a lane or roadway at a particular instant. Density 
is usually expressed as vehicles per kilometre (veh/km). 

While diagrams in Figure 1 show continuous curves, 
in reality there are likely discontinuities, with part of these 
curves not present. The curves illustrate the following 
significant points:

1		 Introduction	
 
Reduction of external costs is one of the most 

significant factors affecting increase in the road transport 
safety. External costs are described as follows. When 
consumers decide to purchase an item or take a trip, they 
examine the price of a given option and compare it to the 
gain or satisfaction they expect. For example, a person 
who wants to get from place A to place B will consider the 
price (of using public transport or his/her private car) and 
quality of the service provided before choosing the suitable 
transport mode. Users are willing to accommodate a whole 
array of parameters (speed, frequent/regular service, 
quality, flexibility, etc.) in the price of transportation that 
users pay. Consumers of goods or services do not generally 
foot the full bill for the costs that their decision imposes 
on society and the environment. These costs are defined 
as external because they are not reflected in the price 
paid by users. The main sources of external costs in the 
transport sector are accidents, congestions, air pollution, 
noise and climate changes [1-2]. This paper is focused 
on the congestions that are probably the most negative 
phenomenon that drivers perceive while driving. The main 
aim was to try to specify the connections between traffic 
flow characteristics and why congestions occur. It was 
decided to observe the traffic characteristics’ relationships 
at the selected section of the road no. I/65. The first part 
of the paper includes some theoretical knowledge about 



M O D E L L I N G  O F  T H E  T R A F F I C  F L O W  B A S I C  C H A R A C T E R I S T I C S  A T  T H E  R O A D  N E T W O R K  S E L E C T E D . . .   A45

V O L U M E  2 3  C O M M U N I C A T I O N S    1 / 2 0 2 1

only two of these characteristics are sufficient, the third one 
can be calculated according to an equation of continuity 
[6-7]:

M = H.V [veh/h], (1)

where: 
M - intensity [veh/h],
V - speed [km/h],
H - density [veh/km].

The theory of traffic flow recognizes two types of 
movements:
• movements of one vehicle,
• movements of a group of vehicles in the same driving 

lane.

	 A	movement	of	vehicles	within	a	different	
driving	lanes	layout	
Vehicles change their position during the driving in 

a certain direction, depending on width conditions, density, 
speed etc. Different modes of vehicles’ behaviour in the 
traffic flow can be derived from these conditions: 
• stream driving in a single lane in a row (overtaking is 

not possible),
• driving where overtaking is possible (without any 

issues on the unidirectional two - lane belt, sufficient 
space in opposite direction on the two - lane belt), 

• changing driving lanes on multiple-lanes belt (it is 
possible in several driving lanes, overtaking in the right 
lane is dangerous),

• vehicles movements on the two or four lane 
bi-directional belt (it gives an option of various 
movement conjunctions; traffic flow imbalance could 
create danger) [4-5, 8].
Driving of vehicles in a stream
While driving, the situation of vehicles’ movements 

changes (a number of vehicles, speed, structure of traffic 
flow, weather, etc.). A stream of vehicles is made up of two 
or more vehicles driving behind each other in the same 

A zero flow rate occurs under two different conditions. 
One is when there are no vehicles on the facility - density 
is zero and a flow rate is zero. The second is when density 
becomes so high that all the vehicles must stop - the 
speed is zero and the flow rate is zero, because there is no 
movement and vehicles cannot pass a point on the roadway. 

Between these two extreme points, dynamics of the 
traffic flow produces a maximizing effect. As flow increases 
from zero, density also increases, since more vehicles 
are on the roadway. When this happens, speed declines 
because of the interaction of vehicles. This decline is 
negligible at low and medium densities and flow rates. As 
the density increases, these generalized curves suggest that 
speed decreases significantly just before a capacity of the 
road is reached. The capacity is defined as the product of 
density and speed resulting in the maximum flow rate. This 
conditions are shown as optimum speed V

o
 (often called 

critical speed), optimum density M
o
 (sometimes referred to 

as critical density) and maximum flow V
m
. 

In accordance with NI [4], the traffic demand is not 
constant. It can vary significantly depending on the season 
of the year, the day of the week and even the time of the 
day. In addition, the capacity is not constant - it can change 
(sometimes rapidly) because of weather, work zones, traffic 
incidents, or other events. It is not necessarily simple, 
either. The physical fact of finiteness and the principle 
of conservation underlie the traffic stream behaviour. 
However, the actual performance of a particular section of 
a freeway, at a particular point in time, is more ambiguous, 
resulting from variations in individual human behaviour 
and the mix of vehicle types using the facility. According 
to KESSELS [5], it may be possible to predict the average 
behaviour and average capacity and the variances about 
these averages for a traffic flow, but never the precise 
behaviour.

The principles of macroscopic models are relations 
between the essential characteristics of a traffic flow - 
intensity, density (quantitative characteristics) and speed 
(a qualitative characteristics). For a complete description, 

Figure 1 Basic relationships between the traffic flow characteristics [3] 
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increasing demands on the expected quality of transport 
[14-15]. 

The situation in freight transport does not contribute to 
improving the overall situation either. While the importance 
of transport modes, suitable for transport of large volumes 
of goods, without undue burden on infrastructure and 
the environment, is decreasing or is totally negligible in 
the total transport volume, transport performances of the 
road freight transport are rising steeply. Figure 3 presents 
development of the modal split of the freight transport in 
Slovakia [14, 17].

Taking into account all of these mentioned issues, it 
is very important to know and understand theory of the 
traffic flow and be able to predict under what conditions 
do congestions occur.

3.1	 Methods	of	traffic	flow	monitoring	using	
Sierzega	microwave	radars

The microwave radar Sierzega was used since the idea 
was to measure the basic traffic flow characteristics.

Radars have recorded vehicles’ passage in real time, 
speed, length and direction of vehicles (this value is 
recorded only when bidirectional measurement is turned 
on but it is very inaccurate at higher intensities). The 
most accurate results are obtained for a single lane road 
communications. For the multiple lane communications, 
accuracy declines as traffic flow increases because of the 
vehicles overlapping. The main reason of this accuracy 
decline is an implementation of the radar low above the road 
(see Figure 4), as well as the measurement is running under 
the angle of 30° and any deviation reduces accuracy, e.g. 
determination of a vehicle length. Measurement accuracy 
deviations are according to the manufacturer: speed ± 
3 %, length of vehicle ± 20 %, space between vehicles ± 0.2 
s. Another disadvantage is the range of a measurement. 
A manufacturer declares the range of measurement from 
8 to 254 km/h. However, at lower speeds there is a large 
measurement deviation in the number of recorded vehicles. 

driving lane. Driving is disturbed and has its own specifics, 
it is different in non - urban areas and in urban areas. It is 
possible to determine:
• a number of vehicles in a stream - speed of the stream, 

defined as an average travel speed determined from 
speed of each vehicle in a stream,

• time consuming of a stream, defined as a difference in 
passage time of the first and the last vehicle of a stream 
in the chosen road profile,

• a physical length of a stream, defined as a distance 
among the first and the last vehicle at the same 
moment,

• a stream dispersion expressed as a relative change 
in time and length dimensions of a stream, which is 
related to a particular profile of a road communication 
or time point [3, 9-10].

3	 Methods	and	materials

Currently, the road network of 38 985 km of length 
is used in the Slovak Republic [11]. Regarding increasing 
intensities mainly on highways and I class roads, the 
character of traffic departs from the free traffic flow and the 
proportion of traffic increases with the degree of load, which 
is approaching value of 1. In this case, individual vehicles 
affect each other in the traffic flow. In the Slovak republic, 
in 2018 the number of registered vehicles increased by 
4.16 % compare to 2017 and reached the value of more than 
3.2 million. The increase of individual automobiles (IA) was 
4.24 % and exceeded 2.3 million [12-13], which represents 
a degree of automation of 2.34, see Figure 2. 

Time losses resulting from congestions are a significant 
negative effect of overloaded roads, which affect the 
economic activity of inhabitants indirectly. While in 2000, 
there was one individual car per 4 inhabitants, in 2018 
it was already one IA (individual automobile) per 2.3 
inhabitants. One of the significant parameters, which 
have an impact on individual automobile transportation 
increase, is rising of the living standard of population and 

Figure 2 Development of the degree of automation in Slovakia  
(based on data from the Statistical Office of the SR) [16]
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During the measurement, the intensity reached 13 505 
vehicles per 12 hours, in both directions. The highest value 
of the intensity 326 vehicles per 15 minutes, was recorded 
from 6:30 a.m. to 6:45 a.m. and the peak hour of 1248 
vehicles per hour was recorded from 6:30 a.m. to 7:30 a.m. 
The structure of the traffic flow, according to obtained data, 
is as follows:

76.3 % IA (individual automobile), 10.5 % T (Truck), 
12.5 % HT (Heavy Truck), 0.37 % M (Motorcycle), 0.25 % Bus 
and 0.07 % B (bicycle). 

This is the case of the inhomogeneous traffic flow, 
because it is predicted that for the homogenous traffic 
flow a minimum of 80 % of vehicles, which have similar 
properties, is needed (e.g. individual automobiles). The 
data were divided in accordance with the driving lanes and 
then speeds and intensities of all the modes of transport 
were generated.  Subsequently, the vehicle densities were 
determined. Based on that, the following diagrams were 
created, see Figure 6. [22]

An advantage of this device is its mobility, due to small 
dimensions 400/400/200 mm and a big range of operating 
temperatures from -20 °C to 60 °C [18-19].

3.2	 An	analysis	of	the	selected	section	of	road	
communication

The basis of a research are the transport surveys and 
their detail analysis, where the data obtained from the 
radar Sierzega were used, specifically vehicles intensity 
and travel speed. The vehicles density was calculated using 
the equation of continuity (1). The main objective of this 
research was to better understand the behaviour of a traffic 
flow as well as the relations between vehicles [19-20].

The measurement was carried out on Tuesday, 17th of 
September 2019 in cadastral city of Martin on the I class 
road I/65, see Figure 5. The transport survey took 12 hours, 
from 6 a.m. to 6 p.m. The maximum permitted speed on the 
chosen section is 50 km/h.

Figure 3 Modal split of freight transport in Slovakia  
(based on data from the Statistical Office of the SR), [16]

Figure 4 Radar Sierzega, on the left - hand: implementation of the radar on the traffic sign;  
on the right - hand: the example of reached data from radar [18]
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exceeded the speed limit.  In this case, the intensity sharply 
varies. The lowest value was recorded at 8:15 a.m. and, on 
the other side, the highest value intensity was recorded at 
2:45 p.m. An average speed of vehicles reached 42 km/h. 

Figure 8 shows the intensity, speed and average speed 
for both driving lanes. The intensity for both directions 
first raised sharply and then oscillated around 300 vehicles 
per hour. The decline occurred at 10:45 a.m., but then 
the intensity value began to increase and exceeded again 

Figure 6 shows that the decrease of vehicles speed was 
recorded on driving lane A twice approximately at 8 a.m. 
and in the afternoon at 3 p.m. The highest intensity was 
recorded at 6:45 a.m. and it gradually declined and then 
slightly increased again at 1:45 p.m. An average vehicle 
speed reached value of 54 km/h during the measurement. 

The velocity curve on the second lane in the opposite 
direction, Figure 7, has the lower velocity dispersion than 
in the first case. However, it can be seen that most vehicles 

Figure 5 The chosen section of road I/65 (based on use of the Openstreet maps) [21]

Figure 6 Running of real vehicles speed and an average vehicles speed during the 15 minutes intervals in the traffic flow - 
measurement on the lane A 

Figure 7 Running of real vehicles speed and an averaged vehicle speed during the 15 minutes intervals in the traffic flow - 
measurement on the lane B 
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of this coefficient was in range of - 0.299 to - 0.037, which 
corresponds to very weak linear dependence. However, an 
interesting thing is that dependence between the intensity 
and density (Figure 10) became a linear dependence with 
a high correlation coefficient of 0.653 and 0.859, which is 
the middle and strong correlation. 

The dependence between speed and density has, on the 
other hand, an exponential running with a confidential level 
of almost 80 % (Figure 11). In principle, if vehicles speed 
would decrease, the density at the chosen monitored road 
section would rise and vice versa. 

Figure 12 presents dependence of the basic 
characteristics during each hour of measurement. Between 
the speed and density, a linear course is very noticeable; if 
one quantity decreases the other increases and vice versa. 
The intensity also corresponds to this fact. When the speed 
decreases, the intensity of vehicles is also decreasing and 
vice versa.

value of 300 vehicles per hour. The average speed on the 
monitored section during the measurement reached 45 
km/h. 

The dependence should create a parabola according to 
basic relation (Figure 1). However, with increasing speed 
the intensity should also increase, which represents a linear 
course. From several points of view, it is obvious that each 
intersection or communication has maximum capacity. If 
this capacity were exceeded, intensity should still rise and 
a speed is decreasing, see Figure 9. The maximum capacity 
was reached at the optimum speed and due to declining 
speed intensity it starts to decrease and leads to reducing 
the gaps between vehicles and increasing density. 

Therefore, the relation between intensity and speed 
is expressed as a parabola. The same rule applies also for 
intensity - density relation (Figure10). 

Correlation coefficient between parameters, shown in 
Figure 10, also refuted the linear dependence. The value 

Figure 8 Running of real vehicles speed and an average vehicle speed during the 15 minutes intervals in the traffic flow - 
measurement on both lanes 

Figure 9 Graphical dependence between the traffic flow intensity and speed

Figure 10 Graphical dependence between the traffic flow intensity and density 
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same width, which represents the width of intervals, while 
the height of column shows a frequency of a monitored 
variable in the given interval. It is important to choose the 
suitable width for an interval, because the incorrect width 
can decrease information value of a histogram.

The range of one class is 5 km/h and there are 20 
different classes. Figure 13 shows that the lowest recorded 
speed of vehicles was 8 km/h and the highest one was 103 
km/h. The range of recorded speeds is 95 km/h. These data 
on speed are generated by the radar, which was used for 

The correlation coefficient was calculated also for 
the speed/ density relation. In this case, the correlation 
coefficient of dependence between the two parameters is - 
0.963, which represents a very strong negative correlation.

3.3	 Histograms	of	observing	variables

Histogram is a graphical representation of data 
distribution using the column graph, with columns of the 

Figure 11 Graphical dependence between the speed and the traffic flow density

Figure 12 Running of the basic traffic flow characteristics related to one-hour gap intervals

Figure 13 Division of vehicles’ speeds according to their frequency
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probability distribution of speed is called the normal or 
Gaussian distribution and it is one of the most important 
probability distributions of continuous stochastic variables 
[10, 23-25].

Time gaps between vehicles were divided into 26 
classes with range of one class of 1s. The most often, gaps 
between vehicles were 1 and 2 seconds, subsequently 

this measurement. In the speed class of 53-58 km/h, was 
obtained the highest number of vehicles. Considering that 
the maximum speed at this section of road is 50 km/h, more 
than 58 % of vehicles exceeded the permitted speed. The 
speed median of 53 km/h reached value, which was for 8 
km/h higher than the average one. The most often recorded 
value of speed was 55 km/h, also called as modus. This 

Figure 14 Division of time gaps to 26 classes with range of one class of 1 sec]

Figure 15 Division of headways into 5 sec intervals

Figure 16 Probability of vehicles’ occurrence during one minute of measurement
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a crash, the collision forces are lower because of the lower 
speed and the negative consequences of an accident could 
be reduced for a driver, as well as for passengers. Another 
aspect of the model is the concept of “secondary” accidents 
- accidents that occur due to conditions produced by an 
existing crash. Some of those conditions - which would not 
exist without occurrence of the primary accident - include 
the rapid backward queue formation (as vehicles suddenly 
stop to avoid the primary accident), rubbernecking by 
drivers and manoeuvres of emergency vehicles. The details 
of the relationship between congestion and safety are not 
well understood. 

5	 Conclusion

• Based on the limited work that has been performed, 
a few tentative conclusions may be drawn:

• An accident occurrence probably increases as 
congestion increases. 

• There is a lower proportion of single vehicle crashes 
(e.g., run-off-road, rollover, collision with fixed object) 
during the congestions, on the other side, there is 
a higher proportion of multiple vehicle accidents. 

• Accident severities (extent and nature of personal 
injuries) are lower during the congestion, due to the 
lower vehicle speeds at the moment of crash impact. 
In general, it can be assumed that any operational 

improvement that reduces congestion would lead to fewer 
accidents but the consequences of accidents could be harder 
related to the greater proportion of single vehicle crashes. 
Knowing these facts can target mitigation strategies to 
single vehicle crashes and higher severities - such as wider 
roadside recovery zones, protection on highways and 
coordination with emergency medical services. Moreover, 
an operations philosophy must take a systems-oriented 
view, where the consequences of a specific action must 
consider the related impacts, such as safety.
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their value decreased (Figure 14). The probability of 
unpredictable events occurrence, which affect time gaps 
between vehicles, has an exponential distribution. The next 
histogram of time lapses between vehicles (Figure 15) has 
the similar running, i.e. an exponential distribution.

Time lapses were divided to classes from 0 s to 85 s, 
with class range of 5 s and the number of classes of 22. 
The graphical representation in Figure 15 is called the 
Pareto diagram, which is a combination of histogram and 
line diagram. The line represents a cumulative multiplicity 
and gradually increases to 100 %. The most frequent time 
lapse was 5 s, which was reached by 8582 vehicles. 
Approximately 50 vehicles had time lapse of more than 
a minute. The reason for this could be that vehicles have 
come in groups.

Figure 16 shows the graphical representation of the 
number of vehicles per minute, based on the Poisson 
distribution. According to statistics, that is a discrete 
probability distribution of occurrence of rare events in 
a series of a large number of independent experiments.

Based on the survey, there were recorded 18.8 vehicles 
per minute in average. Thus, the highest probability is that 
18.8 vehicles per minute would pass the monitored road 
section in both directions (λ) and, as the number of vehicles 
would increase or decrease, this probability decreases. 

4	 Discussion

As the number of automobile transport increases, 
density increases and speed of the traffic flow decreases. 
This fact has the effect on increase of the delay time, travel 
time and stop time. Mentioned characteristics of the traffic 
flow vary considerably, depending on time and volume of 
traffic, often reaching the maximum values. Intersections 
are the important points of the road network permeability. 

Evaluation of transport survey revealed that the highest 
number of vehicles was recorded from 6:30 to 6:45 a.m., at 
intensity of 326 vehicles. The average intensity, according 
to survey results is 1200 vehicles per hour and according 
to simulation it is 1035 vehicles. The strongest correlation 
was observed in relationship of density and speed of value 
of - 0.95, which represents a strong linear dependence. 
Results of relations between the basic characteristics 
showed that the traffic flow variables do not always behave 
according predefined relations.  The basic theory behind 
the interaction is that congestion leads to higher vehicle 
densities (i.e., more closely spaced vehicles on a roadway), 
which provides more opportunities for a conflict. Congestion 
also reduces vehicle speeds. When vehicles are engaged in 
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Resume
The problem of consolidation of goods for the provider of logistic services, 
which is a third part that delivers goods from many suppliers to one business 
client in time horizon was analysed in this article. Every parcel has a fixed 
date of reception in the source and delivery schedule in a destination. In the 
age of highly developed economy, time pressure and costs, outsourcing is 
a condition necessary to improve the functioning of enterprises. New logistic 
chains, networks of terminals and intermodal connections are built every year 
to reduce the transport costs and improve the whole process. In this article, the 
authors presented the benefits resulting from consolidation of cargos in the road 
transport. Special emphasis was put on determination of the role of the transport 
costs reduction using the cargo consolidation services. 
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year [13-15] to reduce the transport costs and improve the 
whole process. The movement of goods guarantees the 
functioning of cities and regions, however, motor trucks, 
due to their size, pace of moving and frequency of stops 
cause huge difficulties in the road traffic. In addition, 
they contribute to formation of hold-ups, increased noise 
and environmental pollution. These difficulties still have 
a growing trend; therefore, consolidation of cargos in road 
transport is the future of knowledge-based. Consolidation 
of cargos is a combination of a few various shipments 
into one cargo (Figure 1). Such a solution mainly allows 
optimizing costs. In the event of smaller shipments from 
a few suppliers (Client A, Client B, Client C), it would be 
unprofitable to load a few separate pallets. It is also more 
comfortable for the clients from logistics point of view. All 
the cargos are delivered within one delivery, which makes 
end client more satisfied.

A comprehensive analysis of the transport processes 
efficiency requires a broad view, taking into account both 
the organizational and financial aspects. The effectiveness 
analysis is mainly based on use of a set of indicators assessing 
the transport process [16], bearing in mind the specificity of 
transport processes in financial and organizational aspects 
(Tables 1 and 2). In Tables 1 and 2, examples of the rates of 
assessment of the transport processes effectiveness, from 
financial (Table 1) and organizational (Table 2) points of 
view, were presented. Effectiveness of the transport process 

1		 Introduction

Large carriers have more potential to survive any 
crisis. Therefore, the Polish transport industry, analogically 
to companies in Western Europe, will have to consolidate. 
Consolidation allows to transport smaller goods (e.g. put on 
a few pallets) from distant areas for a reasonable price [1-2] 
Nowadays, time and price are the most important factors; 
therefore, consolidation of cargos is a good solution [3]. It 
is also particular facilitation for smaller exporters. Dense 
network allows combining parcels, both within national 
and international connections [4]. Moreover, it is a safe 
form of transport of goods [5]. The consolidation of parcel 
to one transport means, above all, one shipping order, one 
parcel number, one customs clearance and one company 
that deals with transport service [6-8].

The digitization of transport processes can be achieved 
thanks to the systems of management of transports and 
invoices or applications monitoring the position of the 
transport means [9-11]. Programs of the cost optimization 
are ideal for enterprises having the networks of terminals, 
which are the most important on the market due to 
pressure put on the cost reduction [12]. In the last few 
years, transport business has drastically changed. Due to 
globalization of economy, range and frequency of transports 
have considerably increased. New logistic chains, networks 
of terminals and intermodal connections are built every 
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client is located in Prague. It now uses two systems of 
transportation (3.5 t and 6 t) that are sent to specific regions 
of Germany (Table 3 and Table 4).

In the event if the first means of transport, transit is 
two days, for the second one, one and a half day (Figure 2 
and Figure 3).

Average speed accepted for the analysis of transit 
is 65 km/h. LDM a loading meter is the standard unit of 
measurement for transport by truck. One meter of cargo 
space, calculated as the product of the total width of the 
trailer and one meter of length. Most often, the width of the 
trailer is 2.4 meters, so 1 LDM - 2.4 m2. LDM calculations can 
be made using the goodloading.com application. Transport 
costs based on average rates on the current transport market 

is the most visible in a list of meters in the organizational 
aspect. It is not surprising, because the processes occurring 
at the operational level have the greatest contribution to the 
assessment of effectiveness of the transport process.

2	 The	consolidation	of	two	means	of	transport	
illustrated	through	an	example	of	client	B

The fundamental research goal of the authors of this 
article was determination of the role of reduction of the 
transport costs using the consolidation services, illustrated 
through an example of client B. To achieve the goal, the 
research and analyses presented were conducted. The 

Figure 1 Cargo consolidation

Table 1 Selected indicators for assessing the efficiency of transport processes in organizational terms [16]

indicator formula characteristics units of measure

load fleet load indicator

b
a

a - number of kilometers driven,

b - number of means of transport

kg/car

rate of use of the transport 
means

a- weight of transported load

b- number of means of transport

kg/car

transport intensity index
a- transport time,

b- total number of deliveries

h/ delivery

timeliness of transport 
indicator

b
a
100#

a - number of timely journeys

b - total number of journeys
%

load damage indicator 
during the transport

a - load transported (mass or volume)

b - load capacity or capacity of the transport fleet
%

cargo planning
a - value of incomplete deliveries

b - value of all deliveries

%
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02/07 shall be available for reception in the warehouse only 
on 04/07 (Tables 8 and 9).

The cargo will be ready on 4th of July at 9 pm (Table 10). 
The means of transport that will take goods must be 24-ton 
and will have to cover 300 km. According to a price list, the 
rate for such distance is 1.3 €/km (Table 5). Therefore, the 
cost of this transport will be 390 €. 

Transit will last two and a half days, that is, one day 
longer than now (Figure 4).

Using defined weight tariff that verifies the costs of 
transport of cargos to the warehouse in Nuremberg in 

and consolidation tariff of the company (Table 5). The cost of 
every additional place of the so-called stop is 25 €.

The first means of transport must cover 1018 km (0.65 
€/km), stopping in five places (125 €), generating the costs 
of 786.7 €. The second means of transport will cover 897 km 
(0.8 €/km) and will stop in four additional loading places 
(100 €). In this case, freight rate is 817.6 €. 

The utilization of both means of transport stays within 
the range of 86 % (Tables 5-7).

Transport enterprise offers delivery of every cargo 
within 2 working days. In this case, the cargo loaded on 

Table 2 Selected indicators for assessing the efficiency of transport processes in financial terms [16]

indicator formula characteristics units of measure

shipping costs per 
shipment

b
a

a - transport cost

b - number of shipments
€

costs of the transport 
fleet i

a - cost of kilometers travelled

b - number of means of transport
€/car

costs of the transport 
fleet ii

a - value / cost of transported load

b - number of means of transport
€/car

transport costs per tkm a - transport cost

b - number of tkm
€/tkm

complaints and returns

b
a
100#

a - value / cost of returns complaints

b - value / cost of all supplies of materials and raw materials
%

valuable incompleteness 
of supply

a - value of incomplete deliveries

b - value of all deliveries

%

Table 3 Transport schedule of client B - means of transport no. 1 - 3.5-ton 

code city date time distance
working 

time
driving 

time
comment

33098 Paderborn 2.07 08:00-09:00 0 1 0 loading

37001 Gottingen 2.07 11:00-12:00 135 3 2  

38440 Wolfsburg 2.07 14:00-15:00 135 5 4
45 min pause on the way to 

Potsdam

14467 Potsdam 2.07 19:00-20:00 205 10 9 pause 11 hours

8001 Zwickau 3.07 11:30-12:30 278 4.5 4.5 start 7:00

1099 Dresden 3.07 15:00-16:00 116 8 6.5

10000 Prague 3.07 18:30 149 10.5 9 unloading

1018

Table 4 Transport schedule of client B - means of transport no. 2 - 6-ton 

code city date time distance
working 

time
driving 

time
comment

36001 Fulda 2.07 08:00-09:00 0 0 1 loading

68159 Mannheim 2.07 12:00-13:00 187 4 3  

76131 Karlsruhe 2.07 14:00-15:00 68 5 4
pause 45 min on the way to 

Augsburg

86150 Augsburg 3.07 19:30-20:30 228 10.5 9 pause 11 hours

93047 Ratisbon 3.07 10:00-11:00 146 2 2 start 8:00

10000 Prague 3.07 16:00 268 8 6
pause 45 minutes unloading on 

the way

897
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Figure 2 Current organization of transport of a client B - means of transport no. 1 (based on Google Maps pl)

Figure 3 Current organization of transport of a client B - means of transport no. 2 (based on Google Maps pl)

Table 5 The average rates for a kilometre for specific cars (the author’s own work)

car type 

(t)      
dimensions  

(length / width / height) (m)
0-300 km

(€/km)

300-800 km

(€/km)

>800 km

(€/km)

3.5 6.0/2.4/2.7 0.8 0.75 0.65

6 7.2/2.4/2.7 0.9 0.85 0.8

24 13.6/2.5/3 1.3 1.25 1.2
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of cargo and number of production days of the plant are 
needed. The value of goods is forty-five thousand euro, 
in six-day production line; it is seven and a half thousand 
euros a day. Increasing the transit by one day will give 
negative impact for value of one day, that is, seven and 
a half thousand euro. Comparing the losses in material 
and savings in transport, one gets a positive result in 

terms of postal code of a supplier, the rate of reception of 
all suppliers and for handling operations is 343.36 € Client 
B - means of transport no. 1, and for Client B means of 
transport no. 2 is 328.95 €. Total cost of movements for 
client B is 1604.3 € per week (Table 11).

There is one issue to be determined yet, the impact of 
extended transit on the costs frozen in material. The value 

Table 6 The cost of consolidation service for client B - means of transport no. 1, LDM -length of a load box 

code city number of pallets LDM (m) mass (kg) handling(€) transport (€)

33098 Paderborn 4 1.6 400 8 62.20 

37001 Gottingen 1 0.4 300 2 45.71 

38440 Wolfsburg 2 0.8 300 4 49.21 

14467 Potsdam 3 1.2 500 6 71.08 

8001 Zwickau 2 0.8 800 4 73.27 

1099 Dresden 1 0.4 50 2 15.90 

 total 13 5.2 2350 26 317.36 

 utilization of means of transport 86.67 % 78.33 %  343.36 €

Table 7 The cost of consolidation service for client B - means of transport no. 2 LDM - length of a load box)

code city number of pallets LDM (m) mass (kg) handling (€) transport (€)

36001 Fulda 2 0.4 200 4 26.14 

68159 Mannheim 3 0.6 500 6 55.97 

76131 Karlsruhe 2 0.8 300 4 41.55 

86150 Augsburg 5 2 1000 10 86.80 

93047 Ratisbon 6 2.4 1000 12 82.44 

 total 18 6.2 3000 36 292.94 

 utilization of means of transport 86.11 % 78.33 %  328.94 €

Table 8 Delivery time of cargos to Nuremberg (Client B) - means of transport no. 1 

code city date time code city date time

33098 Paderborn 2.07 08:00 90402 Nuernberg 4.07 08:00

37001 Gottingen 2.07 11:00 90402 Nuernberg 4.07 08:00

38440 Wolfsburg 2.07 14:00 90402 Nuernberg 4.07 08:00

14467 Potsdam 2.07 09:30 90402 Nuernberg 4.07 08:00

8001 Zwickau 2.07 11:30 90402 Nuernberg 4.07 08:00

1099 Dresden 2.07 15:00 90402 Nuernberg 4.07 08:00

Table 9 Delivery time of cargos to Nuremberg (Client B) - means of transport no. 2 

code city date time code city date time

36001 Fulda 2.07 08:00 90402 Nuernberg 4.07 08:00

68159 Mannheim 2.07 12:00 90402 Nuernberg 4.07 08:00

76131 Karlsruhe 2.07 14:00 90402 Nuernberg 4.07 08:00

86150 Augsburg 2.07 19:30 90402 Nuernberg 4.07 08:00

93047 Ratisbon 2.07 10:00 90402 Nuernberg 4.07 08:00

Table 10 Transport of consolidated cargo to Prague

code city date time code city date time

90407 Nuernberg 4.07 09:00 10000 Praga 4.07 13:30
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Figure 4 Nuremberg - Prague (based on use of the Optimizing XYZ)

Table 11 The savings of a client B, proposed offer of a transport enterprise 

route type of a car (t) distance feet costs (€)

suppliers -> client B Prague 1 3.5 1018 5 786.70

suppliers -> client B Prague 2 6 897 4 817.60

actual total cost 1604.30

suppliers -> Nuremberg 1 consolidation 343.4

suppliers -> Nuremberg 2 consolidation 328.9

Nuremberg -> client B Prague 24 300 0 390

proposed total cost 1062.31

weekly saving -541.99

annual saving -26015.75

Figure 5 Comparison of transport savings and inventory losses of a client B
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• Determination of the impact of transport organization 
on inventory costs,

• Comparison of current costs with proposed solution,

Conducted analysis allowed to prove that 
consolidation services reduce the costs of transport 
of small cargos. In the event of direct transports, the 
cars must cover many kilometres, only to take one 
small parcel or pallet. Medium and large cargos are not 
cost-effective for such organizations, however, direct 
and consolidation method can be combined to get the 
optimal results. Impact on inventory costs was also 
taken into consideration in the analysis. Extended time 
of transit, caused by use of a consolidation service, 
should be in majority of cases covered by the transport 
savings.

the form of thirty thousand euros of saving for client B 
(Figure 5).

3	 Conclusions

The fundamental goal of the authors of this article 
was to determine the role of reduction of transport costs 
with the use of consolidation service.  To achieve the goal, 
execution of the following plans was used: 
• An analysis of current transport organization of a client,
• An assignment of particular suppliers to warehouses 

towards terminal network of a transport enterprise 
providing consolidation services,

• Calculation of costs of consolidation service, taking 
transport and handling costs into account,
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Resume
This article focuses on optimisation of the distribution routes for a company 
that produces carpets, floor coverings and tapestries. The optimisation process 
is based on operational research methods including, without limitations, Mayer’s 
method and the single linkage method. The obtained results are subsequently 
compared to the current situation and evaluated in terms of time and costs. The 
conclusion provides the optimised economic solution.
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2	 Methodology

The operational research focused on examining 
individual operations in terms of a set of scientific fields 
dealing with decision problems. In his book, Jablonsky 
refers to operational research as a scientific field - a set 
of relatively independent disciplines aimed at analysing 
different types of decision problems [1]. He further 
points out the impossibility of formulating an exact 
definition of operational research. However, he offers 
a rough outlining of what operational research covers 
by referring to the term as the research of operations. 
Within this context, other authors applied operational 
research to all the spheres dealing with analysis and 
coordination of performed operations (irrespective of 
their definition) within a system. For example, as 
a scientific tool for developing and supporting the 
solution of decision-making problems and the reduction 
of emergency situations in continuous transport with 
respect to the environment [1-3].

Operational analysis tries to achieve the highest 
possible quality of operations, or their mutual 
relationship, with a view to ensuring the smoothest 
possible functioning of a system. Setting specific criteria 
is vital for assessing the proper or unsuitable functioning 
of a system by means of mathematical modelling, 
which is an indispensable operational research tool. 
If one examines a transportation system based on the 
operational research, it is specifically this analysis that 
uses a model for that system [4-6].

1	 Introduction

The modern age is characterised by the rapid 
technological progress, as facilitated by its creators, and 
the growing demands being placed on employees. On 
occasion, this combination of factors may lead to job losses 
within a company. However, if the adopted technologies fail 
to meet their potentials, there is a risk that the quality of 
products and services will fall, resulting in a significant loss 
of customers. In addition, the current supply of products 
and services hugely exceeds demand, which calls for 
greater appreciation of new and current buyers. Customer 
satisfaction and aftercare should, therefore, be the main 
objective of all the companies. 

The company at the centre of this case study sells 
carpets, tapestries, floor coverings (PVC, vinyl, wood, 
laminate, linoleum, cork), mats, associated materials 
(underlay, glues, skirting boards, sanitizers and detergents), 
as well as offers related services, such as floor assembly, 
carpet laying and floor cleaning. The company´s large 
number of customers means that the company must plan 
its distribution routes in detail. Long-standing customers 
(57 companies in South Bohemia) are extended free or 
reduced shipping costs. The company retains the option 
to compensate for these costs in the form of goods or 
services. Offering goods is considered risky due to the 
fierce competition on the market, so offering services 
is considered adequate compensation. Since retaining 
customer loyalty is not very easy nowadays, extra bonuses 
such as “free shipping” are a great enticement.
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4	 The	travelling	salesman	problem

Pelikan states that the travelling salesman assignments 
consist of looking for the optimal route for vehicles 
shipping goods using the travelling salesman technique, 
whereby distribution network nodes are served (supplied) 
once or more times, with the start and end of the route 
usually being the starting point. The key objective is to 
minimise the overall length of the route, while meeting 
customers’ requirements and adhering to the technological 
restrictions imposed on the means of transport [11-12].

Other authors analysed the travelling salesman 
problem, thereby mostly focusing on the most economical 
way of delivering goods to customers. However, this is not 
concerned with the typical issue within the concept of the 
travelling salesman problem where customers are supplied 
from several points. In this case, goods delivery takes place 
along one route, starting and ending at the same point. 
Experts often call it a travelling salesman assignment. This 
task consists of getting from the starting point (point A1) 
and delivering goods to places A2, A3 … A(n) at one time 
(in random order) and then returning to the starting point 
(A1). The route should be as short as possible with a view 
to finding the quickest route starting and ending at point 
A1 [13-15].

5	 Single	and	multiple	travelling	salesman	problems

Subrt defines a simpler single travelling salesman 
problem, which delivers goods along one route [16].

The mathematical model for the single travelling 
salesman problem is as follows: 

,min f c xij ij
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i
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3	 The	transportation	problem	

Transportation problems generally are concerned with 
the scheduling distribution of specific goods or materials 
from supplier points (sources) to customers (sinks), with 
the intent to minimise the overall distribution costs [7].

Holoubek argues that transport tasks focus on 
delivering goods from supplier warehouses to customer 
storages by maximising the economics of the shipping 
process [8]. As one can see in Table 1, he points out that for 
each of m supplier warehouses D

1
, D

2
…, D

M
 the maximum 

amount of a
1
, a

2
…, a

m
 to be delivered is defined. For each 

of n customer storage facilities O
1
, O

2
…, O

n
 the maximum 

amount of b
1
, b

2
…, b

n
 to be stored is defined. Capacity 

and requirements are measured in identical and standard 
units of measure, i.e. tonne, pieces, etc. The last measured 
quantity is the transport intensity specifically referred to as 
shipping (transport) costs between the supplier warehouse 
i and the customer storage facility j designated as c

ij
, where 

i=1, 2, …, m and j =1, 2, …n [8-10].
Resolving the transportation problem also includes 

case specific consideration for relationships between the 
total capacity of sources ∑i a

i
 (total of all the partial 

capacities) and all the requirements of the sinks ∑j bj (total 
of all the requirements), whereby the formula is as follows:

i a j bi j=|| . (1)

For purposes of this problem, it will be referred to as 
the balanced transportation problem, i.e. one that satisfies 
all the requirements and fills all the capacities. 

This transportation problem is calculated as follows: 

i a j bi j!|| . (2)

For purposes of this problem will be referred to as the 
unbalanced transportation problem, i.e. one caused by the 
excess supply or demand, resulting in a waste of capacity 
(over capacity or shortage of).

Table 1 Design of an economic model for the transportation problem [1]
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route from the last points leads to the starting point (the 
central warehouse).      

Paper explains that, one by one, all the points become 
starting points, each of them having an allocated route. In 
the event of an asymmetric rate matrix, the route must be 
traced in reverse. Such a situation will result in either the 
crossing out of lines and the detection of minimum rates 
in columns or in the whole procedure being conducted on 
a transposed matrix that results in an option for the most 
convenient route [19-20].

In her work, Frieblova states that the method in 
question involves considering each point as a starting point, 
i.e. picking the closest place from the starting location 
and subsequently the next closest point (unless already 
incorporated in the solution, which would mean selecting 
the second closest point) [21]. The cycle continues until 
the circuit closes, with the process repeated for all starting 
points. The so-called quasi-starting points, i.e. those places 
not identified as starting points, must be allocated with an 
accordingly adjusted route [21-22].

8	 Intuition	method

The intuition method always tackles simple and 
visible problems in the same way. This technique is highly 
economical.

Intuitively resolving problems embraces use of 
analogies, experience garnered from previous decisions 
and/or decisions taken on the basis of first impressions. 
These resolutions are often subliminal and are made to 
settle the petty problems [23]. 

9	 Analysis	of	current	situation	in	the	company

The company at the centre of this case study sells 
carpets, tapestries, floor coverings (PVC, vinyl, wood, 
laminate, linoleum, cork), mats, associated materials 
(underlay, glues, skirting boards, sanitizers and detergents), 
as well as offers related services, such as floor assembly, 
carpet laying and floor cleaning.

Internal corporate data - customer address, order of 
unloading, time windows used for planning and meeting 
deadlines - provided the information necessary for the 
calculations. The goods register also contributed to 
scheduling of the distribution routes, which in turn provided 
information on kilometrage. All the obstacles on roads, for 
example bridges and other traffic safety restraints, were 
taken into consideration when working out the current 
shipping routes.  

The company grants free shipping to long-term 
customers (57 companies in South Bohemia). The large 
number of customers means supply routes must be planned 
in detail. This article focuses particularly on the three 
delivery routes that are followed every week, namely:
• Monday- Jindrichuv Hradec, Pelhrimov, Tabor.
• Tuesday- Strakonice, Pisek, Klatov, Susice.

u u nx n 1i j ij #- + -   for i = 1, 2, …, m and j = 1, 2, 
…, n,

,x 0 1ij ! " ,   for i = 1, 2, …, m and j, = 1, 2, …, n.
The first two conditions allow each node to be visited 

exactly once. The third condition ensures the indivisibility 
of the resulting Hamiltonian cycle, i.e. the graph cycle visits 
individual nodes only once, with the exception of the start 
node, which is also the end node [16-17].

6	 Mayer’s	method	

Ziskal and Havlicek argue that Mayer’s method also 
focuses on scheduling routes by selecting minimal elements 
[18]. They further point to use of the multi-lane assignments 
with a complete route network and limited capacity. To solve 
the task based on the Mayer’s method, it is necessary to use 
a symmetric matrix of distances. Inside the model, separate 
points form a sequence of distance points, whereby the 
central point is the last (e.g. a warehouse followed by other 
locations according to their distance). The matrix therefore 
indicates the farthest point and subsequently those points 
closer to the final destination - the central warehouse. 
According to the authors, Mayer’s method consists of two 
steps [18]. 

The first step involves selection of points for individual 
routes, so that the first route includes the place farthest 
from the central position. Unless the vehicle exceeds its 
capacity, it goes on to the next point closest (shortest 
distance) to the previous location, followed by a check of 
the vehicle´s capacity. Unless filled, the lorry, once again, 
goes to the next point closest (shortest distance) to the 
previous one, followed by a check of its capacity. The whole 
cycle repeats itself until the vehicle is packed to capacity. 
For scheduling of additional routes, the same method is 
applied. 

The second step involves putting points on separate 
routes into order based on the intuitive decision-making 
and previous knowledge.

  

7	 Single	linkage	method

In his publication, Subrt explains that this technique 
was developed from the distance matrix. The main principle 
is to determine the starting point and to subsequently find 
the most convenient connection (the shortest distance) to 
the next place. This point then serves for finding the closest 
nexus to a different point [15]. 

The calculation originated from the rate matrix 
(distances), with the starting point column, which is the 
last point, first being ruled out. The starting location 
line takes on a minimum-rate (distance) cell, which is 
integrated into the route and removes the designated 
column, followed by indication of the highest-rate cell 
in the column that corresponds to the specific location, 
complementing the route. The whole cycle repeats itself 
until all the points have been incorporated, whereby the 
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• flexible starting and finishing times according to 
customer requirements and the opening hours of 
unloading places.

• Time windows (e.g. 6.00 a.m. - 4.00 p.m.)  shall be 
respected and goods delivered accordingly.

• The time required to complete the shipping route must 
not exceed the driver’s maximum daily working hours.

• Drivers’ breaks, as regulated by law, must be respected.
• Maximum weight limits (in relation to a specific 

distribution route and/or traffic restrictions) must be 
respected.

• Height, width and time restrictions imposed on lorries 
must be respected.

• Force majeure (congestions, drivers’ incapacity, lorries’ 
susceptibility to failure). 

Microsoft Excel was used to carefully work out the 
three distribution routes with a view to effectively and 
efficiently process the collated data.      

11	 Current	distribution	routes

In this section, the routes are presented in terms of 
the exact number and sequence of unloading points on a 
particular day, kilometrage, average vehicle speed and the 
time spent on the route. 

11.1	Route	I

This route is followed on Mondays, involves 19 
unloading points, with the town of Lisov being the loading 
point. The customer locations are as follows: Jindrichuv 
Hradec I - Jindrichuv Hradec II - Rodvinov - Dacice I - 
Dacice II - Telc - Studena - Pocatky - Pelhrimov I - Pelhrimov 
II - Pelhrimov III - Pelhrimov IV - Arnestovice - Pacov 
I - Pacov II - Mlada Vozice I - Mlada Vozice II - Tabor - 
Milevsko - Lisov. On Route I, which is 354 km long, it takes 
175 minutes (i.e. 2:55 hrs) to unload freight weighing 3 295 
kg. The net driving time is 6:65 hrs, excluding a 45-minute 
mandatory break. The total number of working hours 

• Wednesday - Kaplice, Cesky Krumlov, Prachatice, 
Vimperk, Ceske Budejovice.
If a public holiday falls on one of these days a different 

weekday is fixed.
An employee receives orders from individual customers 

and compiles a goods register (list and description of 
products). This is sent to the warehouse by fax. The 
warehouse workers gather the ordered goods, ordering and 
labelling pallets and/or boxes accordingly and in such way 
that the lorry can unload the goods as quickly as possible.  

The following day, the driver unloads the ordered 
goods, making sure to unload the correct goods (incl. 
amount and quality) in the right place. To optimise the 
process, the following data were required:
• Vehicle loading capacity in kilograms
• Delivery addresses of customers
• Quantities (in kilograms) being unloaded for individual 

customers
• Time windows for unloading
• 3 routes run every week (the optimisation of which 

requires consideration being given to all the restrictions 
the driver must respect)

10	 Analysis	of	the	company’s	organisational	rules	

The company’s organisational rules are as follows: 
• Transport is provided using the company’s lorry 

(capacity: 3.5 tonnes).
• Three different routes, with scheduled delivery to long-

term customers each week (shipping goods regularly 
on Monday, Tuesday and Wednesday to 57 companies 
in South Bohemia).

• All the routes always begin and end in the town of 
Lisov.

• Only one driver at a time delivers goods.
• The driver is always accompanied by an assistant - a 

company employee who helps to unload the freight.
• The driver can choose from two alternatives with 

regards to work times:
• 6 a.m. start in Lisov and finishing no later than 5.30 

p.m. in Lisov;

Figure 1 Route I [24]
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km (average speed 55 km/h), total unloading time 165 min, 
total cargo weight 3 270 kg, and net driving time 6:03 hrs, 
excluding a 45-minute mandatory break. The total number 
of working hours required to complete Tuesday’s route is 
9:33 hrs (573 minutes). Figure 2 shows Route II.  

11.3	Route	No.	III

This route is followed on Wednesdays, involves 18 
unloading points, with the warehouse in the town of Lisov 
being the loading point. The customer locations are as 
follows: Ceske Budejovice - Tyn nad Vltavou I - Tyn nad 
Vltavou II - Temelin - Vodnany I - Vodnany II - Vodnany III - 
Netolice - Strunkovice nad Blanici - Prachatice - Vlachovo 

required to complete Monday’s route is 10:36 hrs (636 
minutes). Figure 1 illustrates the planned route that avoids 
all road restrictions.   

11.2	Route	II

This route is followed on Tuesdays, involves 20 
unloading points, with the warehouse in the town of 
Lisov being the loading point. The customer locations are 
as follows: Veseli nad Luznici - Sobeslav I - Sobeslav II - 
Sobeslav III - Vrcovice - Pisek I - Pisek II- Pisek III - Blatna 
- Klatovy I - Klatovy II - Susice - Susice Volsovy - Bojanovice 
- Horazdovice I - Horazdovice II - Katovice - Strakonice I - 
Strakonice II - Strakonice III - Lisov. Total kilometrage is 331 

Figure 2 Route II [24]

Figure 3 Route III [24]

Table 2 Overview of km/day in relation to driver’s working hours

shipping day km/day driver’s working hours min/day driver’s working hours hrs/day

Monday 354 636 10:36

Tuesday 331 573 9:33

Wednesday 304 591 9:51

total 989 km/3 days 1 800 min/3 days 30 hrs/3 days
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(warehouse in Lisov), i.e. 58 x 58. Because of its massive 
size, Table 3 represents only a part of the designed matrix.  

The matrix explores the kilometrage within each 
combination of analysed customer points, which is of 
critical importance for making final decisions. The model is 
symmetric, i.e. the kilometrage from point A to point B and 
vice versa is the same. MSExcel was used to draw up the 
list of customer points, and googlemaps.com and mapy.cz 
for compiling the whole pattern. 

14	 Application	of	the	Mayer’s	method

The Mayer’s method is an important tool with which to 
determine routes to the closest destinations and for their 
subsequent integration into a single route. The Mayer’s 
method involves searching for and including individual 
customer points into the specific circuits. The basis for 
the application of the method was 58 locations (including 
the distribution warehouse in Lisov) divided over the three 
distribution routes and hired drivers for three days a week, 
with a focus on bringing down the driver costs to 0.56 EUR/
km. The task is to optimise these three routes, thereby 
reducing the total kilometrage, whilst meeting the following 
requirements:
• Cargo weight must not exceed 3.5 tonnes;
• Time windows for deliveries must be adhered to;
• Driver’s daily working hours must not exceed the 

prescribed limit; if the driving time exceeds 4.5 hrs, the 
driver is entitled to a 45-minute break, which is to be 
included in the total working hours.

14.1	Route	I

The first step is, with help of the distance matrix, 
to determine the farthest place from the distribution 
warehouse in Lisov, which is the customer point identified 
as Klatovy I. At a distance of 116 km from the distribution 
warehouse, Klatovy I is therefore the first point on the 

Brezi - Ckyne - Volary - Borova - Kajov - Prisecna - Kaplice 
- Trhove Sviny - Lisov. Total kilometrage is 304 km (average 
vehicle speed 51 km/h), total unloading time 185 minutes, 
total cargo weight 3 460 kg, and net driving time 6:01 hrs, 
excluding a 45-minute mandatory break. The total number 
of working hours required to complete Wednesday´s route 
is 9:51 hrs (591 minutes). Figure 3 shows Route III.

12	 Calculation	of	overall	transport	costs	

The overall transport costs provide an essential 
indicator of the impact thereof on the company’s profits. 
The lorry’s average fuel consumption is 18 l/100 km. 
Although diesel prices fluctuate, a price of 1.30 EUR/l is 
used for the price calculation per km, which is as follows:   

Calculation of costs of diesel/km: 0.18*1.3 = 0.234 EUR
Driver costs are 0.56 EUR/km with daily remuneration 

of 36 EUR per day. The difference between the price of 
diesel per kilometre and the price charged by the shipper 
per kilometre is 0.33 EUR (0.56 EUR – 0.22 EUR = 0.33 
EUR), with the calculated amount being used for vehicle 
amortization, regular maintenance, road tax, extraordinary 
events and the driver’s remuneration [25]. 

Table 2 presents the overall transport costs of the 
company in terms of the total kilometrage per week and 
total working hours for each day. The costs for Monday, 
Tuesday and Wednesday are 198.24 EUR, 185.36 EUR, and 
170.24 EUR, respectively. This brings total weekly costs to 
553.84 EUR + 108 EUR (total remuneration for driver for 3 
days) = 661.84 EUR. On a monthly basis, this is equivalent 
to 2647.36 EUR, and on an annual basis 31768.32 EUR.

13	 Optimisation	of	distribution	routes

To optimise the distribution routes of the company, it 
is necessary to draw up a distance matrix of the individual 
customer points. The distance matrix must be symmetric, 
containing 57 lines (customers) and the loading place 

Table 3 Distance matrix

 Lisov J. Hradec I. J. Hradec II. Rodvinov Dacice I. Dacice II. Telc Studena Pocatky …

Lisov 0 40.7 41.2 48.1 95.6 94.9 82.6 69.1 62.4 …

J. Hradec I. 40.7 0 1.5 7.2 34.2 34.1 41.8 28.3 21.5 …

J. Hradec 
II.

41.2 1.5 0 5.6 36 35.8 40.2 26.7 19.9 …

Rodvinov 48.1 7.2 5.6 0 38.2 38.1 36.6 23.1 16.4 …

Dacice I. 95.6 34.2 36 38.2 0 0.55 15.3 20.1 38.3 …

Dacice II. 94.9 34.1 35.8 38.1 0.55 0 15.1 19.9 38.6 …

Telc 82.6 41.8 40.2 36.6 15.3 15.1 0 14.8 25.5 …

Studena 69.1 28.3 26.7 23.1 20.1 19.9 14.8 0 11.1 …

Pocatky 62.4 21.5 19.9 16.4 38.8 38.6 25.5 11.1 0 …

0
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is the same as described for Route I. The total weight of the 
cargo on Route II is 3 465 kg with an unloading time of 190 
minutes.    

14.3	Route	III

The farthest customer point is Volary, 70.8 km from 
the distribution warehouse in Lisov. Route III only includes 
12 customer points: Volary, Prachatice, Vlachovo Brezi, 
Strunkovice, Ckyne, Netolice, Ceske Budejovice, Prisecna, 
Trhove Sviny, Kajov, Borova and Kaplice. The total weight 
of the cargo is 3 070 kg with an unloading time of 140 
minutes.

15	 Single	linkage	method

After dividing the customer points over the three 
routes, through application of the Mayer’s method, it is 
necessary to arrange the customer points by distance in the 
shortest possible order. The single linkage method involves 
considering each customer point as a starting point, with 
the next closest point being identified as the follow-up 

designated route. From Klatovy I, the distance model 
identifies the closest customer point from this town, which 
is Klatovy II 2.3 km away. The choice of customer point 
must take into consideration the capacity of the lorry. The 
total weight of the cargo is 160 kg (Klatovy I 60 kg; Klatovy 
II 100 kg), therefore within capacity. It is now necessary to 
cross out the already visited places in the distance matrix 
so as to prevent repeat visits to these points. After crossing 
out the lines and columns for Klatovy I and II, the next stop 
is Susice (total weight of goods 120 kg). This cycle repeats 
itself until the capacity of the lorry has been filled and/or 
the 23 customer points have been visited. Table 4 shows the 
suggested shipping route.    

14.2	Route	No.	II

The second farthest place (not included in Route I) is 
Arnestovice some 98 km from the distribution warehouse in 
Lisov. It is now necessary to identify other customer points 
closest to Arnestovice, but which have not yet been crossed 
out in the distance matrix and whilst making sure that each 
customer point is visited only once. The procedure for this 

Table 4 Application of the Mayer’s method to Route I

customer place unloading time (min) goods weight (kg) time windows

Klatovy I. 5 60 6 a.m.-6 p.m.

Klatovy II. 10 100 8 a.m.-5 p.m.

Susice 10 120 8 a.m.-5 p.m.

Susice-Volsovy 10 100 8 a.m.-5 p.m.

Horazdovice II. 5 80 8 a.m.-5 p.m.

Bojanovice 10 90 6 a.m.-5 p.m.

Horazdovice I. 5 90 8 a.m.-5 p.m.

Katovice 20 900 6 a.m.-5 p.m.

Strakonice III. 10 140 7 a.m.-5 p.m.

Strakonice II. 5 50 6 a.m.-6 p.m.

Blatna 5 50 6 a.m.-6 p.m.

Strakonice I. 10 130 6 a.m.-6 p.m.

Pisek III. 5 70 8 a.m.-5 p.m.

Pisek II. 20 650 8 a.m.-5 p.m.

Pisek I. 5 90 6 a.m.-6 p.m.

Vodnany III. 10 120 8 a.m.-5 p.m.

Vrcovice 5 80 6 a.m.-6 p.m.

Vodnany I. 5 100 8 a.m.-5 p.m.

Vodnany II. 10 80 8 a.m.-5 p.m.

Milevsko 10 100 6 a.m.-6 p.m.

Temelin 10 110 6 a.m.-6 p.m.

Tyn nad Vlt. I. 10 120 6 a.m.-6 p.m.

Tyn nad Vlt. II. 5 50 6 a.m.-6 p.m.

total 200 Min 3.480 Kg
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If the driver starts at 5.25 a.m., he should therefore be back 
in Lisov by 3.57 p.m.

15.3	Order	of	customer	points	on	Route	III

The order of customer points on Route III, according 
to the single linkage method, starts in Lisov, with the 
first customer point being in Ceske Budejovice. The total 
distance is 279.9 km. Table 7 shows the shortest route.

If the driver drives at an average speed of 54 km/h, the 
net driving time is 5:23 hrs, which, with an unloading time 
of 140 minutes, plus a 45-minute mandatory break, comes 
to a total of 508 minutes (8:28 hrs). If the driver starts work 
at 6.40 a.m., this would mean that he would return to Lisov 
3.08 p.m. 

16	 Application	of	the	intuition	method

Experimental findings suggest this method produces the 
best results (lowest kilometrage). The internet application 
mapy.cz processed the factual data on addresses of the 
customers, which were placed in the most convenient order. 

16.1	Order	of	customer	points	on	Route	I

The distance of Route I could be cut to 330.2 km. The 
total time this would take is 6:15 hrs (at an average speed of 
53 km/h). The driver’s number of working hours = 6:15 hrs 
+ 45 minutes (compulsory break) + 200 minutes (unloading 
time) = 620 min (10:20 hrs). 

16.2	Order	of	customer	points	on	Route	II

Applying the intuition method to Route II produces 
the three significant changes (for Jindrichuv Hradec I, 
Jindrichuv Hradec II and Rodvinov), with the rest of the 

destination (if it is already included in the solution, the 
second closest customer point is found). This cycle repeats 
itself until the circuit is closed. The same procedure applies 
to all the starting points, with exception of the quasi-
starting points, which requires suitable modification of the 
route [26-27].

15.1	Order	of	customer	points	on	Route	I

The order of customer points on Route I, according 
to the single linkage method, starts in Lisov, goes to 
Strakonice I and ends in Lisov. The total distance is 346.8 
km. Table 5 shows the shortest route. 

Based on that, the total time required to cover the 
route is calculated and compared to the driver’s working 
hours. The overall unloading time is 200 minutes, net 
driving time 6:31 hrs, average speed 53 km/h, whilst 
making sure not to exceed the prescribed 9 hours (after 
4.5 hrs the driver is obliged to take a 45-minute break) 
or 10 hours (if the route takes longer than 9 hours, the 
driver is entitled to a second break of 45 minutes). The 
total working time amounts to 636 minutes (10:36 hrs) 
including the mandatory break of 45 minutes. If the driver 
starts at 5.55 a.m., he should be back in Lisov no later than 
4.45 p.m.

15.2	Order	of	customer	points	on	Route	II

The order of customer points on Route II, according to 
the single linkage method, starts in Lisov, goes to Veseli nad 
Luznici and ends in Lisov. The total distance is 330.15 km. 
Table 6 below shows the shortest route.

As before, the total time required to cover the route is 
calculated and compared to the driver’s working hours. The 
overall unloading time is 190 minutes, net driving time 6:37 
hrs, average speed 52 km/h. The total route time amounts 
to 587 min + 45 min (mandatory driver’s pause). The total 
working time, including the obligatory break, is 632 minutes. 

Table 5 Single linkage method - Route I

route I distance

Lisov - Strakonice I - Strakonice II - Strakonice III - Katovice - Horazdovice II - Horazdovice I - Bojanovice - 
Susice - Susice Volsovy - Klatovy II - Klatovy I - Blatna - Pisek III - Pisek II - Pisek I -  Vrcovice - Milevsko - Tyn 
nad Vltavou I - Tyn nad Vltavou II - Temelin - Vodnany I - Vodnany II - Vodnany III - Lisov 

346.8 km

Table 6 Single linkage method - Route II

route II distance

Lisov - Veseli nad Luznici - Sobeslav I - Sobeslav II - Sobeslav III - Tabor - Mlada Vozice II - Mlada Vozice I - 
Pacov I - Pacov II - Arnestovice - Pelhrimov III - Pelhrimov II - Pelhrimov IV - Pelhrimov I  - Pocatky - Studena 
- Telc - Dacice II - Dacice I - Jindrichuv Hradec I - Jindrichuv Hradec II - Rodvinov - Lisov

330.15 km

Table 7 Single linkage method - Route III

route III distance

Lisov - Ceske Budejovice - Trhove Sviny - Kaplice - Prisecna - Kajov - Borova - Netolice - Strunkovice - 
Vlachovo Brezi - Prachatice - Volary - Ckyne - Lisov 279.9 km
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suitable place. This omission may result in a customer point 
being ruled out because it is situated in an unfavourable 
location on the route. Table 8 shows results of application 
of both methods.

17.2	Route	II	-	Tuesday

In this case, the shortest route identified by the single 
linkage method also produces the worse result than that 
devised by the intuition method, but only by a margin of 
3.4 km. The difference lies in the single linkage method´s 
approach to the closest possible place, which excludes 
the most convenient way. For example, the journey from 
Dacice I to Jindrichuv Hradec I is the shortest, yet not the 
handiest route. A more suitable route would be for the 
driver to first go to Rodvinov and then to Jindrichuv Hradec, 
saving 3.4 km. Table 9 shows results of application of both 
methods.

17.3	Route	III	-	Wednesday

Table 10 shows results of application of both methods 
to Route III. Once again, the intuition method produces 
the best results. On this route, the driver would therefore 
unload in Trhove Sviny first. 

route being identical to that of the best solution of the 
single linkage method. The distance is 326.75 km, and the 
net driving time 6:18 hrs at an average speed of 52 km/h. In 
this case, the driver’s number of working hours = 6:18 hrs 
+ 45 minutes (compulsory break) + 190 minutes (unloading 
time) = 613 minutes (10:13 hrs).

16.3	Order	of	customer	points	on	Route	III

Under the intuition method, the distance of Route III 
dropped to 268.4 km. The net driving time is 5:05 hrs at an 
average speed of 53 km/h. In this case, the driver’s number 
of working hours = 5:05 hrs + 45 minutes (compulsory 
break) + 140 minutes (unloading time) = 490 minutes (8:10 
hrs). 

17	 Evaluation	of	the	optimised	routes	-	Comparison	
of	the	single	linkage	method	and	intuition	
method

17.1	Route	I	-	Monday

The shortest route identified by the single linkage 
method produced worse results than that devised by the 
intuition method. The reason for this is that the single 
linkage method line does not reflect the closest and most 

Table 8 Comparison of methods - Route I 

method route I distance

single linkage 
method

Lisov - Strakonice I - Strakonice II - Strakonice III - Katovice - Horazdovice II - Horazdovice I - 
Bojanovice - Susice - Susice Volsovy - Klatovy II - Klatovy I - Blatna - Pisek III - Pisek II - Pisek 
I -  Vrcovice - Milevsko - Tyn nad Vltavou I - Tyn nad Vltavou II - Temelin - Vodnany I - Vodnany 
II - Vodnany III - Lisov

346.8 km

intuition 
method

Lisov - Temelin - Tyn nad Vltavou I - Tyn nad Vltavou II - Milevsko - Vrcovice - Pisek III - Pisek 
II - Pisek I - Blatna - Klatovy I - Klatovy II - Susice Volsovy - Susice - Bojanovice - Horazdovice II 
- Horazdovice I - Katovice - Strakonice III - Strakonice II - Strakonice I -  Vodnany III - Vodnany 
II - Vodnany I - Lisov

330.2 km

Table 9 Comparison of methods - Route II 

method route II distance

single linkage 
method

Lisov - Veseli - Sobeslav I - Sobeslav II - Sobeslav III - Tabor - Mlada Vozice II - Mlada Vozice 
I - Pacov I - Pacov II - Pelhrimov I - Pelhrimov IV - Pelhrimov II - Pelhrimov III - Arnestovice 
- Pocatky - Studena - Telc - Dacice II - Dacice I - Jindrichuv Hradec I - Jindrichuv Hradec II - 
Rodvinov - Lisov

330.15km

intuition 
method

Lisov - Veseli - Sobeslav I - Sobeslav II - Sobeslav III - Tabor - Mlada Vozice II - Mlada Vozice 
I - Pacov I - Pacov II - Pelhrimov I - Pelhrimov IV - Pelhrimov II - Pelhrimov III - Arnestovice 
- Pocatky - Studena - Telc - Dacice II - Dacice I - Rodvinov - Jindrichuv Hradec I - Jindrichuv 
Hradec II - Lisov

326.75 km

Table 10 Comparison of methods - Route III

method route III distance

single linkage 
method

Lisov - Ceske Budejovice - Trhove Sviny - Kaplice - Prisecna - Kajov - Borova - Netolice - 
Strunkovice - Vlachovo Brezi - Prachatice - Volary - Ckyne - Lisov

279.9 km

intuition 
method

Lisov - Trhove Sviny - Kaplice - Prisecna - Kajov - Borova - Volary - Ckyne - Vlachovo Brezi - 
Prachatice - Strunkovice nad Blanici - Netolice - Ceske Budejovice - Lisov. 

268.4 km



O P T I M I S A T I O N  O F  D I S T R I B U T I O N  R O U T E S :  A  C A S E  S T U D Y   A71

V O L U M E  2 3  C O M M U N I C A T I O N S    1 / 2 0 2 1

customer points). The second step consisted of dividing the 
customer points over three routes with symmetric matrices 
(24 x 24; 23 x 23; and 13 x 13). The applied methodology 
connected individual customer points, without thinking 
about appropriateness of the order in which they were 
visited. The third stage saw towns and cities (customer 
points) arranged within the travelling salesman problem 
through application of the two methods, namely the single 
linkage method and the intuition method. 

The single linkage method helped to put the specific 
customer points in a particular order, thereby producing 
the lowest kilometrage. The total distance under this 
method came to 956.85 km. However, the intuition method 
produced the lower result, namely a distance of 925.35 km. 
Both methods provided the shortest routes for the relevant 
shipping days, whilst maintaining the driver’s schedule 
according to the given time windows. 

Overall, the intuition method produced the better 
results. The main reason for this is that in practice, 
full integration of the shortest distance does not always 
produce the most suitable route.   

The final part of the work focused on a detailed 
comparison of the original overall annual transport costs 
(31768.32 EUR) with those under the single linkage method 
(30904.32 EUR; savings of 2.72%) and the intuition method 
(30057.60 EUR; savings of 5.34%). Evaluation of these 
approaches also enabled a comparison to be made of the 
driver´s working hours on each route and in total according 
to the two methods applied. Under the current situation 
this is 30 hrs over 3 days, under the single linkage method 
29:36 hrs over 3 days and under the intuition method 28:43 
hrs over 3 days.

In conclusion, the optimisation process under the 
intuition method was found to generate savings of 1710.72 
EUR, which is a valuable contribution to the company´s 
economic results.

18	 Calculation	of	annual	costs

The company currently pays annual transport costs 
of 31768.32 EUR. Under the single linkage approach, this 
would be 30904.32 EUR, leading to annual savings of 864 
EUR. However, under the intuition method, this would 
fall even further still to 30057.60 EUR, thereby generating 
annual savings of 1710.72 EUR. 
Current situation:  2647.36 *12 = 31768.32 EUR
Single linkage method: 2575.36 *12 = 30904.32 EUR
Intuition method:  2504.80 *12 = 30057.60 EUR

In percentage terms, the annual savings under the 
single linkage method would be 2.72%, whilst under the 
intuition method 5.39%. 

19	 Calculation	of	time	savings

Evaluating the time savings is another variable that 
requires consideration. Table 11 compares the driver´s 
current number of working hours for each route (in total 
30 hrs over 3days) to that under the single linkage method 
(29:36 hours over 3 days) and the intuition method (28:43 
hours over 3 days).   

20	 Conclusion

Firstly, the specific terms used in the article, were 
defined like the operational research, transportation 
problem, travelling salesman problem and multiple 
travelling salesman problems.

An analysis of the company’s current situation pointed 
us towards resolving the multiple travelling salesman 
problem using the Mayer’s method. The very first step was 
to design a symmetric distance matrix (58 x 58 towns/

Table 11 Comparison of driver’s working hours

routes current situation (hours) single linkage method (hours) intuition method (hours)

route I - Monday 10:36 10:36 10:20

route II - Tuesday 9:33 10:32 10:13

route III - Wednesday 9:51 8:28 8:10

total working hours 30 29:36 28:43
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Resume
This paper discusses impact of changes in the load size and distribution in 
passenger cars on geometry of the suspension and steering systems. It was found 
to have a major impact on the road safety. The research was carried out with the 
four most popular suspension system designs used in modern passenger cars, 
i.e. multi-link suspension on both front and rear axles, only on the front axle, 
only on the rear axle and a simple suspension design for both front and rear 
axles. Eight load variants were used for the tests. Changes in the following wheel 
geometry parameters were identified: toe-in and camber angles of all the wheels 
and castors for the front wheels. The numerical relationships were determined 
between the load distribution and sizes and changes in suspension and steering 
systems in passenger cars. It was found that cars with multi-link suspension in 
both front and rear axles adapt best to changes in weight and load distribution.
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as the condition of the road surface, kerbs, etc. [16]. A car is 
a complex system, which is subjected to influence of varied 
dynamic forces and environmental conditions with a wide 
frequency range [17]. The literature distinguishes two main 
types of loads acting on a vehicle: static and dynamic [18-
19]. In the first case, they are related to loading of the car 
body with a torsional moment, resulting from application 
of forces from the suspension system, from the surface 
and the bending moment, resulting from the weight of the 
vehicles, driver, passengers and transported load. In the 
latter case, however, they are result of conditions related 
to the speed and acceleration of the car, as well as the 
conditions acting on a vehicle when taking a turn, driving 
on bumps, braking and accelerating [18-20]. 

The structural changes in contemporary suspension 
systems are mainly aimed at improving the comfort of the 
driver and passengers and at improving the precision of 
driving [21-23]. The suspension system of a modern vehicle 
largely reduces the forces, reaction forces and vibrations 
transmitted to the car body from the road [24-25]. The 
issue of changes in the wheel geometry, depending on 
the load, was discussed in [26-27]. It was found that in 
the suspension systems with a simpler and less complex 
design (e.g. McPherson’s column, torsion-beam axle), 
parameters affecting stiffness and responsible for control 
of a vehicle (e.g. toe-in, castor) are subject to significant 
changes depending on the changing load conditions. This 
limits precise vehicle control and stability during driving. 
The resulting changes in the wheel geometry may also 

1	 Introduction

In modern vehicles, manufacturers have introduced 
numerous changes in design, which contributed to an 
increase in safety during their operation [1-3]. For modern 
cars intended to provide good performance to drivers, it 
is necessary to introduce more safety systems and more 
advanced structures of suspension and steering systems, 
which improve driving quality and greatly reduce the risk 
of accidents [4-6]. It is a common belief that the active 
safety is related to design of the suspension and steering 
systems, which provide the possibility of a quick and 
precise response to prevent occurrence of an accident or a 
road collision [7-11]. It should be stressed that quite often 
such factors are listed as having an impact on the active 
safety of a vehicle along with the technical conditions 
of the suspension and steering systems and, above all, 
their correct mounting and alignment, appropriate traction 
properties and optimal load distribution between the axles, 
[12-13]. Changes in geometry of the suspension and steering 
systems reduce a vehicle’s stability and may cause problems 
with controlling the vehicle and maintaining the driving 
track assumed by the driver under the influence of varied 
disturbances affecting the vehicle [13-15].

During the vehicle operation, various forces and 
moments, resulting from traffic conditions, are transferred 
to vehicle suspension and steering systems, as well as to its 
body. Those are related to interaction of forces and moments 
resulting from unavoidable environmental conditions, such 



B2  G O N E R A  e t  a l .

C O M M U N I C A T I O N S    1 / 2 0 2 1  V O L U M E  2 3

2		 The	test	procedure

The study was carried out on passenger cars 
characterized by varied structure of the front and the 
suspension system of a rear axle. All of the vehicles were 
equipped with a rack and pinion steering gear with power 
steering. This solution is present in most modern passenger 
cars. The tested vehicles had similar weight and external 

contribute to higher tyre wear [28]. Unfortunately, there are 
still no construction solutions to guarantee driving steering 
with changes in the load sizes and distribution [21, 23-24, 
27].

This study analysed impact of changes in size and 
distribution of the load in a passenger car on parameters of 
the wheel geometry in vehicles with different suspension 
system designs.

Table 1 Characteristics of the research object

model front axle suspension type rear-axle suspension type

A1 independent - McPherson independent - multi-link

A2 independent - McPherson independent - multi-link

B3 independent - McPherson semi-dependent - with torsional beam

B4 independent - McPherson semi-dependent - with torsional beam

C5 independent - multi-link semi-dependent - with torsional beam

C6 independent - multi-link semi-dependent - with torsional beam

D7 independent - multi-link independent - multi-link

D8 independent - multi-link independent - multi-link

         
                               a)                                                                                             b)

Figure 1 Autoboss A860: a. control unit with heads; b. measuring head mounted on a wheel

Figure 2 Beissbarth STL7000 diagnostic line
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Figure 3 Parameters related to wheel geometry: ZPL- toe-in for the left front axle wheel; ZPP - toe-in for the right front axle 
wheel; KPL - camber for the left front axle wheel; KPP - camber for the right front axle wheel; WPL - castor for the left front 

axle wheel; WPP - castor for the right front axle wheel; ZTL - toe-in for the left back axle wheel; ZTP - toe-in for the right back 
axle wheel; KTL - camber for the left back axle wheel; KTP - camber for the right back axle wheel

Figure 4 Simulated weight and load distributions
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Figure 5 Dependency of changes in the left front wheel camber on the weight distribution

Figure 6 Dependency of changes in the right front wheel camber on the weight distribution

Figure 7 Breakdown in camber changes for the front wheel depending on the suspension type
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steering systems. It was found that none of the tested wheel 
geometry parameters exceeded the permissible values. 

During the basic tests, the wheel geometry parameters 
were measured, as shown in Figure 3. 

During the basic tests, each vehicle was loaded with 
the same weight placed in the same place. Eight load 
variants were analysed, as graphically shown in Figure 4. 
The vehicles were loaded with specially prepared lead bars, 
which were placed on the front seats, back seat and in the 
boot.

3		 Analysis	of	the	test	results

The camber of the left front wheel (Figure 5) and the 
right front wheel (Figure 6) changed significantly with 

dimensions. Table 1 presents detailed characteristics of 
vehicles.

Measurements of geometry of the suspension and 
steering systems were carried out with the Autoboss A860 
computer-laser device (Figure 1a) with an accuracy of 1’. It 
consisted of a Pc-based control unit with a dedicated piece 
of software installed and four heads (Figure 1b). They were 
assembled on individual wheels of the vehicle. During the 
measurements, the heads communicated wirelessly and 
transmitted information to the control unit. The Beissbarth 
STL7000 diagnostic line, equipped with the Micro-Swing 
6200 module, was used to measure the load and weight 
distribution on vehicle axles (Figure 2).

During the preliminary tests, it was verified whether 
the vehicles had correct geometry of the suspension and 

Figure 8 Dependency of changes in the left rear wheel camber on the weight distribution

Figure 9 Dependency of changes in the right rear wheel camber on the weight distribution
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cabin. In the case of the front right wheel, the top values 
were already reached for much lower loads with the whole 
load being on the left-hand side of a vehicle. Change in the 
right front wheel camber during the simulation of some 
load variants recorded large positive and negative values 
for some of the load variants. For example, when the 
vehicle was loaded with 200 kg, the large positive values 
of the front right wheel camber were found, reaching up 
to +0.48o. That was also the case when the weight was 
placed on the driver’s seat and on the back seat on the 

changes in the load sizes and load distribution. On the 
left-hand side, this parameter reached top values in most 
vehicles for variants with heavy load (320, 400 and 420 
kg) and symmetrical weight distribution, as well as with 
asymmetrical weight distribution under relatively low load 
(200 kg). It was found that in the case of vehicles with 
multi-link suspension, greater changes for this angle were 
recorded than in vehicles with McPherson columns. They 
reached, respectively, +0.58o and +0.4o with the vehicle 
loaded with a weight of 400 kg, placed in the passenger 

Figure 10 Breakdown in camber changes for rear wheel depending on the suspension type

Figure 11 Dependency of changes in the left front wheel toe-in on the weight distribution
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and right (Figure 9) rear wheel cambers. In vehicles with 
the relatively simple rear suspension system, consisting 
of a torsion beam, those changes were much smaller and 
amounted to a maximum of +0.28o. For vehicles with multi-
link suspension, these changes were several times greater 
and reached up to +1.07o. In cars with the multi-link rear 
axle suspension, changes in camber for both rear wheels 
assumed positive values after loading. On the other hand, 
in cars with a torsional beam, in most cases, positive values 
for the left wheel, but negative values for the right wheel 
were observed. This was related to distribution of weight 
on specific wheels when loading the vehicle.

In cars with a relatively simple rear axle suspension 
based on a torsion beam with higher load sizes and 
symmetrical weight distribution, a change in castor for 

left-hand side of a vehicle. However, the negative values, 
reaching -0.23o, were observed in cars under the same load 
but applied to the driver’s seat and to the back seat on the 
right-hand side of a vehicle. 

In the case of a camber of both front wheels, larger 
changes depending on the load were observed in cars 
with multi-link front axle suspension than in cars with the 
McPherson column (Figure 7). This is fairly beneficial as 
it improves grip when taking turns. A car with a multi-link 
suspension better adapts to changing load conditions and 
varying weight distribution. Better tyre adhesion to the 
road surface is also observed when driving straight ahead 
and braking.

In cars with the multi-link rear axle suspension, changes 
in load entailed significant changes in the left (Figure 8) 

Figure 12 Dependency of changes in the right front wheel toe-in on the weight distribution

Figure 13 Breakdown in the toe-in changes for the front wheel depending on the suspension type
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Figure 14 Dependency of changes in the left rear wheel toe-in on the weight distribution

Figure 15 Dependency of changes in the right rear wheel toe-in on the weight distribution

Figure 16 Breakdown in the toe-in changes for the front wheel depending on the suspension type
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In each of the tested cars, toe-in for both front wheels 
changed together with changes in load size and distribution. 
Much smaller changes occurred in cars with the multi-
link front axle suspension. For example, changes of the 
toe-in of the left front wheel (Figure 11) did not exceed 
+0.08o. On the other hand, in cars with the McPherson-type 

both rear wheels (Figure 10) was only observed to a limited 
extent, despite significant load (320, 400 and 420 kg). 
Unfortunately, this is an unfavourable feature since, for this 
reason, the vehicle may drive much worse when loaded. 
It may lead to wheels not having adequate grip, especially 
when driving on a curvilinear track.

Figure 17 Dependency of changes in the left front wheel castor on the weight distribution

Figure 18 Dependency of changes in the right front wheel castor on the weight distribution
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placed in the boot and variant no 8 in which, in addition to 
the driver’s own weight, the car was also loaded with a 200 
kg load placed in the boot. In the simulated load variants, 
changes in the rear right wheel toe-in (Figure 15) were also 
much smaller in cars with the multi-link suspension. They 
did not exceed -0.04o. In cars with the rear axle suspension, 
based on a torsion beam, particularly large changes in the 
toe-in were found after loading the vehicle (400 and 420 kg). 
In this case, the toe-in changes of the rear right wheel were 
up to four times greater and reached -0.16o.

Similarly, as with the toe-in for the front axle, the 
rear axle toe-in directly relates to stability of a vehicle 
when driving on a straight track, as well as to the reaction 
precision when driving on a curved track. Changes in this 
parameter are strictly dependent on the vehicle load. In 
cars with the multi-link suspension, changes in the toe-in 
of the rear axle wheels after load change (Figure 16) were 
much smaller, which translates into a smaller impact of the 
load size and distribution on the vehicle control with this 
suspension system design.

Analysis of changes in the front left wheel castor 
(Figure 17) and front right wheel castor (Figure 18) shows 
that this parameter did not change at all, or changed in a 
relatively small range (up to -0.22o), in cars with the multi-
link front axle suspension. On the other hand, in cars with 
the McPherson-type suspension, the changes depending 
on the load were much greater and reached even -0.74o. In 
some cases, change in castor was positive for both wheels, 
while in other cases it was negative.

A lack of changes (or minor changes) in castor for 
both wheels of the front axle (Figure 19), in cars with the 
multiple-link suspension, together with change in the load 
distribution and size, are both of a great importance for the 
vehicle safety. Value of this angle influences the stability of 
the steering system and contributes to the automatic wheel 
positioning when driving on a straight track. For the large 

suspension, greater changes were observed, reaching even 
+0.28o when loaded with 400 kg placed in the passenger 
space. In cars with the multi-link suspension, changes in 
the toe-in took both positive and negative values depending 
on the load, which is due to the specific design of this type 
of suspension and better adaptation to changes in load, 
which positively affects driving. Similar values of changes 
were obtained for the front right wheel toe-in (Figure 12). 
Values of this parameter increased with practically every 
simulated load variant in the all cars. In addition, in the case 
of this parameter, smaller changes in the toe-in after loading 
occurred in cars with the multi-link suspension, with a 
maximum of +0.1o. In turn, in cars with the McPherson-type 
suspension, these changes were almost three times greater 
(+0.29o).

The toe-in determines stability of a vehicle when 
driving on a straight track, precision of the response when 
driving on a curvilinear track and e degree of the tyre 
wear and fuel consumption. Changes in this parameter 
are strictly dependent on the vehicle load. In cars with the 
multi-link suspension, changes in the toe-in of the front axle 
wheels (Figure 13) were less dependent on the size and 
distribution of the load during the driving.

For the rear axle toe-in, it is also advantageous that 
changes in this parameter were as small as possible 
(depending on the load). For the left rear wheel (Figure 
14), relatively small variations in the toe-in were observed 
depending on the load size and distribution in cars with 
the multi-link rear axle suspension. These changes did not 
exceed -0.04o. Much larger changes occurred in vehicles 
with the torsion beam suspension in the rear axle. In this 
case, changes were several times greater and reached 
-0.14o. Particularly large changes occurred after loading 
the rear part of a vehicle. This was the load variant no 4, 
where a weight of 320 kg was distributed symmetrically in 
the passenger cabin and a weight of 100 kg was additionally 

Figure 19 Breakdown in castor changes for the front wheel depending on the suspension type
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changes in both the front and rear axle camber were 
observed in cars with the multi-link suspension systems. 
Thanks to this, vehicles with multi-link suspension drive 
can be better controlled and can adapt to changing load 
conditions and different weight distribution. The better 
tyre adhesion to the road surface was also observed in 
curvilinear and straight-line motion, as well as during the 
braking.

The large changes in the toe-in that were found in cars 
with relatively simple front axle (McPherson’s column) and 
the rear axle (torsion beam) suspension are unfavourable. 
This parameter is directly related to stability of a vehicle 
when driving on a straight track and reaction precision 
when driving on a curvilinear track. In cars with the multi-
link suspension, those changes were much smaller, i.e. 
the vehicle can be driven in a relatively comparable way 
with varied load sizes and distribution. For the front axle 
wheels, castor was also analysed. The smaller changes were 
observed in cars with the multi-link suspension than in cars 
with the McPherson’s suspension. In the former, castor 
changed relatively little or not at all, so changes in size and 
distribution do not significantly affect stability of a vehicle 
or maintain its driving direction.

It was found that cars with the multi-link suspension in 
both the front and rear axle adapt best to changes in weight 
and load distribution, thus drive the best under the variable 
load conditions.

changes in castor with varied load variants, changes in the 
vehicle stability may affect maintaining the correct driving 
direction.

4		 Summary

The suspension systems of many modern passenger 
cars differ significantly in the type of suspension used for 
the front and rear axles. Many vehicles still have a relatively 
simple suspension system of the front axle, based on the 
McPherson’s column and a simple suspension system of the 
rear axle, based on a torsion beam. When driving cars with 
such structural solutions, the conditions change depending 
on the transported load. Type of the suspension system 
has a significant impact on changes in the wheel geometry 
parameters. 

This study has shown that in all the tested passenger 
cars, the change in the value and location of the load 
was accompanied by a change in the wheel geometry 
parameters. These included toe-in and camber for all the 
wheels and castor for the front axle wheels. For operation 
of ae vehicle, it is advantageous when a change in the load 
size and distribution is accompanied by a greater change 
in camber. Changes in angle and adjustments to the load 
are very beneficial as they improve the road adhesion 
when taking turns. Among the vehicles tested, much larger 
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Resume
The paper presents an analysis of the noise recorded by the two road traffic 
noise-monitoring stations. The stations were located in Kielce, Poland, at the 
road No. 74: on the outskirts of the city and near the center. Based on the 
experimentally recorded data, an equivalent sound level   and acoustic pressure  
were determined for three sub-intervals of the day: nights, days and evenings. 
The conducted analyses showed that the average annual values (depending only 
on the time sub-intervals) of the median   do not differ significantly between 
stations. A similar conclusion can be drawn based on simulations of the median 
and the C90 percentile of the sound pressure . However, the maximum relative 
differences in the C99 percentile of the acoustic pressure between stations are 
around 13%. The maximum relative differences in median pressure between 
stations are around 15% (for the time sub-interval nights).
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reason, the authors decided to conduct a detailed analysis 
of the road noise generated during this period.

2	 Noise	monitoring	stations

The subject of research, presented in this work, 
are results of the equivalent sound level measurements 
recorded by stationary, automatic stations for monitoring 
noise and vehicle traffic located at Lodzka Rd. (marked as 
S1 station) and Jesionowa Rd. (marked as S2 station) in 
Kielce. The location of these stations in the urban layout 
of Kielce is shown in Figure 1. The distance between these 
stations is about 2 km.

Streets Lodzka and Jesionowa form one communication 
route constituting a section of national road No. 74 from 
the western to eastern borders of the city. Lodzka Street 
consists of four lanes separated by a 3 m wide green belt. It 
is the main part of the exit route from the center of Kielce 
towards Lodz, Warsaw and Krakow. This road is mainly 
used for transit and suburban traffic. Jesionowa Street 
consists of five lanes separated by a 5 m wide green belt. 
It connects Lodzka street with the express road S74. It is 
intended for the urban and suburban traffic, as well as for 
transit traffic. These streets are at flat ground level and the 
technical condition of the bituminous surface is good. There 
are two large intersections with city roads between the 
measuring stations. The average daily traffic for S1 station 
is 20200 vehicles, including 2050 heavy and for S2 station 
29500 vehicles, including 1900 heavy. During the night, 

1	 Introduction	

Short- or long-term noise indicators are used to 
assess the traffic noise, which significantly contributes to 
environmental pollution and greatly affects the comfort of 
life [1-2]. In order to monitor the noise and traffic volume 
of road vehicles, systems of stationary measuring stations 
operating throughout the year are being built in some 
cities [3-5]. Results of the noise monitoring are related to 
changes in the structure and volume of traffic in the city 
[6-7]. They also indicate the danger associated with the 
harmful effects of noise on the humans residing in specific 
areas of the city [8-9]. Kielce has more than ten such 
stations, installed both in the center and on the outskirts 
of the city. In this work, an analysis of the measurements 
results of the equivalent sound level, recorded by the two 
such stations, located at the large communication artery 
passing close to the city center, was carried out [10]. Kielce 
was chosen as an example of a medium-sized city (about 
200,000 inhabitants), located in the southern part of central 
Poland. The temperature throughout the year varies from 
around -5°C in January to around + 17°C in July. Average 
monthly precipitation is from 34 mm in October to 96 mm 
in July. The wind, predominantly from the south and west, 
reaches an average speed of about 3 m/s over a year. Kielce 
gets on average 70 days of snow on the ground a year. Tests 
in Kielce on road No 74 showed that the permissible noise 
levels were exceeded, during the day - by 6dB(A), evenings 
- by 5dB(A), nights - by 11dB(A) [10]. Exceedances of 
applicable normative values are greatest at night. For that 
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3	 Results	analysis	methods

The most commonly used measure for noise assessment 
is the equivalent sound level (L

Aeq,T
) expressed in dB(A), 

defined as follows:
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where: 
T -  measurement time, s,
p

A
(t) - sound pressure corrected by frequency characteristics 

A, Pa,
p

0
 - the standardized reference acoustic pressure of   

20 . 10-6 Pa.
Expanded uncertainty of measurements is determined 

from [12]:
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where t ;N 1a -  is the quantile of the t - distribution at the 
confidence level α, standardized at 0.05. Equation (2) can 
be applied, assuming that the null hypothesis about normal 
unimodal distributions (H

0
) of the measured sound level, 

independent variables, adequately large quantity of data 
and low standard deviations, can be accepted. In the case 
of the traffic noise, those conditions are not always met.

The logarithm function used to represent L ,Aeq T , 
determined according to Equation (1), may impede 
comparative analysis and affect results of the statistical 
tests. For that reason, the authors decided to additionally 
determine the RMS value of sound pressure (denoted 
pARMS ), from Equation (3), in the analyzed time interval 

T and use this parameter expressed in mPa for further 
analysis.

the number of heavy vehicles registered by each station is 
similar and amounts to about 450 vehicles. For that time 
sub-interval, the ratio of light to heavy vehicle traffic is 
similar for both stations and is about 2:1 [11]. There is also 
a high railway embankment between the stations located 
transversely to the analyzed road section. Databases of the 
sound level measurement results were created in the form 
of calculated values of the equivalent sound level expressed 
in decibels. They cover the year 2013 with three time sub-
intervals of a 24-hour interval: days, evenings and nights. 
Due to various technical problems, the databases are not 
complete. Analysis of data showed that in the period from 
02-07-2013 to 28-08-2013 in the case of S1 station and from 
02-05-2013 to 13-06-2013 in the case of the S2 station, the 
stations did not record an equivalent sound level. This 
increases the uncertainty of the measurement results. 
Monitoring stations in Kielce are installed on the roadside 
lighting poles, at a distance of about 20 m from intersections 
with city roads. The S2 station is located at the intersection 
with traffic lights. The acoustic measurements were carried 
out with the SVAN 958A, a four-channel digital vibration 
analyser and a class 1 sound level meter. A Microtech Gefell 
MK250 free-field, prepolarised 1/2” condenser microphone 
with a sensitivity of 50 mV/Pa, and a SV 12L preamplifier 
with the frequency range from 3.5 Hz to 20 kHz was used 
during the tests. The dynamic range is from 15dB to 146dB. 
The device can operate in the temperature range from 
-50oC to 100oC and it has a membrane made of nickel. The 
microphone for measuring sound pressure is located 4 m 
from the road edge at a height of 4 m. The measurements 
were carried out 24 hours a day. The RMS values of the 
A sound level were registered in the buffer every 1 s and the 
results were recorded every 60 seconds. The data collected 
were the basis for equivalent sound level calculation for 
three time intervals, i.e., from 6:00 to 18:00, from 18:00 to 
22:00 and from 22:00 to 6:00.

Figure 1 Location of the noise monitoring stations in Lodzka Rd (50.894369 and 20.611445) - station S1  
and Jesionowa Rd (50.885759 and 20.636054) - station S2 in the urban layout of Kielce [after Google Maps]
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Data that can be considered atypical have less impact 
on values of this coefficient. The relative differences 
between the positional statistical parameters, such as the 
C

X
 and C

Y
 percentiles, can be calculated according to the 

following relationship:

%,
C

C C
100X Y

Y

X Y $f =
-

- , (6)

where: 

X Yf -  - coefficient of relative difference between 
percentiles of order X and Y, X ˃ Y,
C

X 
, C

Y
 - percentiles of order X and Y, respectively.

This indicator can be used to analyze values of the 
noise parameters recorded by one measuring station. When 
analyzing data recorded by several measuring stations, the 
ratio of relative difference between the X-percentiles can be 
calculated as follows:
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where: 
,C S C S2 1X X^ ^h h  - percentiles of order X of the tested 

parameter determined for the stations S1 and S2, 
respectively.

4	 Measurements	results

Examples of diagrams showing recorded L
Aeq,T

 for all 
the measurement days in 2013, split into 24-hour period 
sub-intervals, are shown in Figure 2a for station S1 and in 
Figure 2b for station S2.

Table 1 shows basic average annual statistics of the 
parameter L ,Aeq T  for the 24 h periods and three time 
sub-intervals determined from station S1 measurement 
data, expressed in dB(A). The Lilliefors and Shapiro-

p p p10 .
A A

L0 1
0
2,

RMS
Aeq T $= = )^ h . (3)

The analysis carried out in these units allows easier 
comparison of the constant (expected value, median, 
percentiles e.g. C

90
 and C

99
) and variable (e.g. standard 

deviation, coefficient of variation of the standard deviation) 
components of the analyzed sound pressure signal. The 
study of the variable components contained in the analyzed 
signals was based on analysis of the classical and positional 
coefficients: standard deviation pARMSv^ h , coefficient 
of variation of the standard deviation (denoted COV), 
positional coefficient of variation VQ31^ h . In order to make 
it easier for the reader to evaluate the presented results, 
below are definitions of all the coefficients analyzed in this 
paper.

A frequently used measure for analyzing the variable 
component of sound pressure is the standard deviation, 
which can be referred to the expected value of the analyzed 
signal by obtaining the COV coefficient. The COV coefficient 
can be used to compare directly the variable components of 
the analyzed parameters. For the sound pressure, it can be 
expressed as:
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Values of the classical coefficients of variation are 
strongly influenced by atypical data that was included in 
the analyzes. The impact of such data is smaller when using 
positional variability measures. The measure of dispersion 
of the analyzed variable is the average quartile deviation. 
Quartile deviation is an absolute measure that defines the 
average variance of half of the measurement data around 
the median after rejecting 25% data with the lowest values 
Q pA1 RMS^ h  and 25% data of the highest values Q pA3 RMS^ h  
of the sound pressure. By relating it to the median, the 
positional coefficient of variation can be calculated as:

                       
                                                 a)                                                                                           b)

Figure 2 Equivalent sound levels L ,Aeq T  for all the measurement days in 2013 split into time sub-intervals;  
a) station S1, b) station S2 [10]
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respectively, which confirms the validity of rejection of 
the H

0
 hypothesis. Quantile charts are graphic illustrations 

of the fact that distributions of the analyzed data deviate 
from the normal distribution and that these distributions 
are left-skewed.

Statistical tests of the L ,Aeq T , determined from station 
S1 measurement data rejected the hypothesis H

0
 for all the 

average annual time intervals given in Table 1, as in the 
case of analyzes for S2 stations. Values of the medians of 
the L

Aeq,T
, expressed in dB(A) for each time sub-interval 

presented in Table 1 are similar for both stations. The 
values of the medians of L

Aeq,T 
 for each time sub-interval, 

presented in Table 1, exceed values applicable in Poland in 
accordance with the law, especially for the time sub-interval 
night, i.e. by about 11 dB.

Type A uncertainty of measurements of the traffic 
noise, calculated according to Equation (2), is about 0.2 
dB(A).

Examples of diagrams, showing calculated according 
to Equation (3), split into 24-hour period sub-intervals, are 

Wilk statistical tests rejected hypothesis H
0
 because the 

calculated significance levels were lower than the required 
level of 0.05. In the cases where the normal distribution 
of given data was doubtful, the Jarque-Bera test was 
additionally used. Results of those tests are not included 
in Table 1, but one can conclude that in the case of data 
expressed in dB(A) for the S1 and S2 station, in each of the 
four considered periods of the day, there are grounds to 
reject the H

0
 hypothesis. Figure 3 shows (for comparison) 

examples of histograms with the probability density 
function plotted and Q-Q quantile charts for standardized 
values of analyzed measurement data, expressed in dB(A) 
or mPa.

Analysis of Figure 3 shows that, depending on 
the units used (i.e. dB(A) or mPa in which noise is 
expressed) one can notice differences in the shape of both 
histograms, probability density functions and Q-Q charts 
for standardized values of the analyzed data. The calculated 
values of kurtosis and skewness for data (expressed 
in dB(A)) recorded by station S1 are 2.93 and -0.65, 

                       
                                               a)                                                                                             b)

Figure 3 Graphs prepared for standardized analyzed values of measurement data recorded by station S1,  
expressed in dB(A) or mPa a) histograms with the probability density function, b) Q-Q quantile charts

Table 1 Average annual values of basic statistical noise measures determined by the station S1 and S2, for all the 

measurement days in 2013

period of 
the day 

median 
L ,Aeq T

dB(A)

u 
dB(A)

median 
pARMS  
mPa

u
A 

mPa
pARMS  
mPa

pARMSv

mPa

COV

%
VQ31 %

C
90

mPa

C
99

mPa

station S1

24 h 70.50 0.24 66.99 0.73 64.68 19.93 30.82 24.72 91.42 104.50

night 67.10 0.25 45.29 0.53 43.03 8.35 19.41 10.78 52.00 59.02

day 72.70 0.20 86.30 0.84 83.77 13.18 15.73 9.53 98.41 107.51

evening 70.70 0.20 68.55 0.66 67.24 10.30 15.32 9.02 79.26 88.89

station S2

24 h 70.68 0.20 68.40 0.67 66.48 18.28 27.50 21.28 88.11 105.31

night 67.43 0.22 47.05 0.54 46.34 8.56 18.47 12.17 56.43 64.89

day 72.29 0.17 82.32 0.77 82.74 11.67 14.10 7.86 96.39 112.50

evening 71.03 0.16 71.21 0.63 71.90 10.02 13.94 8.83 84.06 100.78
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from 82 mPa to 86 mPa and evenings from 69 mPa to 71 
mPa. However, the coefficients of variation of pressure for 
these time sub-intervals are in the following ranges: for COV 
- from 13% to 19%, for VQ31  - from 8% to 12%.

The calculated values of the C
90

 and C
99

 parameters 
of the noise pressure, determined for the 24 h periods, are 
similar for both stations and are approximately 90 mPa 
and 105 mPa, respectively. The average annual coefficients 
of relative percentile differences of the order X = 99 and 
Y = 90, calculated according to Equation (6), are always 
greater for the S2 station and their maximum value is about 

%S2 2099 90f =- ^ h  - for the time sub-interval evenings. 
However, for the S1 station and for the time sub-interval 
evenings %S1 1299 90f =- ^ h . The maximum value of the 
C

99
 parameter always occurs for the S2 station and for the 

time sub-interval days is about 112 mPa. The minimum 
value of the C

99
 parameter is for the S1 station and is about 

59 mPa. Figure 5 presents the average annual values of the 
coefficient Xf  (calculated according to Equation (7)) of the 
relative difference in pressure percentiles between stations 
S1 and S2.

presented in Figure 4a for station S1 and in Figure 4b for 
station S2. 

Results of the statistical tests of acoustic pressure 
pARMS  allows concluding that only for the S2 station and for 

the time sub-interval nights - there are no grounds to reject 
the H

0
 hypothesis (at the significance level of 0.05). The 

pressure diagrams, presented in Figure 4, are varied both 
for each time sub-interval and for each monitoring station. 
These differences rely both on other values of constant and 
variable components of pressure and the nature of their 
changes, which is confirmed by values of the statistical 
parameters presented in Table 1. For the 24 h periods, the 
median sound pressure for the S1 station is about 67 mPa 
and for the S2 station about 68 mPa. Type A expanded 
uncertainty (u

A
) is about 1 mPa. Coefficients of variation of 

sound pressure for these periods and for both stations are 
in the range: for COV from 27.50% to 31% and for VQ31  from 
21% to 25%.

Depending on the time sub-interval, the median sound 
pressure for both stations assumes similar values, which 
are in the range for: nights from 45 mPa to 47 mPa, days 

                       
                                              a)                                                                                             b)

Figure 4 Sound pressure values pARMS  expressed in mPa calculated for all the measurement days,  
split into time sub-intervals; a) S1 station, b) S2 station

                       
                                              a)                                                                                              b) 

Figure 5 The average annual values of the coefficient Xf  of the relative difference in the sound pressure  
percentiles between the S1 and S2 stations, determined for the time sub-interval a) days, b) nights
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quartiles change during the week. They also show that the 
set of data analyzed contains values that can be considered 
atypical. The only period when there is no unusual data is 
time sub-interval - nights - on Saturdays. Since no causes 
were identified for occurrence of the atypical data, these 
data were taken into account in further analysis of the 
recorded samples of the traffic noise. This phenomenon is 
thus characterized by high randomness, which is consistent 
with the findings reported in the literature [12].

These graphs show that changes in the median value 
on weekdays are different in nature depending on the 
economic function of the section of road being studied, i.e. 
location of the measuring station. At station S1, the median 
values increase gradually from Mondays to Fridays. At 
station S2, the median value increases slightly or decreases 
from Mondays to Fridays. However, on weekend days, for 
both stations, the nature of changes in median pARMS  is 
similar. On Saturdays and Sundays, the median value of 
pARMS  for time sub-interval nights and days decreases and 

for the evenings the differences are insignificant - even then, 
the permissible noise values are exceeded. The statistical 
tests for data expressed in mPa showed that for some of 
the weekdays and for certain time sub-intervals within 
a 24-hour period there was not enough evidence to reject 
the hypothesis H

0
. For the S1 and S2 stations, such days are 

Fridays, Saturdays and Sundays. Saturdays and Sundays are 
the weekend days and the traffic parameter values of road 
vehicles are different from on the business days. 

As previous analyzes have shown, the largest 
exceedances of permissible noise occur for the time sub-

The coefficient Xf  takes both positive and negative 
values. A change in the sign of this factor indicates that 
some pressure percentiles for station S1 have higher 
values than for station S2 - this occurs especially for the 
time sub-interval days. Figure 5 shows that the minimum 
values occur near the 50-th percentile. The variation range 
from minimum to maximum is around 10%. The maximum 
value is around %1399f =  for the time sub-interval 
evenings. The analyzed relationships can be described by 
a second-degree polynomial. Values of the coefficients of 
this polynomial depend on the time sub-interval. Values 
of the correlation coefficients R are high and amount to 
about 0.80. The analyzes conducted so far have not revealed 
significant large differences between the average annual 
values of a median and C

90
 noise pressure, determined 

for stations S1 and S2. However, for parameter C
99

 (for 
the evenings) the maximum relative pressure differences 
are around: %1399f =  (between stations S1 and S2),

% %,S S11 2 2 2099 90 99 90f f= =- -^ ^h h . For any time sub-
interval, regardless of the station, the noise parameter 
values are higher than the normative ones. For the time 
sub-interval day - these differences are around 11dB(A). 

In order to conduct further more detailed comparative 
analyzes of the two stations, it was decided to calculate the 
average annual values of the sound pressure parameters 
for individual days of the week [1]. Figure 6 presents 
box plots prepared for average annual pressures pARMS
calculated for individual days of the week and for time 
sub-intervals: nights, days and evenings. These plots show 
how the median and the interval between the first and third 

 
a)

 
b)

Figure 6 Box plots of average annual sound pressure pARMS  for individual days of the week and for time sub-intervals: 
nights, days, evenings: a) S1 station, b) S2 station
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The maximum relative differences between the values 
of parameters C

90
 and C

99
 for S1 station are %1399 90f =-  

(on Wednesdays) and for S2 station %1999 90f =-  (on 
Fridays). The maximum relative differences in the C

50
, 

C
90

 or C
99

 parameter values between stations, regardless 
of the day of the week for the nights, are approximately: 

%1550f = , %2590f = , %1799f = . 
Figure 7 shows the mutual relations between values of 

the coefficients of relative changes in the median pressure 
pARMS  on individual days of the week, for the nights for the 

stations S1 and S2. The COV coefficient values are several 
percent higher than the VQ31  coefficient. The nature of 
changes in their value during the week is varied for each 
station. For the S1 station, values of these coefficients 
increase from Mondays to Tuesdays and decrease from 

interval - nights, which is particularly burdensome for 
residents [13]. Therefore, the authors decided to conduct 
further analysis for nights and on individual days of the 
week. Some values of the noise parameters at night and for 
individual days of the week are given in Table 2.

Median pARMS  is in the range: for the S1 station from 
32 mPa (on Sundays) to about 49 mPa (on Fridays), for 
the S2 station from 35 mPa (on Sundays) to 51 mPa (on 
Fridays). Pressure percentiles C

90
 and C

99
 have the lowest 

values on Sundays: for the S1 station - 37 mPa and 42 
mPa, respectively and for the S2 station - 47 mPa and 49 
mPa, respectively. However, values of the largest pressure 
percentiles C

90
 and C

99
 are: for the S1 station on Fridays - 54 

mPa and 61 mPa, respectively and for the S2 station on 
Tuesdays - 59 mPa and on Fridays, 68 mPa.

Table 2 Average annual values of the statistical measures pARMS  determined for individual days of the week for stations S1 

and S2, time sub-interval - nights

days of the week
median 

mPa
pARMS  
mPa

pARMSv  
mPa

COV 
%

VQ31  
%

C
90

 
mPa

C
99

 
mPa

u
A
 mPa

station S1

mondays 43.25 41.84 6.28 15.00 7.41 46.88 52.00 1.06

tuesdays 46.35 44.81 8.26 18.43 8.48 53.34 57.46 1.40

wednesdays 46.88 45.32 7.80 17.20 4.03 51.41 58.14 1.32

thursdays 47.70 46.28 6.69 14.46 6.50 52.30 56.78 1.12

fridays 49.38 48.51 6.02 12.41 6.35 54.47 61.30 1.00

saturdays 44.26 42.87 5.80 13.53 9.47 48.87 51.80 0.98

sundays 32.06 31.35 5.07 16.18 9.47 37.46 42.10 0.86

station S2

mondays 49.78 48.24 7.94 16.46 11.98 58.00 61.00 1.34

tuesdays 46.94 48.30 7.47 15.46 8.05 59.39 65.70 1.23

wednesdays 48.98 48.33 8.08 16.71 7.04 56.74 63.48 1.35

wednesdays 49.70 49.11 7.88 16.04 7.92 56.89 63.63 1.31

fridays 51.13 50.65 6.95 13.72 7.47 56.90 67.86 1.13

saturdays 43.30 43.34 5.95 13.73 8.32 50.50 55.79 0.99

sundays 35.00 36.18 6.48 17.90 8.77 46.94 49.32 1.08

                         
                                             a)                                                                                              b)

Figure 7 Changes in the coefficient of variation of the sound pressure on particular days of the week for the time sub-
interval - nights a) S1 station, b) S2 station (designations; 1 - 7 - consecutive days of the week, from Monday to Sunday)
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between the stations S1 and S2 are approximately 13% 
for the evenings. Pressure variation coefficients for the 
24h periods and for both stations are in the range: for the 
COV from 27.50% to 31% and for VQ31  from 21% to 25%. 
Whereas the coefficients of pressure variation for: nights, 
days, evenings are in the range: for COV from 13% to 19%, 
for VQ31  from 8% to 12%.

In order to conduct more detailed comparative noise 
analyzes for the stations tested, the average annual values 
of the sound pressure parameters on particular days of the 
week were calculated. At station S1, the median values 
increase gradually from Mondays to Fridays. At S2, the 
median value increases slightly or decreases from Mondays 
to Fridays. This nature of the median value changes on 
weekdays is due to location of the measuring stations. 
However, at weekends, the nature of changes in median 
pARMS  is similar for both stations.

As previous analyzes for the time sub-interval night 
have shown: the structure of vehicle traffic for both stations 
is similar and the largest exceedances of permissible noise 
occur. It has been shown that at nights for stations S1 and 
S2: the minimum median pARMS  occur on Sundays and the 
maximum on Fridays. Percentile C

90
 and C

99
 for station 

S1 have the lowest values on Sundays and the highest on 
Fridays. Whereas for S2 station - C

90
 and C

99
 percentiles 

have the smallest values on Sundays and the highest ones 
on Tuesdays and Fridays, respectively. The maximum 
relative differences between the C

90
 and C

99
 percentiles 

for the S1 station are %1399 90f =-  (on Wednesdays, 
nights) and for the S2 station %1999 90f =-  (on Fridays, 
nights). The maximum relative differences in the C

50
, C

90
 or 

C
99

 percentiles between stations, regardless of the day for 
the nights, are approximately: %1550f = , %2590f = , 

%1799f = . It should be noted that the median values 
of pARMS  for both stations are in ranges with similar 
boundaries and a span of about 16 mPa. On the other 
hand, for parameter C

99
, the differences between the lower 

boundaries of the ranges are 7 mPa and the values of the 
lower and upper boundaries for each station differ by 19 
mPa (for nights).

Minimal values of the coefficients of variation for the 
time sub-interval night occur on different days: for VQ31  
on Wednesdays and for COV on Fridays. The nature of the 
change in COV value from Mondays to Wednesdays for 
each station is different. However, from Wednesdays to 
Sundays, the nature of the changes is similar. In the case 
of the VQ31  coefficient value, qualitative differences occur 
from Mondays to Tuesdays and from Tuesdays to Sundays, 
the nature of the changes is similar.

Tuesdays to Fridays, after which from Fridays to Sundays 
they increase again. On the other hand, for the S2 station, 
values of these ratios decrease from Mondays to Tuesdays, 
from Tuesdays to Fridays they decrease or increase, after 
which from Fridays to Sundays they increase again.

Analysis of Figure 7 shows that nature of changes 
in the COV values from Monday to Wednesday for each 
station is different. However, from Wednesday to Sunday, 
the nature of the changes is similar. In the case of the VQ31  
coefficient values, the qualitative differences occur from 
Monday to Tuesday and from Tuesday to Sunday the nature 
of the changes is similar.

 

5	 Conclusions

The study evaluated and compared results of 
measurements recorded by the two stationary road noise-
monitoring stations, located on one road. For this purpose, 
the arithmetic mean and median, as well as the variable 
components of the signals tested were calculated. For 
analysis of these signals, the acoustic pressure pARMS  
and the classical COV and positional VQ31  coefficients 
of variation were used. Use of the relative difference 
coefficients between pressure percentiles pARMS  has been 
proposed.

Annual average median and C
90

 percentile of the 
sound pressure pARMS  (depending only on 24-hour sub-
periods) showed no significant differences between the 
S1 or S2 stations. For the 24h periods the median, C

90
 

and C
99

 percentile of the sound pressure pARMS   for both 
stations S1 and S2 are similar and are about 67 mPa, 90 
mPa and 105 mPa, respectively. However, for both stations, 
depending on the time sub-interval, the median pressure 
pARMS   assume similar values, which are around: for 

nights 46 mPa, for days from 84 mPa and for evenings 70 
mPa. The maximum values of the C

99
 parameter are always 

present for the S2 station and for the time sub-interval 
days are about 112 mPa. The minimum value of the C

99
 

parameter is for the S1 station and is about 59 mPa. At 
any time sub-interval, regardless of the monitoring station, 
values of the noise parameters are higher than normative. 
For the night, these differences are the largest and amount 
to about 11dB(A). The relative differences between the 
C

90
 and C

99
 parameter values are always greater for the 

S2 stations and their maximum value is approximately 
%S2 20X Yf =- ^ h  - for the evenings. However, for the 

S1 station and for the evenings %S1 12X Yf =- ^ h . The 
maximum relative differences in C

99
 percentile pressure 
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Resume
The problem of wheel and rail wear in railway transport generates costs of 
reprofiling and availability of vehicles and infrastructure. One of the possibilities 
of wear minimizing is decreasing of the friction coefficient in wheel-rail contact 
by means of lubricants. Such a solution has drawbacks from which the most 
crucial are: decrease of tractive/braking forces and difficulties with the precise 
spreading of the lubricant. These disadvantages may be avoided by modern, 
innovative self-lubricating coatings, applied at the production stage on the 
wheel flanges. The aim of the study is to investigate the effect of self-lubricating 
coatings on a rail vehicle's dynamic behaviour, safety against derailment and 
predicted wheel wear. The numerical study was performed using the wagon 
multibody model with simulated self-lubricating coating on wheel flanges.
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the case of goods, rail transport is nowadays the only 
economically acceptable means for the wheel-rail wear 
reduction, without running gear modification. Passenger 
rolling stock, especially trams, metro and multiple units are 
subject of studies aiming to develop the new running gear 
solutions facilitating curves negotiation [2-4]. To eliminate 
the problems of external lubricants and exploit advantages 
of decreased friction coefficient, it was decided to focus 
on the possibility of applying an innovative thin layer of 
self-lubricating coating on the wheel flange. The wheelsets 
with self-lubricating coatings are a new, innovative solution 
and thus neither has been adopted in the railway transport 
nor tested in real conditions. However, with decrease of 
the friction coefficient, depending on the wheels’ lateral 
position relative to rails, vehicle’s dynamic behaviour may 
be affected, since friction is a crucial factor in the process 
of contact forces generating. The aim of the presented 
study was to investigate dynamic responses and predict the 
wear rate of a two-axle goods wagon multibody model with 
simulated self-lubricating layers applied on wheels’ flanges. 
This novel application of coating reducing friction required 
to include its mathematical description in the wheel-rail 
contact modelling. 

1	 Introduction

Since the beginning of the rail transport expansion, 
wheel and rail wear has been one of the most significant 
technical problems in this mode of transport. Wear is not 
only a great economic burden for vehicles and tracks 
operators, yet it gives rise to the additional actions for 
wheels reprofiling and rails grinding, hence it may limit the 
availability of infrastructure and the rolling stock. Another 
adverse feature, related to the worn wheels’ profiles, is 
affecting the vehicle dynamic behaviour, which may lead to 
reduction of safety against derailment [1]. Minimizing the 
phenomenon of wear has become a common goal of vehicle 
and rail infrastructure operators. Unfortunately, with the 
global tendency to increase the axle loads in railway goods 
transport, accelerated degradation of tracks and vehicle 
wheels should be expected, especially on routes with 
numerous small-radii curves. In such conditions (small-
radii curves), the wheel slip values are high and additional 
frictional forces arise due to the wheel flange-rail head 
contact, what in turn increases the total resistive force and 
wear of the contacting surfaces.

The most common solution to the problem of 
the wheel/rail wear, used worldwide, is lubrication. In 
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successfully utilized in many cases in which the friction 
coefficient modification is required, without interfering the 
materials of contacting surfaces. Preliminary laboratory 
test stand studies on a full-scale wheelset carried out by 
the Plasma Systems have shown significantly lower flange 
wear by using thin brass layer - from 0.89 mm to 0.09 mm [8]. 
Similar effects are observed in the case of the rail.

3	 Rail	vehicle	dynamics	modelling

3.1	 General	approach

In the case of a simulation analysis of the rail vehicle 
dynamics and wheel profile wear, it is necessary to create 
mathematical models of a vehicle, rolling contact and the 
track. Literature on modelling the rail-track vehicle system 
is abundant and diverse. One can distinguish three basic 
subsystems of the aforementioned system, such as track, 
contact zone with rail and rail vehicle. The problem of 
the track modelling can be found in such works as [9-11]. 
The issues of rail vehicle dynamics and wheel-rail contact 
modelling are discussed in the works, e.g. [12-18]. Damages 
of vehicles’ running gear elements and their effect on 
dynamic behaviour are analysed by [19-22]. The mechanism 
of phenomena, occurring in the contact zone, is an interest 
of tribologists and researchers dealing with wearing of 
materials in the contact area [23-26]. It should be noted that 
there is no global theory explaining the mechanism of wear 
in general, also including the wheel-rail contact.

Investigation of dynamic properties of a rail vehicle as 
a mechanical system should begin with presentation of its 
physical model (Figure 2), whose dynamic properties are 
described by equations of motion.

This general model belongs to the group of the “low-
frequency” models. It is assumed that the upper limit of the 
low-frequency vibration range is about 25 Hz [13]. Inertial 
objects of the vehicle - wheelsets and body - performing 
low-frequency vibrations behave like rigid bodies. These 
solids are connected by means of massless suspension 
elements: springs and dampers, whose characteristics can 
be linear or nonlinear. Sources of vibrations in the rail 
vehicle-track system are, in the considered issue, geometric 
irregularities of the track and inertial forces.

2		 Wheel-rail	friction	modification

The necessity of friction coefficient modification of 
the wheel-rail contact is related to wear phenomenon. 
The rate of wear is strongly influenced by the values 
of the contact stresses, size of the contact being in slip 
and use of lubricants applied intentionally or occurring 
naturally (water, snow, etc.). Wear, as a result, leads to 
the changes of wheel and rail profiles. If the tangential 
force, generated in the contact patch, were greater than 
adhesion, determined by the friction coefficient, there will 
be a slip resulting in a significant increase of wear of the 
elements. Wear minimisation through friction modifiers 
is effective, nevertheless, it should be kept in mind that 
improper application may lead to the intensification of the 
wear process in a contact zone [5]. The required friction 
coefficient values, being a trade-off between low wear and 
ability to exert the high tractive/braking forces in the wheel-
rail contact, are depicted in Figure 1.

In order to apply lubricant to area of the slipping 
contacting surfaces, three types of systems are usually 
used [6]:
• mobile systems - commonly in the form of specially 

adapted railway vehicles that lubricate rails,
• trackside devices - mounted in the vicinity of track in 

which the release of the lubricant is triggered by the 
passing vehicle and

• on-board devices - eject lubricant directly to the wheel 
flange, from where it flows into the area of contact 
between the wheel and the rail.
Effectiveness of some solutions of applying a lubricant 

is limited, as evidenced by Nilsson [7], to a distance of 
about 200 m from the last application. The way to eliminate 
disadvantages of using current methods of reducing the 
friction coefficient, which are:
• limited range of impact;
• the need for calibration;
• requirement for precise dosing;
• danger of failure of the lubricant distributing to the 

entire rolling surface, resulting in a critical decrease of 
tractive/braking forces;
the need to refill the lubricant, etc.
could be use of the self-lubricating coatings applied to 

the wheel flange. The self-lubricating coatings have been 

Figure 1 Required friction coefficient values in the wheel-rail contact
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Equations of a wheelset in motion, including the 
elements of primary suspension, may have a different form, 
bearing in mind the number of degrees of freedom or the 
model of contact between the wheel and the rail. Following 
Chudzikiewicz [27], the simplified equations of motion of 
the i-th wheelset can be written in the form:

my Y Y Q Q P m R
v

i Li Ri Li Ri t yi
i

2

H= + - + + -p ^ h , (3)

I F F s M I R R l
v1 1
2z i xLi xRi i zi z

i i 1 0

2

} = - + - -
+

p ^ bh l , (4)

I X F r F ry i xLi Li xRi Ri$ $= +p , (5)

where:
v - vehicle velocity [m/s], m - wheelset mass [kg], I

y
, I

z
 - 

wheelset polar and yaw moment of inertia [kg·m2], l
0
 - half 

of the wheels' tape circles distance [m], s
i
 - current semi 

track gauge [m], R
i
 - track curve radius (in i-th wheelset 

position) [m], r
Li

, r
Ri

 - left and right wheel rolling radii [m], 
Y

Li
, Y

Ri
 - left and right wheel/rail lateral forces (parallel 

to the track plane) [N], Q
Li

, Q
Ri

 - left and right wheel/
rail vertical forces [N], F

xLi
, F

xRi
 - left and right wheel/

rail longitudinal creep forces [N], Θ
t
 - track cant [rad], P

yi
 

- lateral wheelset suspension forces [N], M
zi

 - yaw bogie 
suspension moment [Nm].

3.2	 The	wheel-rail	contact	

The wheel-rail contact zone, whose area is 
approximately 1 cm2, is an interface of the two subsystems: 
vehicle and track. The forces generated in the contact 
area and transmitted to both subsystems are vital from 
the point of view of a vehicle dynamics, since in general, 

The presented problem of a vehicle’s dynamic 
behaviour and wheel wear requires including vibrations of 
the body and wheelsets, because they affect changes of the 
wheel loads on the rails and consequently the variations 
of the contact forces values. The general structure of the 
system of equations, describing the vibrating motion, is 
represented by Equation (1):

, ,Mq Cq Kq p t q q+ + =p o o^ h  (1)

where: M - inertia matrix, C - damping matrix, K- stiffness 
matrix, q - vector of generalised coordinates describing 
motion of a solid (translations and rotations), qo  - vector 
of generalised velocities, , ,p t q qo^ h  - vector of forces 
(moments), which can be treated as the sum of two vectors:

, , ,p t q q f t h q q= +o o^ ^ ^h h h  (2)

where: f(t) - vector of exciting forces, ,h q qo^ h  - vector 
of forces depending nonlinearly on displacements and 
velocities of the system, including the contact forces. 

Kinematic constraints on the wheelset are a result of 
its interaction with a rigid track. As a consequence, the 
vertical displacement z and roll angle φ are related to lateral 
displacement of the wheelset y and its yaw angle ψ. Angle of 
rotation χ accounts for the coordinate describing position 
of the wheelset’s mass centre along track x. The form of 
constraints is nonlinear and depends on the geometric 
parameters of the wheelset and track, including track 
gauge, track cant, wheel and rail profiles and the wheelset 
tape circle distance.

To express equations of motion of a wheelset, its 
schematic illustration is depicted in Figure 3, containing the 
selected force vectors and geometric quantities.

Figure 2 Physical model of a double wheelset wagon

Figure 3 Illustration of a wheelset in track
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the 20th century and have established the basis for the 
codes implemented in the rail vehicle dynamics simulation 
software. Kalker’s simplified algorithm FASTSIM [29], based 
on the ‘stripes theory’, is the most widely used in simulations 
due to sufficient accuracy for engineering purpose and low 
computational costs. In this algorithm, the elliptical contact 
zone is divided into parallel longitudinal stripes of width ∆y

i
 

and length along the x-axis dependent on the ellipse size. 
Moreover, all the stripes are divided into the same number 
of elements and stress calculation is initiated from ellipse 
edge, element by element [12].

For small values of the creepages and spin, there is 
a linear relationship between the creep forces and the 
creepages. Values of those forces can be calculated using 
other Kalker’s algorithm, the so-called Linear Theory [12-13, 
27]:
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where:
C

11
, C

22
, C

23
, C

33
 - tabularized Kalker’s microslip coefficients; 

G - shear modulus [Pa]; a and b -contact ellipse semi-axes 
[m].

The lateral components of creep forces must be 
projected onto the track plane and summed up to give the 
guiding force Y [12].

4	 Simulation	conditions

4.1	 Vehicle	model

Study of the effect of self-lubricating coatings on 
vehicle dynamics and wheel wear was carried out on 
a multibody model representing a two-axle goods wagon. 
Parameters of the model are derived from the Es series 3W/l 
goods wagon, fully laden (Table 1). The axle load is 22.3 
tons and the wheels have a standard S1002 profile.

The vehicle model was created in the VI-Rail 
software, which is based on ADMAS multibody simulation 
environment. The model consists of inertial elements (rigid 
bodies) representing wheelsets, axle boxes and body, which 
are connected by means of joints and massless spring 
and damping elements. The ADAMS software generates 
automatically and solves equations of motion for individual 
inertial elements of a complex mechanical system. The 
dynamic behaviour of the elements of the system is 
described in ADAMS environment by means of a system 
of differential-algebraic equations derived from the Euler-
Lagrange formalisms presented in a general form [30]:

dt
d

q
L

q
L Qq

T

2
2

2
2 mU- + =o

b l , (10)

where:
q - vector of generalized coordinates; L - Lagrangian 
(difference of kinetic and potential energy: L = T - V); 

they determine vehicle’s behaviour in track and properties 
such as running stability and wear of wheels and rails. 
Their unfavourable distribution, e.g. due to wear of a wheel 
and/or rail profiles, can increase the risk of derailment. 
Mathematical description of the contact force generation 
mechanism is complicated due to the fact that all the 
contact parameters strongly depend on the wheel and rail 
geometry and that in some circumstances multiple points of 
contact may occur.

In general, the current approach to the study of 
contact between the wheel and rail can be divided into two 
problems:
• normal problem - location and size of the contact 

patch and normal stresses distribution (solution based 
mainly on Hertz contact theory [12-13]),

• tangential problem - calculation of tangent stresses and 
values of tangent forces.
Analysis of the normal problem and its solution is 

necessary for the formulation of the tangent problem. 
Mechanism of contact forces generation, tangent to the 
contact plane, can be explained due to a difference in strain 
rates of the two bodies in the contact region [28], caused 
by deviations of a wheel from pure rolling. Such forces are 
exerted by a wheel on a rail when a tractive/braking torque 
is applied to the wheel, in the case of curving (yaw angle) 
or when suspension lateral forces act on a wheelset. As 
a result, the contact area is thus divided into an adhesion 
zone (stick) and a slip zone. Depending on the conditions, 
the contact patch is divided into different proportions, into 
the area in which the stick and the slip area occur. The size 
of the slip area depends on the geometry of the wheel 
and rail in the contact patch, normal and lateral forces, 
as well as the friction coefficient. The zone, in which slip 
of interacting surfaces occurs, has a direct effect on their 
wear. To express the relative difference of pure rolling and 
rolling with sliding, Carter defined creep (or creepage) 
in the longitudinal direction, which the term was later 
extended to the lateral direction along with spin creep. 
Longitudinal γ

x
, lateral γ

y
 and spin creepage ω

sp
 can be 

defined, basing on Wickens [17], as follows: 
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where:
Vw

x
, Vw

y
 - rigid body velocities of the wheel in the x and y 

directions [m/s], respectively; Vr
x
, Vr

y
 - rigid body velocities 

of the contact point of the rail in y-direction [m/s]; Ωw
z
, Ωr

z
 - 

angular velocities of the wheel and rail about z-axis [rad/s].
The contact forces F

x
 (longitudinal), F

y
 (lateral) are 

functions of creep and thus also called the creep forces. 
The algorithms of creep forces generation emerged in 
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The transition between μ
1 

and μ
2 

is smoothed with 
software's in-built spline function. The value of 6 mm 
has been set based on the analysis of the wheel-rail 
contact points location with respect to the wheelset 
lateral displacement. The wheelset lateral shift of 6 mm 
corresponds to location of a contact point on a flange 
root [13]. Preliminary simulation tests have shown that 
for values lower than 6 mm there exists a very high risk 
of derailment, expressed in higher values of Y/Q (Nadal 
formula - quotient of lateral to vertical force).

The starting point for considering the wear model 
of a wheelset with a self-lubricating coating is the 
measure called the wear number (W

n
) based on the widely 

used T-gamma energy model, whose assumption is the 
proportional relationship between the amount of worn 
material and the dissipated energy in the wheel-rail contact 
zone [33]:

W F Fn x x y yc c= + ,   [N]. (12)

The spin component Mω
sp

 in Equation (12) is neglected 
due to its low value compared to longitudinal and lateral 
components. In contrast to the classic wear model of 
Archard [34], the T-gamma model comprises friction 
coefficient between wheel and rail implicitly. The values 
of the developed creep forces F

x
 and F

y
 are limited by the 

friction coefficient μ and normal force N in the contact 
zone:

F Nmax n= ,   [N]. (13)

In the simulation tests, a simplifying assumption, based 
on immutability of material parameters, such as Young’s 
modulus or Poisson’s coefficient, was adopted - i.e. the thin 

Φ
q
 - Jacobian matrix of constraints; λ - vector of Lagrange 

multipliers;
Q - vector of external forces.

Systems of nonlinear differential equations are solved 
by the ADAMS solver numerically, mainly using the Newton-
Raphson method. The method of creep-force computation, 
implemented in the simulation software, is based on the 
Kalker’s FASTSIM algorithm. The code uses the actual 
wheel and rail profile and calculates the actual contact 
kinematics at each simulation step. Moreover, it models 
non-elliptical contact zones, as well as multiple contact 
patches. Contact stiffness is found according to Boussinesq 
formulation.

4.2	 Self-lubricating	coating	model

In general, the simulation wear analyses of the wheel 
and rail profiles known from literature, assumed constant 
value of the wheel-rail coefficient of friction profiles, not 
taking into account lateral position of the wheelset relative 
to the track. In the case of applying the self-lubricating 
coating to the wheel flange, contact conditions will change 
depending on the location of the point (area) of contact. In 
this case, the coefficient of friction, for the area covered 
with the coating, is different, while the other coefficient 
value is along the wheel tread profile. Undoubtedly, this 
will have a significant impact on the wear rate of wheel and 
rail profiles.

The proposed model of the self-lubricating layer 
describes two values of friction coefficient [31-32]:
• μ

1
 = 0.4 for the wheel tread-rail contact,

• μ
2
 = 0.1 for the wheel flange-rail contact.

In order to express it mathematically, it is assumed 
that the coatings would be applied on the wheels' flanges 
to minimize friction and as a consequence wheel/rail wear:

Table 1 Parameters of the two-axle good wagon

parameter value unit

body mass 40770 kg

body moment of inertia I
xx

35·103 kg·m2

body moment of inertia I
yy

220·103 kg·m2

body moment of inertia I
zz

220·103 kg·m2

wheelset mass 1925 kg

wheelset moment of inertia I
xx

950 kg·m2

wheelset moment of inertia I
yy

150 kg·m2

wheelset moment of inertia I
zz

950 kg·m2

spring longitudinal stiffness k
x

12·106 N/m

spring lateral stiffness k
y

640·103 N/m

spring vertical stiffness k
z

1.8·106 N/m

vertical damping (one damper) 100·103 Ns/m

wheelset base 5.2 m

wheel radius 0.5 m
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irregularities are an additional source of the wheelset-track 
dynamic interaction, causing vibrations of the model’s 
inertial elements and thus grater variations of the contact 
forces.

5	 Simulation	study	results

A quantitative comparison of the dynamic behaviour of 
the wagon with the standard wheelsets and the wagon with 
wheelsets covered with self-lubricating coatings is shown in 
Figures 5-7. Particularly important in a rail vehicle dynamics 
analysis is lateral displacement of the wheelset relative to 
the track centreline. In curves without gauge widening 
(radius R > 250 m) values exceeding 9 mm might indicate 
severe wheel flange-rail contact and high risk of derailment. 
In the case of scenario 1 (R = 150 m), lateral shifts of the 
leading and trailing wheelset with self-lubricating coatings 
are lower, however, these wheelsets are displaced in 
opposite directions compared to the standard wheelsets 
(Figure 5). Unfortunately, in the curves of greater radii (R 
= 1200 m, scenario 2), results obtained for the vehicle with 
coatings are worse, i.e. 3 - 4 mm higher displacements for 
both wheelsets are observed (Figure 6).

Developed lateral forces are crucial to guiding the 
wheelset in track, albeit too high values negatively affect 

self-lubricating bronze layer has the same properties as 
a wheel material.

4.3	 Simulation	scenarios

Simulation experiments have been carried out 
according to the following scenarios:
• Scenario 1 - vehicle moving on track with curves of R = 

150 m radii at v = 30 km/h.
• Scenario 2 - vehicle moving on track with curves of R = 

1200 m radii at v = 80 km/h.
The proposed scenarios reflect the curve radii 

characteristic for mountain routes (scenario 1, e.g. route 
Cracow-Zakopane in Poland) and common in lowland 
and hilly areas (scenario 2). The routes were designed to 
comprise a tangent track and S curve sections of normal 
gauge (1435 mm). The track cant in both scenarios is equal 
to 15 cm and rail profile is standard, unworn UIC60. Track 
profiles are described in Table 2.

The track vertical stiffness was assumed as infinite. 
The vertical and lateral track irregularities correspond 
to a medium quality of maintenance level. Statistical 
parameters of the track irregularities are shown in Table 
3, whereas the power spectral densities of irregularities are 
depicted in Figure 4. Apart from the track geometry, track 

Table 2 Track profiles (TC - transition curve)

scenario 1 scenario 2

distance (m) radius (m) distance (m) radius (m)

0 ∞ 0 ∞

29.75 ∞/TC 50 ∞/TC

30 150 (right) 85 1200 (right)

109.75 150 (right)/TC 485 1200 (right) /TC

110 ∞ 510 ∞

120.92 ∞/TC 560 ∞/TC

120.98 -150 (left) 595 -1200 (left)

200.92 -150 (left)/TC 995 -1200 (left) /TC

200.98 ∞ 1030 ∞

220 ∞ 1080 ∞

  
Figure 4 Power spectral densities of the track irregularities
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feature. The differences in force values for both wheelsets 
are up to cca. 10 kN.

Following analysis of the lateral forces, one can 
investigate the lateral acceleration of the wheelsets. The 
greater lateral forces in the case of wheelset with coating 
entail the higher values of acceleration (Figure 8). This fact 
could have a negative effect on the ride comfort in the case 

safety against derailment and contribute to accelerated 
wheel wear. In scenario 1 a significant decrease of lateral 
forces is observed, which is the result of the lower friction 
coefficient and lateral displacement (Figure 7 bottom). 
On the other hand, in the curves of R = 1200 m, the 
wheelsets with self-lubricating coatings are affected by 
noticeably higher lateral forces, being an objectionable 

Table 3 Height of the track irregularities

height (mm) left Y left Z right Y right Z

min. -8.1 -11.1 -8.1 -11.5

max. 8.8 13.2 8.8 12.5

standard dev. 3.0 4.2 3.0 4.5

  
Figure 5 Lateral displacement of both wheelsets (left) and lateral force of the leading wheelset (right) - scenario 1

   
Figure 6 Lateral displacement of the leading (left) and trailing wheelset (right) - scenario 2

  
Figure 7 Lateral force of the left and right wheel of the leading wheelset - scenario 2



D Y N A M I C  P R O P E R T I E S  A N D  W E A R  A N A L Y S I S  O F  A  R A I L  V E H I C L E  W I T H  W H E E L S ’  S E L F - L U B R I C A T I N G . . .   B29

V O L U M E  2 3  C O M M U N I C A T I O N S    1 / 2 0 2 1

- Y/Q. Examples of recorded values of W
n
 and Y/Q from 

scenario 1 are presented in Figure 9.
Predicted mean wear rate of the wheels’ profiles, 

based on the T-gamma model, is lower for the wheelsets 

of passenger coaches, nonetheless, it can be omitted when 
dealing with the transport of goods.

The next part of the analysis focuses on parameters 
estimating the wheel wear - W

n
 and safety against derailment 

  
Figure 8 Lateral acceleration of the leading wheelset - scenario 1 (left), scenario 2 (right)

  
Figure 9 Comparison of the wear number and mean Y/Q values - scenario 1

  
Figure 10 Comparison of the mean wear number W

n
 values - scenario 1 (left), scenario 2 (right)

     
Figure 11 Comparison of mean Y/Q values - scenario 1 (left), scenario 2 (right)
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Dynamic properties of the rail vehicle cannot remain 
unaffected due to modification of the friction coefficient. 
The aim of the study presented herein was an assessment of 
the self-lubricating coatings impact on dynamic behaviour 
of a vehicle, with special regard to safety against derailment 
and wheel wear. 

The simulation tests were performed on a two-axle 
goods wagon, considering randomly generated geometrical 
track irregularities, in order to model the medium 
maintenance level. The simulation results allow formulating 
the conclusion that dynamic properties of a vehicle with 
wheels covered with the self-lubricating coatings enable the 
use of such a vehicle in safe conditions, not worse than in 
the case of a vehicle with standard wheels.

In the case of wagons with wheelsets covered with the 
self-lubricating coatings, the wear of the wheels’ surface 
should be at least 2 times lower compared to wagons 
in which the wheels have not been covered with such 
a coating. Consequently, the lifecycle of the wheelset 
should be extended, taking into account only wear of the 
wheel profiles. Benefits, resulting from applying the self-
lubricating coatings, will be particularly evident during 
the operation of vehicles on routes containing a significant 
number of low-radii curves, where the predicted wear 
would be up to 5 times lower.

The next actions taken in the study of the self-
lubricating coatings should focus on evaluating their 
durability in operational conditions and comparing the 
costs and frequency of applying/replacing the new layers to 
the costs of the wheel reprofiling.

with coatings. Especially low values of W
n
 are calculated 

for scenario 1, in which the wear is expected to be reduced 
up to cca. 10 times for the wheels of the leading wheelset 
(Figure 10 left). The wear number, obtained in scenario 2 for 
the wheelsets with coatings, is also lower despite the higher 
lateral forces (Fig. 10 right). In this case, the favourable 
W

n
 values are obtained due to the lower creep than in 

scenario 1. Along with increasing curve radius, application 
of the self-lubricating coatings should still be beneficial - the 
wear would be up to 5 times lower (for the wheels of the 
trailing wheelset). 

In order to assess influence of the self-lubricating 
coatings on safety against derailment, the mean values 
of Y/Q forces ratio are compared in Figure 11. A similar 
dependence is noticed as in the case of W

n
 comparison 

- the smaller curve radius the greater the benefit of 
using coatings. In scenario 1 safety against derailment 
was substantially improved, yet the results obtained from 
scenario 2 show that coatings have only slightly positive 
effects on the Y/Q ratio. 

6		 Conclusions

Phenomenon of the wheel and rail wear generates 
significant operating costs and is a problem from the 
point of view of availability of the transport means and 
infrastructure. One of the most recent and potential solutions 
to reduce wear is application of the self-lubricating coatings 
on the wheel flange. These coatings reduce the friction 
coefficient of the wheel-rail interface. 
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Resume
The presented paper focuses to rotating components of mechanical constructions. 
The problem of the spatial combined bending-gyratory vibration and calculation 
of the Eigen frequencies is studied. The model of Cardan Mechanism is solved 
by the transfer matrix method. Transfer matrices were derived for shaft, 
concentrated mass and elastic bearing. The physical and mechanical properties 
of each part of the mechanism are hidden in these matrices. A procedure for 
calculating Eigen frequencies was proposed.
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analytical and numerical methods. The benefit of this 
calculation is a possibility to obtain deformations caused 
by external excitation and dynamic deformation and stress 
analysis. Using the transfer matrix method is relatively 
easy to get a solution to the whole system (the whole 
Cardan mechanism). Another advantage is that it can be 
combined with the method of the imaginary slice, which 
analytically solves the differential equations of motion for 
a smooth shaft (smooth continuum - a constant diameter), 
the transfer matrices for the shaft, matrices of concentrated 
mass and the elastic bearing, which are the basic structural 
elements of a dynamic model of shafts, are derived. 

This paper is devoted to studying the problem spatial 
combined bending-gyratory vibration and calculation of the 
Eigen frequencies using the transfer matrix method.

2		 Spatial	combined	bending-gyratory	vibration

The element (see Figure 1) is an one-dimensional 
continuum with geometrical parameters as inner radius r

1
, 

outer radius r
2
 and length l. The physical parameters are 

E module of elasticity and density ρ. The whole system is 
rotating with angular velocity ω.

External forces, acting on the element, create a state 
of the combined bending-gyratory vibration. The continuum 
element is making general spatial motion which is composed 

1		 Introduction

In mechanical constructions, the most endangered 
parts are rotating components, e.g. shafts [1]. Reliability of 
a shaft is endangered in particular in the two limit states. 
In the vicinity of resonance, there is an enormous increase 
in the amplitudes of the state variables and reaching of the 
yield strength of a material. These conditions often occur 
with the coupling shafts of Cardan mechanisms. The torque 
is transmitted here over long distances. Shafts are long and 
slender and are prone to transverse bending. The gearbox 
shafts are compact and operate at a sufficient distance 
from the resonant area. In that case, they are threatened 
by fatigue fractures; they need to be checked for safety to 
fatigue. A similar situation to gearboxes is with the gear 
pump shafts. 

Mathematical models of the Cardan mechanism lead 
to solutions from the field of linear algebraic equations. In 
the case of bending oscillations, the motion equation of the 
basic element is a partial differential equation of the 4th 
order for the variables x and t [2]. An analytical solution for 
simpler cases can be used. 

It seems appropriate, for this case, to use the transfer 
matrix method. This method does not increase the matrix 
size (matrix 4 x 4 for planar oscillation, 8 x 8 for spatial 
oscillation), resulting in the lower hardware requirements. 
The transfer matrix method uses a combination of 
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It is necessary to derive the transfer matrices (matrices 
are denoted by bold letters, e.g. H,	 M,	 K) for each of 
the basic structural elements of the Cardan mechanism: 
shaft H, concentrated mass M and elastic bearing K	 (see  
Figure 2).

One needs to define the vector of state V
i
 on the edge 

cuts of each element based on amplitudes of state variables.
Vector of state (see Equation (2)):

, ,V V V Y Zx t x x x xei t= =~r^ ^ ^ ^ ^h h h h h6 @ , (3)

, ,V Zx x

y x

y x

M x

Q x

z x

z x

M x

Q x
z

y

y

z

=
-

-

=
-

-

l l^
^
^

^
^ ^

^
^

^
^h

h
h

h
h h

h
h

h
h

R

T

SSSSSSSSSSS

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

V

X

WWWWWWWWWWW

 (4)

where y(x) is the amplitude of deflection, y'(x) is the slope 
of deflection, M

z
(x) is the amplitude of the bending moment 

and Q
y
(x) is the moving force.

Relationship between neighbouring state vectors is  
V

i+1 
= H

j
V

i
, where j = 1, ..., σ, i, i = j + 2, V

2 
= K

1 
V

1
,   

V
3
 = M

1
V

2
..., Vσ+5 = P . V1. 

 
The method uses knowledge of boundary conditions 

of the state vectors of the joint shaft. The frequency 

of three simple movements - namely rotation, shift and 
spherical motion.

The following formula represents the equation of 
motion in the state of spatial combined bending-gyratory 
vibrations [2]

,

x
v

E x t
v

x
v

E r r t
v v i t

v4
2 0

4

4

2 2

4
2

2

2

2
2

1
2 2

2
2

2
2

2 2
2

2
2

2
2

2
2

t
~

t
~ ~

- + +

+
+

- + =^

c

ch

m

m
 (1)

where 

, , ,v x t y x t iz x t= +^ ^ ^h h h . (2)

For more details see [2].

3	 Derivation	of	the	transfer	matrix

The Transfer Matrix Method (TMM) is a combination 
of numerical and analytical methods and comes from 
the exact analytical solution (PDE of 4th order) (see  
Equation 1). 

Figure 1 The element of the continuum

Figure 2 Model of the whole Cardan mechanism
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.y p p p p
p p M p M Mp

0
z z z

1
31 42 32 41

43 1 33 1 231 41
= -

- -
l ^ ^h h

 (13)

.p p p p
p p M M p p M

z 0
y y y

1
31 42 32 41

42 33 1 2 32 43 1
= -

- -^ ^h h
 (14)

.p p p p
p p M p p M M

z 0
y y y

1
31 42 32 41

31 43 1 41 33 1 2
= -

- -
l ^ ^h h

 (15)

5	 The	transfer	matrix	for	a	shaft

The transfer matrices for shafts parts have the 
following form

,H
H

H
H H

H H H H

x
x

x0

0

11 12 13 14

y

z
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where: 

J r r4 2
4

1
4r= -^ h , (21)
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equation can then be determined from the coupling 
relations between the edge state vectors. The first and the 
last state vectors of the dynamic model are V

1
, resp. Vσ+5

,  
V

1
[v

1
(0), v

1
'(0), 0, 0]T, Vσ+5

 = [0, 0, v
0
(l

0
), v

0
'(l

0
)].

States vectors V
1
	and Vσ+5

 are joint

Vσ+5
 = P	.	V

1
 (5)

The Transfer Matrix P is: 

P = K
2
	.	M

2
 .	Hσ ... Hj

 ... H
1
	.	M

1
	.	K

1
. (6)

, .P
P
P P

P
p

0

0
y z

z

y
ij 1
4= = =< 6F @  (7)

All the matrices in Equation (5) are of the 8 8#  
type. Equation (5) describes a system of eight equations 
of eight unknowns. The matrix P is blocked diagonal, so 
this system can be divided into two systems of 4 equations 
by 4 unknowns. Each system describes the movement of 
individual axes.

After entering the edge vectors, the transfer matrix and 
matrix multiplication are

A
y
	.	B

y
 = D

y 
, A

z
	.	B

z
 = D

z
. (8)

4	 Solution	to	the	problem

The following matrices, concerning Equations (5) to 
(7), are obtained.
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The solution of the left edge of the joint shaft is:

.y p p p p
p p M M p p M

0
z z z

1
31 42 32 41

42 33 1 2 32 43 1
= -

- -^ ^h h
 (12)
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8	 Eigen	frequencies

Rewriting of Equation (8) leads to the following 
equation

F V 0$ = , (28)

and

, , ,V v v v l v l0 0 T
0 0 0 0= l l^ ^ ^ ^h h h h6 @ . (29)

One obtains set of equations (4 homogeneous equations 
of 4 unknowns) with matrix

F
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. (30)

6	 The	transfer	matrix	for	the	concentrated	mass

The matrices for concentrated masses are:

M
M

M
0

0

z

y
= < F . (24)

M M
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7	 Transfer	matrix	for	elastic	bearing

Matrices for the elastic bearing can be expressed as:

.xK
K
K0
0y

z
=^ h < F  (26)

Figure 3 Process of the Eigen frequencies calculations
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More frequently separated movements of the shaft 
are studied (see [1, 7-9]). Sinitsin and Shestakov [10] 
present a comprehensive analysis of the angular and 
linear accelerations of moving elements (shafts, gears) 
by wireless acceleration sensor of moving elements. The 
combined motions are presented in paper [2]. 

A procedure for vibration analysis of the device, 
based on measured data in simulated operating modes in 
mechanisms, is studied in [11]. In [12], these new trends 
in torsional vibration calculation for various vehicles are 
briefly described, with attention paid not only to practical 
use but above all to how and to what extent these themes 
should be presented to students.

In the paper, the following problems are presented:
• Calculation the vector of state in every part of the shaft 

based on known physical characteristics;
• Calculation of transfer matrix P and all the other 

amplitude-frequency characteristics of the state 
quantity are done in Octave 4.2.0;

• Assessing the resistance of the shaft to transverse 
oscillation during the design by application of the 
transfer matrix method.
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Eigen frequencies are the non-trivial solutions of 
the above sets of equations with matrix Equation (31). 
Calculation of these solutions goes in a standard way

Det F 0= . (31)

Frequency determinant Fdet f X= ^ h  is a function of 
X . Eigen frequencies of system are solutions of nonlinear 

algebraic equation f 0X =^ h  (i.e., intersections with 
axis). The number of solutions is indefinite. Appropriate 
solutions are found only in the interval ,min maxX X^ h .

Process of calculation of X  is done in several steps 
(see Figure 3).

It is sufficient to take TX  of the order of one 
hundredth to a thousandth of the length  max minX X-^ h  of 
the frequency interval.

If the signum of the function f X^ h  changes between 

jmin $ TX X+  and , ,j j1 0 1 2min $ fTX X+ + =^ ^h h , 

TX  must be reduced to 10
1  and the process is repeated 

with the value  10
TX . The calculation is finished when 

1f

f

min
1 1f .

9	 Conclusions

Modelling of the rotating shaft is influenced by many 
factors, such as workspace of universal joints [3], vibration 
noise [4], flexibility of a shaft [5], increasing rotation 
velocity [6].
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Resume
Mining machines' components, or the whole structure, are prone to frequent 
premature damages and fractures what is explained either by inadequate design 
and construction or by insufficient knowledge of the material's and welded 
joints' properties and oversights in manufacturing. Here is considered the 
bucket-wheel excavator, i.e. the fracture of the tooth of the girth gear, which 
enables the circular motion of the excavator's upper structure (which was in 
operation for 5000 hours). The gear was made of the cast steel GS 40 MnCrSi3 
V. The reparatory hard-facing (HF) technology of the fractured tooth required 
specification of numerous operations including the preparation works. The 
reparation realized the two-fold savings, in time and money - the new girth gear 
costs over 500 000 € and its manufacturing lasts 6 to 9 months, while the safety 
and quality of the repaired tooth was guaranteed.
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elements etc. In addition, each executed reparation requires 
prior extensive preparation procedure, which would enable 
successful execution of the reparation itself [18].

The bucket wheel excavator TAKRAF SRs 2000×32/5.0 
[19], which operates at the open pit mine “Kostolac” 
(Serbia), is shown in Figure 1 and its basic techno-
technological characteristics are given in Table 1. It was 
employed on excavation of the barren soil for 5.000 h (a 
few weeks more than a year after the assembly) when the 
fracture of the tooth of the girth gear, which enables the 
circular motion of the upper structure of the bucket-wheel 
excavator, occurred.

It was established, through analysis of the fracture 
surface that the fracture occurred during the fatigue loading 
and due to existence of an initial crack in the tooth base. 
That crack was created during the girth gear manufacturing 
and it was not detected prior to gear’s mounting onto the 
BWE’s structure.

In Figures 2 to 4 are shown the gear, the broken tooth 
and the girth gear fracture surface, respectively. Analysis 
of the broken tooth fracture surface clearly shows that 
the very small portion of the tooth was loaded in fatigue 
(smooth fracture surface of the girth gear) and that the 
much larger portion was subjected to static fracture (the 
rough fracture surface of the girth gear), Figure 4.

According to the manufacturer’s documentation, the 
girth gear was made of the cast steel GS 40 MnCrSi3 V [19]. 

1	 Introduction

The Bucket wheel excavators (BWE) are in exploitation 
subjected to stresses that appear in manufacturing of 
parts and mounting of equipment (residual stresses), as 
well as during their functioning (stationary and dynamic 
loadings) and during the disrupted exploitation (non-
stationary dynamic loadings) [1-2]. Thus, the loading of 
the bucket wheel excavators’ parts and assemblies cannot 
be formulated by a simple form mathematical function. 
That loading cannot be represented by a model where the 
variables and/or parameters would be uniformly varying in 
the working conditions, for a model like that would have to 
include a series of approximations resulting from the real 
exploitation conditions [1]. Those are the reasons why only 
testing of a BWE in the real working conditions would make 
possible to completely estimate its state and to obtain all 
the data necessary for comparing the quality of the machine 
and its structure and for estimating the influence of the 
working environment on the carrying capacity of its parts 
and assemblies. Numerous failures of the BWE structures are 
presented in papers [3-8] and of similar structures in papers 
[9-18]. It should be emphasized that the presented procedure 
can successfully be applied to other machine parts and 
technical systems, like: transport mechanisms [12], parts 
of boilers [13-14], forging dies [15-16], stone crushers’ mills 
and parts of the construction mechanization [17], turbine 
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Figure 1 Bucket wheel excavator SRs 2000×32/5.0

Table 1 Basic technical characteristics of the bucket wheel excavator TAKRAF SRs 2000×32/5.0

characteristics notation/units

volume of a bucket with a ring space W
buck  

= 2000 (m3)

maximum cut height H = 32 (m)

maximum cut depth L = 5 (m)

diameter of the rotor wheel D
r  

= 12 (m)

number of buckets z = 20

installed engine power for rotor drive (2 x 670 kW) N = 1340 (kW)

motor voltage 6000 (V) 

specific resistance to excavation per knife length k
L 
= 100 (N/mm) 

speed of the upper construction 30 (m/min)

peripheral speed of the rotor wheel 2.7 (m/s)

teeth number of the pinion for rotation of the excavator’s upper structure z
p
 = 16

teeth number of the girth gear for rotation of the excavators’ upper 
structure

z
gg

 = 312

teeth module of the pinion  for rotation of the excavator’s upper structure m = 36

outside diameter of girth gear D
gg

 = 11232 (mm)

outside diameter of the pinion D
p
 = 576 (mm)

output rpm on the pinion N
p
 = 2.28 (rpm)

Rpm of the girth gear rotation N
gg 

= 0.12 (rpm)

Figure 2 Appearance of the girth gear and the pinion for rotation of the excavator’s upper structure
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precisely define a large number of details and carefully 
consider and execute all the operations in the methodology 
of manufacturing the new tooth. This was an imperative 
in order to ensure the safety of the repaired girth gear 
exploitation, since the smallest oversight, underestimate 
or improper execution could cause serious problems in the 
operation of the BWE as a whole. This is the reason why 
the preparation procedure for the hard-facing technology is 
presented, as well.

2.1	 Analysis	of	the	girth	gear	material’s	weldability

According to equivalent carbon formula - Equation 
(1) - of the International Welding Institute [23], the 
limiting value for the good weldability of this material 
should not be greater than 0.45. For the maximal values 
of the chemical elements composition of the GS 40 

Its chemical composition and mechanical properties are 
given in Tables 2 and 3, respectively.

To predict the cast steel GS 40 MnCrSi3 V resistance to 
crack propagation, the fracture parameters were calculated, 
namely the critical value of the stress intensity factor - the 
facture toughness K

Ic
 and the critical crack length a

cr
, based 

on the obtained values of the material’s impact energy 
and the yield stress, according to the Barsom-Rolfe model 
[20]. The calculated value of the critical crack length was 
61.9 mm. The detailed procedure for calculation of given 
parameter is presented in [21-22].

2	 Methodology	of	the	new	tooth	manufacturing		
by	the	reparatory	hard-facing

Due to the complex construction solution of the girth 
gear and its function in exploitation, it was necessary to 

Figure 3 Appearance of the broken tooth and its dimensions

Figure 4 Appearance of the girth gear fracture surface at the broken tooth spot

Table 2 Chemical composition of the cast steel GS 40 MnCrSi3 V, values in %

C Si Mn Cr P S Cu

0.35- 0.45 0.50-0.75 0.60-0.90 0.50-0.80 ≤ 0.040 ≤ 0.040 ≤ 0.30

Table 3 Mechanical properties of the cast steel GS 40 MnCrSi3 V 

yield stress

R
0.2 

(N/mm2)

tensile strength

R
m
 (N/mm2)

elongation

A5 (%)

impact energy 

KCU 3 (J/cm2)
contraction Z (%)

390 740 10 min 24 20
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• The first measurement of the girth gear deformation 
(planarity test) by the appropriate template (measures’ 
controller)

• Grinding of the fracture surface of the girth gear in 
the zone of the broken tooth by the corresponding 
grinders until the complete removal of all the 
unevenness and cracks, Figure 5

• Cleaning of surfaces prepared for welding the new 
tooth of the anti-corrosion protection (ACP) and the 
corrosion products

• Shaping the ground pieces, in order to remove the 
sharp edges, for welding of the new tooth

• Processing of ground pieces with brushless sand 
papers to provide the necessary quality of surfaces for 
testing by the non-destruction methods

• Testing of the ground pieces by magnetic particles 
[27-28] and penetrants [29-30]

• Precise definition (by adequate template) of the 
position, width, length, depth and volume of the ground 
places

• Providing that the ground surfaces are degreased, 
clean and dry

• Placing the adequate templates at the position of the 
tooth hard-facing

2.3	 Order	of	operations	of	the	girth	gear	tooth	
reparatory	hard-facing

Reparatory hard-facing included the following 
operations:
• Placing the corresponding references for control of the 

girth gear deformation (planarity test)
• Depositing of the I (first - initial) hard-facing layer at 

the ground spot by austenitic filler metal with forging 
by the round tip pneumatic hammer of 3 mm diameter

• Shaping of the I hard-faced layer of the new tooth by 
adequate template, with respect to the base material 
plane (Figure 6) with overfill of order 0.2 to 0.3 mm

• Repeating of the welding if the non-destructive test 
showed necessity for it

MnCrSi3 V, given in Table 1, that value is 0.57. The value 
obtained by the Ito-Bessyo formula - Equation (2) - of 0.68, 
also surpasses the limiting value for the good weldability 
of 0.30 [24]. The presented data point to the fact that this 
steel is prone to cold cracks appearance, what prompted 
the necessity for the hard-facing of the broken tooth to be 
performed with preheating and controlled cooling.

.CEV C Mn Cr Mo V Ni Cu
6 5 15= + + + + + +  (1)

.

CEV C Si Mn Cu Cr

Mo Ni V
30 20

15 60 10

= + + + + +

+ + +
 (2)

According to Equation (3) for the Hot Cracking 
Susceptibility (or Sensitivity) (HCS) [23], it was established 
that this material is prone to appearance of the hot cracks, 
as well, since the obtained value for HCS was 21.52, which 
is greater than 4 - the limiting value for this type of steels 
with tensile strength of about 700 N/mm2.

.HSC
C S P Si Ni

Mn Cr Mo V
25 100

3

103

$

$ $
=

+ + +

+ + +b l
 (3)

Due to the girth gear construction (dimensions and 
mass) and conditions of the hard-facing execution without 
the heat treatment, for the filling volume greater than 500 
cm3, the recommended preheating temperature is within 
range 100 ºC to 150 ºC. The preheating temperature 
was determined according to Seferian’s formula 
[25-26].

2.2	 Preparation	operations	for	the	reparatory	
hard-facing	of	the	girth	gear	tooth

The hard-facing preparation procedure included the 
following operations:
• Providing the means of protection at work 
• Preparing the copper templates for various purposes 

and corresponding geometries

Figure 5 Schematic presentation of the girth gear cross  
section at the broken tooth spot
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2.4	 Technology	of	the	girth	gear	tooth	reparatory	
hard-facing

This hard-facing technology is completely defined 
by the presented preparatory and depositing operations. 
Depositing of the I layer was executed by the austenitic 
electrode marked E 18 8Mn B 22 [31], while the II 
layer was deposited by the basic electrode marked E 
1-UM-300 (DIN 8555) [32]. The chemical composition of 
the E 18 8Mn B 22 electrode is presented in Table 4, 
mechanical properties of the weld metal in Table 5 and 
the chemical composition of the E 1-UM-300 electrode 
in Table 6.

3	 Conclusions	

Reparation of the girth gear tooth of the bucket wheel 
excavator SRs 2000×32/5.0, by the presented methodology, 
was executed in 14 days in 2013. Considering that the 
excavator is still in operation at the open pit mine “Kostolac” 
(Serbia), it could be concluded that the reparation was 
successful.

It should be emphasized that in this way the large 
financial effect was realized since the construction of the 
new girth gear would cost over 500 000 €. If the time, needed 

• Testing of the I layer with respect to the base metal 
(BM) plane by magnetic particles [27-28] and penetrants 
[29-30]

• Processing of surfaces by the sand paper in the zones 
of the new tooth welding up to reaching the machining 
quality of Ra

max
 = 1.6 μm (permissible overfill and 

underfill up to 0.03 mm)
• In the case of the satisfying tests results, after each 

layer deposition, forging of ground surfaces by the 
round tip pneumatic hammer of 3 mm diameter for the 
purpose of reducing the residual stresses in the weld 
metal (WM) and the heat affected zone (HAZ)

• Control of the filler metal, welding parameters and 
deposited layers dimensions during the welding

• Depositing of the II (second - final) layer of the new 
tooth by the basic filler metal with forging by the round 
tip pneumatic hammer of 3 mm diameter

• Final measurement of the girth gear deformation 
(planarity test) by the appropriate template (measures 
controller)

• Final testing of the new tooth by magnetic particles 
and penetrants [27-30]

• Manual machining of the girth gear in the case of 
unsatisfactory planarity.
The order of the hard-facing layers deposition and 

appearance of the new tooth are shown in Figure 6.

                            
                      (a)                                                                                    (b)

Figure 6 Order of the hard-facing layers deposition (a) and appearance of the new tooth (b)

Table 4 Chemical composition of the E 18 8Mn B 22 electrode, values in [%]

C Si Mn Ni Cr

0.12 0.80 7.00 9.00 18.00

Table 5 Mechanical properties of the pure weld metal

yield stress

Rp0.2% (N/mm2)

tensile strength

R
m
 (N/mm2)

elongation

A5 (%)

toughness

Av (J)

> 350 590 - 690 > 40 > 60 (+20)

Table 6 Chemical composition of the E 1-UM-300 electrode, values in [%] and hardness

C Mn Ni Hardness (HB)

0.18 1.3 1.2 280-330
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for manufacturing the new girth gear, which is about 6 to 9 
months, would also be included in this calculation, as well 
as effect of the electric power that would not be produced 
in such a long period, the total positive financial effect is 
about 8 000 000 €.

The presented methodology of the reparatory hard-
facing, as well as the welding procedure, can be applicable, 
with necessary adjustments, for recovery of other parts and 
structures of the bucket wheel excavator or other machines 
at open pit mines.
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Resume
The purpose of this study was to improve the diagnostics efficiency of 
modern diesel engine injectors with electronic controls. Experimental studies, 
performed using certified specialized equipment of injectors' manufacturers 
and standard software packages for data analysis, made it possible to prove 
adequacy of theoretical research and get results that are more accurate. Those 
results contribute to development of a software product that allows identifying 
a particular faulty element during the defective injector's operation by using 
mathematical processing of the diagnostic data obtained when testing the 
injector. Thus, the time spent to repair the fuel injection system reduces. The 
developed software product also helps to predict the remaining injector's 
operational life and prevent possible technical failures during operation.
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When searching for defects, diagnostic methods allow 
identifying the location, type and cause of the defect (wear 
of plunger elements, fuel delivery and consumption, etc.).

According to the degree of disassembly of an object, 
there are disassembly and unassembled diagnostic methods.

Disassembly diagnostics is used to assess the mobility 
of the plunger elements, the spray needle and to measure 
the wear of various parts of the fuel-delivery systems.

Unassembled diagnostics is usually based on indirect 
measurements of structural parameters, when installing 
sensors or diagnostic devices outside the object being 
diagnosed, without removing it from the diesel engine or on 
a test stand for fuel-delivery systems [8-11].

Depending on the diagnostic parameters, all the 
methods are divided into three groups. Thus, some 
methods are based on measurement parameters, which 
characterize operation of the entire fuel-delivery system 
and its component parts, or the co-process. Other methods 
are based on a direct structural parameter of a part or parts 
mating.

Diagnostic methods based on work process parameters 
allow checking the fuel-delivery system output parameters 
(fuel pressure in the high-pressure line, the stroke of the spray 
nozzle needle, etc.) and numerous technical characteristics 
of this system’s components (phase parameters of fuel 
supply and pressure, needle movement speed, flow rate, 
etc.). Usually, the measurement accuracy of these parameters 

1	 Introduction

Common Rail fuel injection system is widely used in 
modern automotive and agricultural machinery. In engines 
with this system, the fuel pressure creation and fuel 
distribution inside the cylinder occur over time. Since this 
system is relatively new, manufacturers do not disclose 
diagnostic technologies. They can give such information 
only to certified specialized maintenance representatives. 
Thus, there is a need to develop ways for detecting the 
elements’ working capacity, especially when speaking about 
the injector, which is the main executive element [1-4].

Various diagnostic methods are used to assess the 
technical conditions of the fuel supply system (Table 
1). These methods are applied in accordance with the 
diagnostics tasks.

Different diagnostic methods, identifying certain 
failures and damages (e.g. reduced injection pressure, 
instability of fuel supply parameters, etc.), are used when 
checking the working capacity of fuel injection system 
elements without specifying the location and cause of the 
failure.

When checking the correct functioning, diagnostics 
is aimed at determining all the defects in technological 
adjustments and settings that cause an unacceptable 
decrease in technical, economic and environmental 
indicators [5-7].
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Each method is designed to control a specific physical 
process and is based on application of a specific physical 
phenomenon. Classification by the physical process used 
allows the most complete identification of capabilities and 
technical characteristics of the corresponding diagnostic 
method.

A physical process is characterized by a change in 
physical quantity over time. Hydraulic process is based on 
pressure; thermal - on temperature; vibro-acoustic-on the 
amplitude of vibrations at certain frequencies, etc. [14-15].

Currently, many tools for diagnosing injectors have been 
developed, but they only measure the cycle injection and 
control flow. If the injector does not meet the requirements, it 
must be replaced or repaired. The diagnostic methods do not 
specify procedures for identifying a specific injector fault and 
the tools used in this case are not designed for its element-
by-element study and forecasting the residual life of their 
operation [16-19].

Quality of the diesel engine operation depends directly 
on quality of the fuel supply system and each of its elements. 
Quality of those elements is determined by a set of technical 
parameters that depend on a number of factors: climate 
conditions, the adopted system of maintenance and repair, 
the volume and nature of the work performed,  quality of 
implementation of the rules of operation and maintenance 
of machines, quality and availability of technical means of 

is quite high, since in most cases a direct measurement of the 
controlled physical quantity is performed.

Diagnostic methods based on parameters of related 
processes make it possible to determine indirectly the same 
parameters of the work processes, as well as structural 
parameters of parts and interfaces, if they cannot be 
directly measured or if their measurement is useless. In 
this case, the processes’ indicators generated by the work 
processes, are measured. Among these processes are 
vibration and noise, heating or cooling. This also includes 
the diagnostic methods for analyzing the fuel contamination 
by wear products and gas analysis. The accuracy of this 
measurement of the state parameters is lower than when 
diagnosing with use of the work process parameters [12-13].

Diagnostic methods, based on the structural 
parameters, allow determining the wear of parts and gaps 
in their interfaces and values of the adjustment parameters, 
by means of direct measurements. Among the parts subject 
to wear can be precision parts, regulator parts, the housing 
of the high-pressure fuel pump, camshaft, injection timing 
coupling, etc.  These methods are based on measurement 
of parts relative motion or geometric dimensions of a part.

According to the physical process used, diagnostic 
methods are divided into vibro-acoustic, spectrographic, 
magneto-electric, thermal, hydraulic, gas-analytical and 
kinematic and some others.

Table 1 Classification of methods for diagnosing the battery fuel-delivery systems

classification parameters diagnostic methods 

diagnosing tasks
functionality test
tests for proper operation
search for defects

character of parameter measurement
direct
indirect

diagnostics conditions
field
service station
motorless

use of diagnostic facilities
organoleptic
instrumental

the mode of operation of the object
in steady state
on non-steady state
in static-dynamic mode

diagnostic parameters
work process-related parameters
parameters of related processes
structural parameters

the frequency of diagnosing
routine
required
continuous

by the degree of disassembly of the device under test
disassembly diagnostics
unassembled

the physical process being used

vibro-acoustic
magneto electric
spectrographic;
thermal
hydraulic
gas analytical
kinematic;
other
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A brief review and analysis of the problem showed that 
a certain scientific and technical basis has been created 
for ensuring reliability and evaluating the quality of fuel 
equipment while in operation. At the same time, existing 
technologies and methods for diagnosing, monitoring and 
evaluating the technical condition of electrically-controlled 
elements of modern fuel-delivery systems do not take due 
account of their performance features.

Improving the reliability and reducing the complexity 
of diagnostic work can be achieved by developing 
automated tools capable to digitize data obtained by 
direct determination. The data are then processed using 
a mathematical apparatus ensuring diagnosis that is more 
accurate by increasing the number of compared parameters 
while the number of sensors is constant.

The study aims at analyzing the injector work process 
to define the influence of its various design parameters 
on performance, conducting theoretical and experimental 
studies of an effect of the injector structural parameters 
on diagnostic parameters, developing an effective way 
of injector diagnosing to estimate the injector working 
parameters and predict its residual resource based on 
scientific research. 

2	 Material	and	Methods

2.1	 Mathematical	model

The information model of the diesel injector operation 
should be presented in the form of a multi-parameter 
system (Figure 1).

To analyze the injector operation, A, B, C correction 
factors are considered. They are determined by structural 
and diagnostic parameters. In this case, in the system 
under consideration, input A (a

1
, a

2
, … , a

n
) is unmanaged. 

Components of vector A should include: natural and climatic 
conditions, air humidity, environmental temperature 
fluctuations, fuel quality, etc. Components of the input B 
vector (b

1
, b

2
, … , b

m
) are corrective and change during 

operation. They are the spring force, the value of moving 
elements displacement, the hydraulic density of precision 

service and technical documentation, etc. Because of this, 
the control over the technical parameters conditions can 
be considered as a way and method of influencing these 
indicators of the work quality and reliability of the node 
during its service life.

By the control over the technical conditions of the 
fuel equipment elements, as well as injectors, warning 
failures, manipulations aimed at restoring nominal values 
and maintaining all the parameters within the tolerance 
of the operational state should be meant. Thus, a diesel 
injector can be considered as an object that is affected 
by various operational factors and has certain patterns of 
changes in technical conditions.

Effective methods implemented in various automated 
installations, diagnostic devices and testers cannot be 
applied in practice without preliminary measures to improve 
suitability of both diagnostic tools and diesel engine and its 
fuel-delivery systems. Improving the suitability of fuel-
delivery systems to basic diagnostic tools allows reducing 
the number of adapter units, to make sensors installation on 
the object easier and to increase efficiency of diagnostics 
[20-22].

In general, it should be noted that these devices and 
diagnostic tools make it possible to evaluate only one 
delivery line for one inspection cycle. They neither provide 
specific data on the resource and the probable defect, nor 
indicate a specific defect. They do not provide a full picture 
of many diagnostic parameters. As a result, it is difficult 
to analyze the information received when diagnosing an 
element of the fuel-delivery systems. Thus, it is necessary 
to develop modern diagnostic tools and their software, i.e. 
electronic automated systems.

Electronic automated systems create conditions that 
allow solving problems of diagnostics on a fundamentally 
new industrial basis. It means that nearly all the operations 
of technical diagnostics will be performed by electronic 
installation blocks. The end result on the composition of the 
object will inform of the object quality class by means of such 
words as “fit” “unfit”, “normal”, “less than normal”, “more 
than normal” etc. At the same time, the diagnostics process 
can be carried out continuously according to a preset optimal 
program in a particular logical sequence [4, 23-24].

Figure 1 Information model of injector operation
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operation is compensated by the influence of C control 
factors. If this is not sufficient, the system can return to 
normal operation both by changing B corrective factors and 
by performing repair or adjustment actions. 

2.2		Operation	analysis

The tolerance values of the structural and diagnostic 
injector parameters were accepted as the operation 
estimators of the system under consideration. 

In this paper, the object of research is a BOSCH 
injector of the battery fuel-delivery system. This injector 
was completely demounted in order to analyze its working 
surfaces, the principle of its operation and the purpose of 
its each part. For example, a ball lock valve controls the 
pilot piston movement. When the lock valve is closed, the 
fuel pressure in the over-plunger cavity affects the upper 
surface of the pilot piston, which makes it move towards 
the closed atomizer. When the valve opens, the pressure 
in the over-plunger cavity drops and the fuel is dumped. 
When the fuel pressure in the cavity under the needle 
increases, the spray needle and the pilot piston are lifted. 
The working surface of the lock ball valve is the “cone seat 
- ball” coupling surface, which is determined by the state 
of the seat and ensures that high pressure is maintained 

parts, etc. Among control factors of the model are such 
components of the C vector (b

1
, b

2
, …, b

k
) as pulse frequency 

and duration, ramp fuel pressure, etc. [1, 4, 14].
The value of the output Q vector depends on the state 

of the input parameters according to a certain pattern: 

Q = F {A, B, C}, (1)

where F is a conversion operator for the three vector 
arguments that defines the system’s optimization criterion.

If the actual generalized estimator of the injector state 
quality Q

f
 and the set of its estimators q

fi
 are less than or 

equal to its tolerance values 
Qtol

 and q
i tol

, respectively, then it 
can be considered that the injector functions in accordance 
with the established requirements and is in good technical 
condition. 

Criteria for the normal functioning of the system can 
be defined as follows:

q
fi
 ≤ [ q 

i tol
]; Q

f
 ≤ [ Q

tol
]. (2)

To improve the quality of diagnostics, injector 
operation parameters, determined by diagnostics, must 
contain quantitative characteristics that can be evaluated 
within the tolerance values. Any deviation of the system 
parameters from the acceptable values that occurs during 

Figure 2 Structural and diagnostic (bold type) parameters of the diesel engine injector
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which is adjusted using washers. Diagnostic parameters 
are those that can be measured without disassembling the 
injector. For example, injection rate can be determined 
using a stand flow meter. A clamp meter is used to measure 
the current strength of the driving pulse [13, 25-26].

To improve efficiency of the repair work, methods 
for assessing the state of each structural parameter were 
determined. For example, they can be determined directly 
on the engine (V), on stands (X) or by disassembling 
(O), respectively. At the same time the need to dismantle 
and install the injector (W), as well as the possibility of 
abandoning these operations were considered (T). Each of 

in the over-plunger cavity. The amount of fuel needed for 
control is also determined by the lock valve range, which is 
adjusted by changing the thickness of the washers installed 
between the valve-stem guide housings and the tapered 
seat. Other parts were reviewed in a similar way. A detailed 
analysis of a BOSCH injector design allowed describing 21 
structural and 6 diagnostic parameters (Figure 2).

Parameters that change spontaneously during the 
operation, or are corrected using adjustments during the 
maintenance, were taken as structural parameters. For 
example, the spray needle hydro-density is reduced due to 
wear, or the gap between the anchor and the electromagnet, 

Figure 3 Mutual effects of diagnostic and structural parameters

                

Figure 4 General view of the experimental injector (a) and sensors location on the nozzle (b): 1, 2, 3 - pressure sensors at the inlet, 
under the needle sensors and the beginning of injection sensors, respectively; 4, 5, 6 - measurement of the cyclic supply, leaks on the 

sealing washers, the fuel consumption for control; 7 - the injector
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the injector (Figure 4). A distinctive feature of this injector 
is its ability to determine the moment of injection start, 
measure the pressure under the injector needle and leaks 
on the sealing washers of the nozzle body, regardless of the 
fuel consumption for control.

As an example, some of the numerous dependencies 
obtained are shown. 

Dependence of the value of cyclic injection and fuel 
consumed for control on the force of the anchor spring is 
shown in Figure 5. Analyzing the graph of dependence of 
the GC fuel cyclic injection and the fuel consumption, for 
the Qcontr control from the spray spring force, one can 
say that when the starting torque of the injector nozzle 
needle increases, the cyclic injection decreases and in 
some modes, there is a complete stop of the GC fuel supply. 
This is due to an increase in the load acting on the spray 
needle, which in some modes exceeds the force from the 
pressure in the fuel system. Thus, the spray needle does 
not open the spray holes. The most informative modes for 
this structural parameter are the cyclic injection at medium 
loads and the fuel consumption for control at maximum 

the structural parameters can be changed by replacing (A), 
restoring (B), or adjusting parts (C).

In order to determine the effect of changes in each 
structural parameter on changes in diagnostic parameters, 
an additional analysis was performed. During this analysis, 
the processes occurring inside the injector was studied. The 
analysis showed that the parameters have mutual influence 
according to diagram in Figure 3.

2.3		Experimental	studies

The next stage of scientific work consisted of 
experimental studies of changes in all the diagnostic 
parameters under the influence of one of the structural 
parameters. Non-motor tests were carried out in accordance 
with ISO 9002 test plans using a specialized EPS 815 diesel-
fuel equipment stand, used for adjusting and testing and 
a Bosch KMA 802 electronic measuring system with a CRI 
retrofit kit used for the Common Rail injectors testing. For 
experimental studies, some changes were made to design of 

Figure 5 Dependence of the cyclic fuel injection g
c 
in mm3 / cycle (a) and fuel consumption for control Q

contr
 in mm3/cycle  

(b) on the anchor spring force in different modes

Figure 6 Change of pressure in the sub needle space in one cycle depending on the half angle of the cone α:  
k - α = 30°; l - α = 40°; m - α = 55°; n - α = 60°; o - α = 70°
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modes of fuel supply systems, were made. The graph 
shows one of the many graphs obtained when changing the 
structural parameters of the injectors (Figure 6).

Analysis of the average injection characteristics for 
different values of the half-angle of the valve seat cone 
showed that when the angle of the valve seat of the 
cone increases, the characteristic first improves, but after  

torque. Graphs show that the force of the anchor spring has 
a pronounced effect on the fuel consumption for control. 
This is influenced by an increase in the force on the ball 
valve bases and consequently on the reaction to the fuel 
pressure in the over-plunger cavity.

To clarify the scientific research, measurements of the 
pressure values in the injector cavities, at different operating 

Figure 7 Determining the injection delay parameter from the moment the control pulse is applied:  
I - current strength; p

overpl
 - pressure in the over-plunger cavity; p

inp
 - pressure at the nipple;  

p
inj

 - fuel injection pressure; p
subneedle

 - pressure in the sprayer

Table 2 Changes in the EGF diagnostic parameters when the structural parameters in the nominal mode are changed 

structural parameter
diagnostic parameter

Q
contr

I
em

Δt g
c

t
inj

P
inp

the force of the sprayer spring - - - . . -

hydraulic density of the sprayer  - -  ¯ ¯  - ¯

effective passage area of the sprayer . - . - - .

sealability of the closing cone of the sprayer - - - . - -

anchor travel - - . - - -

air gap - - - - - -

effective passage area of the gap filter - - - - - .

angle of the valve seat cone  - . - . - -

ball diameter . . - . - -

length of the fuel introducing channel - - - - - -

hydraulic density at the front surface of the sprayer - - . . . .

nozzle needle travel - - - - - .

drain pressure - - - . . -

condition of electronic parts - - - . - -

force of the anchor spring . - - . . -

diameter of the spraying nozzle in the over-piston space - - - . . ¯

hydraulic density of the piston . - . . . -

leaks on the sealing washer - - - . . .

volume of over-plunger space - - - - ¯  -
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modes of the diesel engine (nominal, start-up, maximum 
torque and idling). If value of the diagnostic parameter 
does not exceed the allowed deviations, then a particular 
diagnostic parameter in this mode is not informative in 
relation to a particular structural parameter, then the 
“- ” sign is written. If the value is higher than the allowed 
value and this is due to an increase in the structural 
parameter, then the sign “ - ” is written in the Table 2 (direct 
dependence), if it is lower than the allowed value, then 
the sign “ . ” is used (inverse dependence). If the value 
exceeds the limit, which is caused by an increase in the 
structural parameter then the sign is written in the Table 
3. If the dependence is reversed, then the .  sign is used [4,  
12-13, 25].

As a result, for the first time, fault Tables 2-3 
with corrected structural parameters in the course of 
experimental studies were obtained. Table 4 allows 
analyzing the state of the injector for different operating 
modes. 

The full cycle of diagnostics is performed by determining 
diagnostic indicators for the three main modes of injector 
operation, which can be completed on the engine and on 
specialized stands. Experimental studies have shown that 
use of the full volume injector tests for diagnosis of certain 
defects may be excessive. During the data processing from 
initial tests, after obtaining a guaranteed conclusion about 
the state of the diesel injector, the diagnosis process may be 
completed ahead of time.

α = 55° it decreases again. The critical value for this 
structural parameter is α > 65°, since it is at this value that 
the fuel supply parameter leaves the tolerance zone. This is 
due to a decrease in fuel consumption through the shut-off 
valve, since its effective flow section reduces together with 
the flow capacity of the valve, which leads to a delay in 
lifting the control plunger and, accordingly, a delay in the 
start of fuel injection.

When performing experiments and processing 
results, a new diagnostic parameter “injection delay Δt” 
was introduced that characterizes the period from the 
start of the pulse to the start of injection. This period 
depends on the speed of the processes in the injector and 
directly characterizes the state of some of its elements. 
The retardation value depends mainly on the mobility of 
the elements (hanging, jamming) and the channels and 
valve transport capacity (Figure 7). A new concept of 
injection delay is introduced to obtain the updated data for 
diagnosing injectors. It depends on the speed of the injector 
elements. This diagnostic parameter shows the condition of 
the holes and the mobility of the elements.

3	 Results	and	discussion

The data obtained made it possible to conduct 
a complete analysis of influence of each diagnostic 
parameter on the structural change in different operating 

Table 3 Influence of the injector structural parameters exceeding the limits on the injector diagnostic parameters  

(idle mode) 

structural parameter
diagnostic parameter

Q
contr

I
em

Δt g
c

t
inj

P
inp

the force of the sprayer spring - - - . . -

hydraulic density of the sprayer  - - . . - .

effective passage area of the sprayer . - . - - -

sealability of the closing cone of the sprayer - - - . - -

anchor travel - - - - - -

air gap - - - - - -

effective passage area of the gap filter - - - - - -

angle of the valve seat cone - . - . - -

ball diameter . . - . - -

length of the fuel introducing channel - - - - - -

hydraulic density at the front surface of the sprayer - - . . . .

nozzle needle travel - - - -  -

drain pressure - - - . . -

condition of electronic parts - - - . - -

force of the anchor spring . - - . . .

diameter of the spraying nozzle in the over-piston space - - - . . -

hydraulic density of the piston . - - . . -

leaks on the sealing washer - - - . . .

volume of over-plunger space - - - - . -
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Currently various stands for testing injectors of the 
battery fuel injection systems are being developed. These 
stands assess the quality of their operation using only 
a few parameters: cyclic injection, fuel consumed for 
control, sometimes injection quality [1, 5, 8-9, 11, 17, 24, 28]. 
These technological recommendations are provided by the 
manufacturers. However, this method of diagnosis only gives 
two test results - a “working” and a “non-working” injector. 
This diagnostics is sufficient for employees of specialized 
services, but it increases the detection of a specific injector 
fault and working hours for troubleshooting. Reduction in 
the cost of operations is due to an accurate diagnosis of the 
injector condition, which in turn reduces the time spent on 
its repair.

4	 Conclusions

As a part of the study, the injector’s work process 
was examined and theoretically described, taking account 
wear of parts during its operation. Based on this, the 
classical hydrodynamic calculation process of fuel 
injection was refined. The resulting mathematical model 
of injector’s operation allowed calculating the permitted 
deviations of specific structural parameters of the injector 
and determining the test modes in which this effect is 
most pronounced. Because of a comprehensive analysis 
of the design and work process of the BOSCH injector, 

Based on results of Tables 2-4, a specific injector fault 
can be pointed out. In other words, when the diagnostic 
parameter exceeds the limit in one direction or another, 
a structural parameter that has gone out of the permissible 
deviation limit from the set value and requires adjustment 
or replacement can be identified. For example, an increase 
in fuel consumption for control may be caused by wear on 
the seat of the ball valve or by a decrease in the anchor 
spring force. 

In this study, a well-known method for diagnosing 
elements of diesel fuel equipment was applied.  
This method is used by manufacturers for their products 
and it represents a common hydrodynamic calculation 
of fuel injection systems [25-34]. A distinctive feature  
of this method compared to traditional methods is addition 
of a detailed analysis of the closing valve of the injector  
into theoretical studies. This made it possible to obtain 
more accurate tolerance values for the structural 
parameters of the injector, which allowed preserving 
its performance, as well as the diesel engine working 
capacity as a whole. Implementation of the obtained data 
into the standard software of diagnostic stands of fuel  
equipment will increase efficiency of the injectors 
diagnostics and will provide a more accurate  
diagnosis of state of its elements. As mentioned  
above, this method of research can be applied  
to other units of the engine and fuel system of various 
manufacturers.

Table 4 Influence of the injector structural parameters exceeding the limits on the injector diagnostic parameters (start 

mode) 

structural parameter
diagnostic parameter

Q
contr

I
em

Δt g
c

t
inj

P
inp

the force of the sprayer spring - - - . . -

hydraulic density of the sprayer - - . . - -

effective passage area of the sprayer . - . - - -

sealability of the closing cone of the sprayer - - - . - -

anchor travel - - . - - -

air gap - - - - - -

effective passage area of the gap filter - - - - - -

angle of the valve seat cone - . - . - -

ball diameter . . - . - -

length of the fuel introducing channel - - - - - -

hydraulic density at the front surface of the sprayer - - . . . .

nozzle needle travel - - - - - -

drain pressure - - - . . .

condition of electronic parts - - - . - -

force of the anchor spring . - - . . -

diameter of the spraying nozzle in the over-piston space  - - . . . .

hydraulic density of the piston . - . . . .

leaks on the sealing washer - - - . . .

volume of over-plunger space - - - - . -
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injector operation, which reduces the complexity of repair 
of the resistant temperature device, but also to predict the 
remaining injector life, to prevent possible failures and 
downtime of equipment during the hard agricultural work.  

The resulting method of diagnostics makes it possible 
to carry out tests for the malfunctions of individual 
units of the fuel-delivery systems and injectors of other 
manufacturers such as Denso and Delphi. For the first time, 
the permitted deviations of structural parameters for the 
BOSCH injector were obtained. All of the tolerance values 
of the injector’s structural parameters are noticeable, and 
the test mode in which its influence is most observed is 
determined for each of them.

20 structural and 6 diagnostic parameters were identified. 
By studying these parameters, Tables 2-4 of faults for 
different modes of operation of the diesel engine (nominal, 
start, idling) were made, which also contains justification 
of the conditions for ensuring the injector operability by 
adjusting, restoring or replacing any part. 

Experimental studies have corrected and confirmed 
values of allowed deviations of structural parameters and 
revealed their relationship with diagnostic parameters. 
Using the obtained results, made it possible to identify 
a specific faulty element based on data obtained during the 
random diagnostics of the injector. Results allow not only 
to identify a specific faulty element in the case of the bad 
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Resume
To calculate the stress-deformed state of road-tanker metal structures during the 
liquid cargo transportation, the solution for bending axially and symmetrically 
loaded circular plates is proposed, which is based on the theory of elasticity 
approach.  Dependencies for calculating stresses and displacements under 
arbitrary load law and support type are substantiated. Deformation of the 
support under the action of axisymmetric loading leads to appearance of  
a temperature field.
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failure and weight loss, intensifies joint wear, changes in 
the surface roughness of parts, reduces fatigue strength, 
causing various cracks and metal breaks. As a result, the 
reliability, efficiency and resource of the machines and 
their components are reduced; the cost of repair and the 
elimination of the consequences of failures increase. The 
service life of parts often reduces in practice up to 50% 
due to fatigue fractures. According to analysis of fractures 
of parts, knots and details of thin sheet steel, the inner 
surfaces of containers for toxic chemicals are destroyed 
most quickly [9-17]. Therefore, during the operation of 
vehicles, especially when transporting the liquid cargo, the 
random complex combinations of different power factors 
affects the tank and elements of the bearing systems. This 
fact is stipulated by the random nature of the sources of 
disturbances (transport modes, inequalities of the road, 
geometry, etc.). 

Based on the research results of metal structures of 
tanks (including their supports) for transporting the liquid 
cargoes, the following tasks can be solved: 
• estimation of the stress strain state of metal structures 

(in particular tanks and their supports during the 
transportation of the liquid cargoes) in order to identify 
and improve the maximum loaded elements to reduce 
the metal structure; 

1	 Introduction	and	literature	review

According to analysis of operation conditions of 
vehicles for transporting the liquid cargoes, the dynamic 
loads and influence of external environment, in particular 
temperature and precipitation, are the main factors that 
cause destruction of assembly units (load-bearing systems 
and tanks of vehicles), their parts (supports of tanks, 
etc.), as well as connections [1-7]. This fact contributes 
to formation of wet films on surfaces of vehicles, with 
regard to condition of surfaces: coating, roughness, 
hardness etc. The constant impact of combinations of 
these factors causes damage with subsequent destruction, 
the most characteristic of which are [8-17]: fatigue damage, 
atmospheric corrosion, corrosion-mechanical wear, 
corrosion fatigue, corrosion cracking, fretting - corrosion. 
The study of the vehicles’ condition after 1-3 years of 
operation makes it possible to conclude: more than 70-80% 
of constituent units and machine parts are subjected to 
corrosion in one way or another, [1-17]. Therefore, the 
corrosion damage and fatigue fracture are objective and 
logical results of influence of the environment, dynamic 
loads and thermodynamically unstable metal materials 
of the vehicles’ parts. The fatigue damage to metal 
structures, as well as the corrosive one, causes vehicle 
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In Equations (1) and (2), the index after the comma 
denotes the partial derivative with respect to the 
corresponding coordinate: r or z; u

1
 and u

3 
are components 

of radial and axial movements, respectively; uT  - Laplace 
operator for movements ,u i 1 3i =^ h ; 11v , 12v , 13v  - 
respectively, the components of radial, circumferential, 
axial and tangential stresses; 33v  is explained in Equation 
(6).

The Hooke’s law [19] determines the stress components

,
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based on the well-known dependencies between 
deformations and movements:

 
; ; ; ,e u e r u e u e u u1 2, , , ,11 1 1 22 1 33 3 1 13 1 3 3 1= = = = +  (4)

where ijd  - Kronecker delta symbol; a  and v  - respectively, 
coefficients of linear thermal expansion and Poisson’s 
ratio; e e e e11 22 33= + +  - volumetric expansion; 
G

v
E

2 1
=

+^ h  - shear module; E - modulus of elasticity.

To solve the system of equilibrium Equations (1), the 
equation of thermal conductivity should be considered [19]:

W1 0Ti
m

+ = , (5)

where W - amount of heat that is released or absorbed 

per unit of the body volume during the deformation; m  - 

thermal conductivity; , , ,r
1

11 11 33Ti i i i= + + .

To solve the problem of bending the round plates under 
the action of an arbitrary axisymmetric intensity load P r^ h , 
the normal axial stress 33v  should be determined. Therefore, 
the method based on translational approximations should 
be applied. Thus, after the transformations, we obtain:

P r
h
z zh h12
6 8 2433 3

3 2 3

v =- - -^ bh l . (6)

Equation (6) meet conditions:

P r33v =- ^ h , if z h
2=-  and 033v = , 

where z h
2

2

=- , (7)

where h - the thickness of the round plate.

• distribution of stresses in the maximum loaded cross 
sections of elements to predict the reliability of 
vehicles. 

Deformation of the solid elastic medium is not 
always purely a mechanical phenomenon. Nearly every 
deformation is accompanied by thermal effects and 
therefore an attempt to describe the behavior of the 
environment, ignoring the thermo-mechanical interaction 
within the environment, is not always feasible. Temperature 
change in the body can occur as a result of a deformation 
process, as well as for extraneous reasons. External load 
(surface, volume) causes the body deformation and at 
the same time causes the change of the temperature field 
in it. The change in temperature is θ = T -  t

0
, where T 

is the absolute temperature points of the body, t
0
 is the 

temperature of the unstressed body. Therefore, during 
the deformation the temperature changes of the points 
of the body and can lead to the absorption or release of 
heat by elastic uninsulated body and its interaction with 
the environment. The deformation process is very slow, 
i.e., it is thermodynamically reversible. The temperature 
change θ is very small and does not cause changes in 
existing physical and mechanical characteristics of the 
material body. Its accounting allows to accurately solve 
the equation of elasticity for bending of round plates 
under the action of forces normally applied according 
to arbitrary loading law with any type of section, which 
previously was impossible to do.

2	 Methodology

The exact solution of equations of the theory of elasticity 
in the closed form for round plates with axisymmetric 
loading is possible only taking into account the temperature 
change, which appears at deformation from action of 
normally added forces. The magnitude of the temperature 
change is very small (≈ 2÷3 K), but its consideration makes 
it possible to accurately solve the problem of the theory 
of elasticity for bodies of rotation with axisymmetric 
deformation without any simplified hypotheses, except for 
the general linear theory of elasticity. There is no need to 
use different approximate numerical methods of solution, 
such as FEM.

Therefore, in order to solve these problems with 
maximum accuracy, it is advisable to apply the provisions 
of the theory of elasticity, which will provide adequate 
simulation of stresses and displacements under arbitrary 
loads and types of supports.

The exact solution of elasticity problem is known 
[18] to be available only for the case of a solid round plate 
loaded with a uniformly distributed pressure of constant 
intensity. Thus, the form of loading is assumed arbitrary, as 
well as the type of plate resistance.

Differential equilibrium equations in a cylindrical 
coordinate system are deduced [18]:
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The stress 33v  in Equation (6), which satisfies Equation 
(7), is compared to stress 33v  in Equation (13). After 
transformations, the differential equation for determining 
the function ,r z}^ h  is developed:

r E
v
h
z zh h rP r1 12
6 8 24, ,1 1 3

3 2 3

} = - - +^ b ^h l h . (14)

Integrating Equation (14) with respect to r in the range 
from a

1
 to r, the formula is deduced:
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where f z1 ^ h  - arbitrary integration function; a
1
 - radius of 

the central hole of the plate.
For the case, if there is no hole in the metal plate 

under study (a
1
 = 0), then, f z1 ^ h  is equal to zero for finite 

movements u r^ h . Therefore, Equation (15) is integrated 
with respect to r in the range from a

1
 to r, resulting in:
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where f z2 ^ h  - arbitrary integration function.
To rationally simplify calculations, a solid plate 
;a f z0 01 1= =^ h6 @  should be considered. Then:

.

E
v
h
z zh h

r rP r drdr f z

1 12
6 8 24

1

,r z

rr

3

3 2 3

0

2

0

#

#

} = - - +

+^

b

^

^

h h

lh

##
 (17)

Differentiating Equation (17) with respect to r and z:

E
v
h
z h

r rP r dr1 12
6 8

1
,r z

r

3

3 2

0

} = - -b ^^ l hh #  (18)

and substituting ,13} into Equation (13), one obtains:

h
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The boundary conditions for Equation (19) are satisfied 
integrally at the edge of the round plate. Therefore, to meet 
the boundary conditions providing, r = a, the stress 13v  
at the edge of the plate should be reduced to the support 
reaction:

3	 Results	and	discussion

Based on Equation (6), the problem of bending the 
plate is further solved applying the function ,r zz^ h . To solve 
this problem accurately, a polytrophic thermodynamic 
process (neither isothermal nor adiabatic) is studied. The 
function ,r z}^ h  is related to the thermoelastic movement 
potential by the formula [19]:

,x
v r z1

1
,r zz }= -

+ ^^ hh . (8)

For this case, the movement is defined:
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The volumetric expansion e is derived from Equation 
(4), with taking into account Equation (9):
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Substituting Equations (9) and (10) into the system of 
Equations (1), one obtains:
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Integrating Equation (11) the first equation with respect 
to r and the second equation with respect to z, the formula 
for definition of a temperature variable is deduced:

2 Ti }= . (12)

Based on the Hooke’s law [20], the elasticity is found. 
The temperature change i  is derived from Equation (12).

Then:
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To solve the elasticity theory equations, the movement 
function ,r z}^ h  should be chosen in such a way as to 
satisfy the boundary conditions for a specific problem.

Thus, the curvature of the round plates in the exact 
formulation of the problem from the standpoint of the 
theory of elasticity is considered below. The given plates 
are loaded symmetrically with respect to the axis of 
rotation z by forces P(r) applied perpendicular; forms of 
loading and types of supports are arbitrary.
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where A
i
 - arbitrary integration constants.

Based on Equation (23), the formula is developed:
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 (24)

Equations (23) and (24) are exact solutions of 
equilibrium Equations (1) and (2); after substitution, 
Equations (1) and (2) are transformed into identities. The 
function ,r z}^ h  must satisfy Equation (12). Based on this 
equation, the temperature variable ,r zi^ h , occurred due to 
the action of external loads, could be determined, as well as 
the dependence ,r z}^ h  on the boundary conditions.

To illustrate the elastic and thermodynamic reflexivity 
of the above-considered problems of the theory of elasticity 
for axisymmetric deformation of plates, the solution should 
be simplified by assuming that P r P const0= =^ h  (see 
Figure 1).

Then, for the movement in Equation (17) one gets:

,
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1 12
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+
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l
 (25)

while for stresses in Equation (19) is obtained:

h
P z h r3

413 3 0
3

2

v = -b l . (26)
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Thus, the stresses in Equation (19) satisfy the boundary 

conditions on the planes z h
2!= integrally at the edge of 

the surface.
Substituting Equation (17) into Equation (13) for the 

normal radial stress 11v  and deriving the function f z2 ^ h  
from the boundary conditions 011v = , providing r a= , 
 one obtains:
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For the stress 22v  in Equations (13):
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The obtained stresses satisfy the equilibrium Equation (2) 

and the boundary conditions: P r33v =- ^ h  if z h
2=- ; 

033v =  where z h
2= ; 013v =  where z h

2!= ; and 

integrally on the edge of the plate: 011v =  where r = a.
The plate support conditions make it possible to 

determine the exact values of movements by Equation (8) 
using Equation (17).

Movements u
1
 and u

2
:

     
                                         a              b

Figure 1 a - tank of a vehicle for transporting the liquid cargoes; b - schematization of the tank element,  
solid round plate with an arbitrary type of support, loaded P(r)

x
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Based on Equations (25) and (29), follows:
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where C
2
 - arbitrary integration constant.

The temperature variable ,r zi^ h  occurred due to 
the action of external loads P

0
 in the plate under study is 

developed

r
1

, , ,11 1 33Tai } } }= + + . (35)

Substituting Equation (34) into Equation (35), one 
obtains:

,
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h h

h: D
 (36)

External surface and volume loads cause the body 
deformation and the occurrence of temperature changes 
in it [20]. Temperature change is T T0i= - , where 
T - the absolute temperature of the body point; T

0
 - the 

temperature of the unstressed body when t = 0.
Therefore, during the deformation, temperature of 

an arbitrary point of the body changes. As a result, an 
elastic uninsulated body absorbs or releases heat during 
its interaction with the environment [21]. This temperature 
change of the bent round plate is determined by the 
dependence in Equation (36).

Providing that the load P
0
 = 0 is reset, voltage in 

Equation (33) and temperature change in Equation (36) 
disappear. Then, the plate acquires the initial unstressed 
and undeformed state. The deformation process is very 
slow, i.e. it is thermodynamically reversible [22].

The deformation of the plate and the temperature 

change in it under external load are under study. Substituting 

z h
2=-  into Equation (32), the dependence describing 

the compression ratio of the upper layers of the plate in the 

given direction is developed:

u r h
E
V h P2

1
64
3 03 1 0 2- = +b l . (37)

The magnitude of the support reaction at the edge of 
the plate:

A a P2 0=- . (27)

Radial stresses in Equation (21) and circular stresses in 
Equation (22) coincide:

h
z P a r3

11 22 3 0
2 2v v= = -^ h . (28)

For the function f z2 ^ h one obtains:
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^ bh l
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where C
1
 and C

2
 - arbitrary integration constants.

Based on Equation (9), the displacements are found:
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. (30)

The radial movement in Equation (30) affects the 
resistance of the plate in such a way that it allows the 
movement of the plate in the direction of the vertical axis 
(Figure 1).

The normal movement in Equation (31) allows fixing 
the points of the plate edges in different ways to prevent 
their vertical displacement.

As an example, the hinge fixing of the plate contour 
points, in the middle plane, could be considered, ;u 03 =

;r a z 0= = . Satisfying these boundary conditions for 
movement in Equation (30) and an arbitrary integration 
constant C

1
, the formula is deduced:

V
V C E
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h
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2 2

-
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After substitution Equation (31) into Equation (30), 
one obtains:
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The stresses corresponding to movements in Equations 
(28) and (32) are developed:
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The heat released:

W E
V
h
P

1 9 0>2 0m a=
-^ h

. (42)

For the stretched area due to the bending z h
2= .

The heat absorbed:

W E
V
h
P

1 9 0<2 0m a=-
-^ h

. (43)

As a result, due to the thermal conductivity, a heat 
flow occurs, due to bending, from the compressed to the 
stretched area.

4	 Conclusion

In the analytical calculations of the stress 
strain state of metal structures of vehicles for the 
transportation of the bulk cargo, the theory of elasticity 
approach should be applied. The problem solution for 
the case of bending of the axisymmetrically loaded 
round plates is presented. Analytical dependences 
for calculation of stresses and movements in metal 
plates at arbitrary forms of loading and types of 
supports are substantiated. The obtained solutions 
prove that the action of external forces leads to the 
temperature change and heat flow occurrence due to 
the deformation of the bent tank metal structure.

Deformation and change in the temperature fields 
in the plate due to the external axisymmetric loading 
were considered first. The results indicate that the 
temperature of the compressed zone of the bent 
plate will be slightly above the temperature of the 
stretched zone, that is, the compressed area generates 
heat (T > t

0
), while the stretched area absorbs it  

(T < t
0
) and there is the heat exchange with the 

external environment. 

For the case of a lower surface of the plate where 

z h
2=+ :

u r h E
V h P2

1
64
3 03 1 0 1=- +b l . (38)

Resulting in a stretching area. 
Based on Equation (32), for the compressed section of 

the plate, the temperature change is deduced as:
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while for the stretched, area due to the bending, it is:
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Therefore, the temperature of the compressed area 
will be slightly higher than the temperature of the stretched 
area. In other words, the compressed zone releases heat
T T> 0^ h  and the stretched zone absorbs it T T< 0^ h , 

i.e. there is a heat exchange of the plate with the external 
environment. K. Zener [23] developed a similar theory; it 
was experimentally confirmed for a thin plate with bending 
deformations.

Substituting the temperature variable in Equation (36), 
which appears when the round plate is bent under the 
action of a uniformly distributed load of constant intensity, 
into Equation (5), the power of the heat flow in the sections 
of the plate is found.

W E
V

h
z P

1 18
3 0Tm i m a=- =-

-^ h
. (41)

For the case of a compressed section of the plate, 

where z h
2=- .
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Resume
While performing the research of the vehicles operating characteristics in real 
operating conditions, a question of creation or correction of a movement driving 
cycle always appears. An absence of a mathematical model rather complicates 
the research process and makes a quick correction of movement conditions 
impossible. To solve the given problem, it was proposed to model a driving cycle 
using the Bezier curves. As a result of this research, it is stated that the most 
advantageous is to use the Bezier curves of the second and third degrees. During 
the analysis of results of driving cycles modeling and their comparison to the 
standardized and real movement cycles, a satisfactory coincidence of results 
was obtained. The conducted thematic research confirms the previous results, 
directed to creation of a universal dynamic model of a vehicle's driving cycle.
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according to driving cycles, testify to a great interest of 
scientists for solving the given problem. In the research work 
[2], the authors have investigated multi-factors model of 
movement and have made the corresponding experimental 
research with the aim to minimize the electric energy 
consumption, taking into account the concrete vehicles 
operating conditions. A driving cycle for a passenger car in 
Mashhad city, Iran, compared to the standard driving cycles 
in Europe and America, showed a significant distinction 
about the speed of movement [3]. 

A great number of the driving cycles, offered in 
literature, are corrected to the concrete operating conditions 
and do not allow to adapt them to the other conditions or 
to change the cycle parameters [4-10]. Besides a problem 
of creating a driving cycle for the concrete operating 
conditions and the movement modes, also appears a 
problem of changeability of a driving cycle in the same 
locality depending on the time of day [11]. 

The authors in a research work [12] have investigated 
different driving cycles that are used to find a consumption 
of fuel, electric energy and the levels of the vehicles 
exhaust gases emissions. All the investigated driving cycles 
have significant differences in time, movement speed and 
movement modes. Along with that, the authors draw 
attention to necessity of matching a driving cycle for 
concrete cities, regions. 

A similar situation also occurs with the driving cycles 
for buses, besides it becomes complicated due to absence 
of a unique standardized cycle with help of which it would 

1	 Introduction

In spite of	 an intensive development of vehicles 
with an electric drive, during their exploitation many 
questions, concerning an electric energy consumption by 
such vehicles in concrete operating conditions, appear. 
The mentioned question is particularly acute during the 
exploitation of commercial transport, namely the buses 
that run the city routes. Very often, there is a problem of 
considerable deviation of an electric energy consumption 
by the same vehicle in different operating conditions. 
Besides, the electric energy consumption, declared by the 
manufacturers, noticed in official documents, is usually 
rather lower than the real one. In addition, these differences 
do not allow unique evaluating of the electric drive vehicles 
exploitation efficiency. Appearance of such arguments 
and non-conformities is associated with the difference 
between the driving cycle applied during the test and the 
real operating conditions. In such a way, a question arises of 
creation of such a driving cycle that could be easily adapted 
to the necessary operating conditions.  Its application 
should allow getting the real figures of electric energy 
consumption and evaluating efficiency of one or another 
vehicle. This problem is rather actual and the researches 
that are proposed to be made within the framework of a 
programme Horizon 2020, give evidence to this [1].

Analysis of the previously conducted researches, 
connected with the research and modeling of a driving 
cycle and concerning the energy consumption by vehicles 
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trajectory [25-26], in the automatized vehicles control 
systems [27-28], modeling and prediction of the route of 
vehicle movement and avoidance of collision for pilotless 
vehicles [29].

3	 Research	results

During the creation of a driving cycle it is advantageous 
and the most optimal to use:
1) for modeling of constant movement sections - linear 

Bezier curves, at n = 1,

, ;B t t P tP t1 0 10 1 != - +^ ^h h 6 @ , (1)

where 
P

0
  - position of the zero point,

P
1  

- position of the finishing point,
t  - the time parameter.

2) for modeling of sections of speed-up and braking;
- quadratic Bezier curves, at n = 2,

, ;B t t P t P tt t P1 0 12 10 1
2 2

2 != - + - +^ ^ ^h h h 6 @ , (2)

where 
P

0
  - position of the zero point,

P
1
  - position of the intermediate point,

P
2
  - position of the finishing point.

 - cubic Bezier curves, at n = 3,

, ; ,

B t t P t t P

t t P t P t

1 3 1

3 1 0 1

3
0

2
1

2
2

3
3 !

= - + - +

+ - +

^
^
^ ^h
h
h h

6 @  (3)

where 
P

0
    - position of the zero point,

P
1 
,P

2
 - position of the intermediate points,

be possible to compare the research results. That is why 
many researches in separate cities and regions in order to 
determine a representative driving cycle were conducted 
[13-15]. A driving cycle is determined as a numeric series 
of speeds and a scheme of movement is reproduced by a 
number of parameters and operation characteristics [16].

2	 Research	methods

A problem of the driving cycles’ creation is being 
solved for a long time. There are four main methods of the 
driving cycles’ creation, namely: microtrip-based, segment-
based, pattern classification and modal cycle construction. 
Each of them has its own advantages and disadvantages 
and discerns by different complexity [17-19]. 

It is a common knowledge that a driving cycle in a 
graphic interpretation is a set of segments that include 
an acceleration of a vehicle, a movement with constant 
speed and braking (deceleration). The researches of real 
driving cycles, previously published [17, 20-24], are based 
on determination of extreme indices of the elementary 
sections of a cycle and of their deviation from standardized 
driving cycles.

A great problem today is still a possibility to build a 
driving cycle according to given data, the main of which can 
be the acceleration of speed-up and braking, the durability 
of every elementary section, the number of sections of 
speed-up, braking, acceleration. Results of analysis of the 
standardized and experimental driving cycles, described 
in literature sources, [20-24] demonstrate that any driving 
cycle can be shown as a set of curves that describe some 
of its section. It was proposed to take the Bezier curves 
as a base for building the driving cycles. The analysis of 
literature sources testifies about an effective usage of 
Bezier curves during the modeling of a vehicle mechanical 
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Figure 1 Driving cycle of urban bus movement, obtained by experiment in Lutsk city (a); speed-up section (b)

Table 1 Equations of Bezier curves and level of validity of their approximation for a real vehicle movement cycle on the 

example of Lutsk city

Bezier curve equation validity level

linear, n = 1 V = 1.3333t - 1.3333 1

quadratic, n = 2 V = -0.0285t2 + 1.821t - 1.7689 1

cubic, n = 3 V = -0.0031t3 + 0.0212t2 + 1.6207t - 1.9949 0.9987

quartic, n = 3 V = -0.0033t4 - 0.1174t3 + 1.3298t2 - 3.5439t + 2.3598 0.9966
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b) The quadratic Bezier curve
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an experimental driving cycle, shown at Figure 1. In Table 1 
are given the appropriate equations and a level of validity of 
their approximation. The corresponding graphs are shown 
at Figures 2 (a) to (d).

In Table 2 there are shown the curves of approximation 
and the levels of validity for a real vehicle movement cycle 
graph on the example of Lutsk city.

To compare the obtained dependences, the appropriate 
calculations were conducted and their results are shown in 
Table 3. In the course of calculations, values of speeds were 
determined according to dependences shown in Tables 1 
and 2. After that, the obtained data were compared to real 
speeds recorded directly during the movement.

The minimum deviation of speed, according to Table 
3, is seen in the course of using the Bezier curves of the 
second and third degrees.

As far as an average acceleration is concerned, another 
indicator of the driving cycle, analogical calculations were 
conducted, as well, for values of average acceleration. 
Results are shown in Table 4.

In Tables 3 and 4 there are some inaccuracies that 
are caused by external influence of the environment and 
by the vehicle’s operating conditions, for example: speed 

P
3 
    - position of the finishing point.

  - quartic Bezier curves, at n = 3,

, ; ,

B t t P t t P t t

P t P tt t P

1 3 1 3 1

0 14 1

3
0

2
1

2

2
3

3
4
4

$

$ !

= - + - + -

+ - +

^ ^
^

^ ^h h
h

h h
6 @ , (4)

where 
P

0
 - position of the zero point,

P
1 
, P

2 
, P

3
- position of the intermediate points,

P
4 
 - position of the finishing point.

A speed-up section, extracted from a driving cycle of 
urban bus movement, obtained by experiment in Lutsk city 
is shown in Figure 1.

While building the driving cycles, a speed is measured 
in m/s, because a change of speed by time is an acceleration. 
It was made with an aim to get the unique results. A vehicle 
speed on the graphs that demonstrate the driving cycles, is 
given in km/h, according to the common rules, including 
standards.

Using the Bezier curves of the first, second, third and 
fourth degrees, made a modeling of the speed-up section for 
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R² = 0,9789
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R² = 0,9966
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d) The quartic Bezier curve

Figure 2 Results of the driving cycle speed-up section modeling

Table 2 Equations of a real driving cycle and a level of validity of their approximation

Bezier curve equation validity level

linear approximation V = 1.482t - 1.8427 0.9478

polynomial curve of second degree V = -0.0466t2 + 2.1338t - 3.4722 0.9581

polynomial curve of third degree V = -0.0123t3 + 0.2107t2 + 0.639t - 1.4138 0.9654

polynomial curve of fourth degree V = -0.0053t4 - 0.1619t3 + 1.5936t2 - 4.0541t + 2.9479 0.9789
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v
1 
, v

2
 - initial and final vehicle speed, m/s.

From that dependence, equations for lines of the 
speed-up v

a
 and braking v

b
 were obtained:

v
v t t

t t
v t t

a
2 1

1 2

1 2
=

-
- - -^
^

^h
h

h
, (6)

v
v t t

t t
v t t

b
4 3

3 4

3 4
=

-
- - -^
^

^h
h

h
. (7)

After the dependences 6 and 7 were compared, 
positions of lines’ intersection point, which correspond to 
the positions of point P

1
, were obtained as:

,

t t
t v v v t v t

t t
t v v v t v t

1 2

1 2 2 1 1 2

3 4

3 4 4 3 3 4

-
- + -

=

=
-

- + -

^

^
^

^

h

h
h

h
 (8)

.t v t v t v t v t

v t v t v t v t

v t t v t t v t t v t t

v t t v t t v t t v t t
P

2 3 1 3 2 4 1 4

4 1 3 1 4 2 3 2

2 1 3 1 2 3 2 1 4 1 2 4

4 1 3 3 1 4 4 2 3 3 2 4
1 = - - + -

- + + -

- - + -

- + + -  (9)

Position vP1  of a point P
1
 is calculated by expression:

v
t v v

t t
v t v t

P
P 1 2

1 2

2 1 1 2
1

1=
-

- + -^
^
h

h , (10)

or

and direction of wind, road cutting in a plan, its roughness 
and vehicle suspension, driver’s behaviour. Those factors 
sometimes have a great influence [30]. The least deviation 
of the vehicle’s acceleration, according to Table 4, is noticed 
during application of the Bezier curves of the second and 
third degrees.

In such a way it was determined that it would be 
optimal to use the Bezier curves of the second and third 
degrees, with the aim to model and build the movement 
driving cycle. Along with that, using of the Bezier curves of 
the first degree is advantageous on the sections of a cycle 
with constant speeds.

During the building of the Bezier curves of the second 
and third degrees that describe the movement driving cycle, 
the biggest problem was determination of the intermediate 
points’ P

1 
, P

2 
, positions. At first, it is necessary to investigate 

a simpler version, namely searching of point P
1
 positions 

for the quadratic curve. Since a point P
1
 on intervals  

[P
0 

;
 
P

1
] characterizes the linear Bezier curves, its position 

would be the position of intersection of the corresponding 
lines. As the initial and final points of a vehicle movement 
process are known, so the equation of a line could be 
written out using a formula:

t t
t t v v

v v1

2 1 2 1

1

-
-

= -
- , (5)

where 
t

1 
, t

2
 - time of the beginning and the end of movement 

correspondingly, s,

Table 3 Deviations of modeling results from their real driving cycle for speed

real speed 
(m/s)

approximation

linear curve of second degree curve of third degree curve of fourth degree

approximation 
by real 

dependence

Bezier 
curve

approximation 
by real 

dependence

Bezier 
curve

approximation 
by real 

dependence

Bezier 
curve

approximation 
by real 

dependence

Bezier 
curve

0.00 -1.84 1.33 3.47 1.77 1.41 1.99 -2.95 -4.47

1.25 -2.08 1.25 2.63 1.23 1.83 1.61 0.92 1.14

0.42 -4.39 -0.92 -0.19 -1.34 -0.19 -0.89 0.41 1.04

2.08 -4.21 -0.58 -0.43 -1.36 0.01 -0.89 0.90 1.18

5.80 -1.97 1.80 1.48 0.74 2.08 1.17 2.58 2.27

9.03 -0.22 3.69 3.00 2.40 3.52 2.78 3.44 2.64

10.88 0.15 4.22 3.23 2.75 3.53 3.06 2.99 2.03

10.88 -1.33 2.88 1.70 1.30 1.72 1.56 1.03 0.34

11.96 -1.74 2.63 1.34 0.98 1.07 1.22 0.64 0.62

12.43 -2.75 1.77 0.48 0.12 0.00 0.38 0.14 1.05

14.36 -2.30 2.36 1.16 0.77 0.62 1.13 1.50 3.29

15.91 -2.24 2.57 1.55 1.09 1.17 1.63 2.62 4.88

15.91 -3.72 1.24 0.48 -0.07 0.57 0.76 1.99 3.74

v
v t v t v t v t v t v t v t v t

v t t v t t v t t v t t v t t v t t v t t v t t

t t

v v v t v t
P

2 3 3 2

2 1 3 3 2 1 1 3 1 3

1 4 1 4 4 1 3 1 4 2 3 2

1 2 3 2 4

1 2

1 2 4 4 4 3 4 4 2
1 2 2 1 1 2

1 = -
- - + - + + -

- - + - + + -
- + -b

^
^

h
l h

, (11)
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The maximum deviation is observed in points of 
passage from the speed-up to a constant speed and from 
the constant speed to braking. Along with that, taking into 
account that in real conditions of movement, the passages 
from one mode to another are made smoothly without 
abrupt changes, the given non-conformity can be neglected.

4	 Discussion	of	results

The Bezier curves that are used for the driving 
cycles modeling (Figure 4) does not completely represent 
the necessary characteristics of a driving cycle. That 
is why it is advisable to build a driving cycle by parts, 
marking out the sections of the speed-up, deceleration  
and constant speed, using the quadratic Bezier curve 
during that the whole process. According to the given 

Equations (9) and (12) give a possibility to find the 
positions of an intermediate point P

1
 to build a Bezier curve.

If one builds a driving cycle with help of lines, so in 
a line equation v = at + b, the angular coefficient a stands 
for a value of average deceleration on a given segment 
of a driving cycle. This regularity should be taken into 
consideration during the building of driving cycles with the 
help of Bezier curves. Thus, a graph of a section «speed-up 
- braking», for a standardized driving cycle, shown in [31] 
(Figure 3) is obtained.

Taking into consideration that in the real driving 
cycles the sections of movement with a constant speed 
are actually absent, modeling of a part of the driving cycle, 
shown in Figure 3, was performed with help of the Bezier 
curves of the second degree. Results are shown in Figure 4.

Deviations of speed of the modeled driving cycle from 
the standardized one are shown in Table 5.

Table 4 Deviations of modeling results from their real driving cycle for acceleration

real 
acceleration 

(m/s2)

Approximation

linear curve of second degree curve of third degree curve of fourth degree

approximation 
by real 

dependence

Bezier 
curve

approximation 
by real 

dependence

Bezier 
curve

approximation 
by real 

dependence

Bezier 
curve

approximation 
by real 

dependence

Bezier 
curve

1.25 -0.23 -0.08 -0.84 -0.54 0.41 1.61 3.87 5.61

-0.83 -2.32 -2.17 -2.83 -2.57 -2.02 -2.14 -0.51 -0.11

1.67 0.18 0.33 -0.23 -0.01 0.21 -1.31 0.48 0.15

3.72 2.24 2.39 1.91 2.10 2.06 -0.91 1.68 1.09

3.23 1.74 1.89 1.51 1.66 1.44 -3.03 0.86 0.37

1.86 0.37 0.52 0.23 0.35 0.02 -5.97 -0.44 -0.61

0.00 -1.48 -1.33 -1.53 -1.45 -1.82 -9.33 -1.96 -1.69

1.08 -0.40 -0.26 -0.36 -0.32 -0.64 -9.66 -0.40 0.28

0.47 -1.01 -0.86 -0.87 -0.86 -1.08 -11.58 -0.50 0.43

1.93 0.45 0.60 0.68 0.65 0.62 -11.30 1.35 2.25

1.54 0.06 0.21 0.39 0.32 0.55 -12.73 1.12 1.58

0.00 -1.48 -1.33 -1.06 -1.17 -0.60 -15.15 -0.63 -1.14

average acceleration values, m/s2

1.32 -0.16 -0.01 -0.25 -0.16 -0.07 -0.11 0.41 0.91

average acceleration values, %

100 -12.12 -0.76 -18.94 -12.12 -5.30 -8.33 31.06 68.94

y = 0,8333x - 4,1667
R² = 1

y = 4,1667 y = -0,8333x + 19,167
R² = 1
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Figure 3 Elementary driving cycle
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y = -0,0536x2 + 1,4849x - 5,9378
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Figure 4 Elementary driving cycle
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Figure 5 Standardized driving cycle (a) and its section that was modeled using the Bezier curves (b)

Table 5 Deviations of the modeled driving cycle from the standardized one

time, s
speed of driving cycle (m/s) deviations of a modeled driving cycle

standardized modeled m/s km/h

5 0.000035 0.1092 -0.10925 -0.3933

6 0.83328 0.988 -0.15472 -0.55699

7 1.66661 1.7566 -0.08999 -0.32396

8 2.49994 2.415 0.08494 0.305784

9 3.33327 2.9632 0.37007 1.332252

10 4.1666 3.4012 0.7654 2.75544

11 4.1666 3.729 0.4376 1.57536

12 4.1666 3.9466 0.22 0.792

13 4.1666 4.054 0.1126 0.40536

14 4.1666 4.0512 0.1154 0.41544

15 4.1666 3.9382 0.2284 0.82224

16 4.1666 3.715 0.4516 1.62576

17 4.1666 3.3816 0.785 2.826

18 4.1676 2.938 1.2296 4.42656

19 3.3343 2.3842 0.9501 3.42036

20 2.501 1.7202 0.7808 2.81088

21 1.6677 0.946 0.7217 2.59812

22 0.8344 0.0616 0.7728 2.78208

23 0.0011 -0.933 0.9341 3.36276
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can be eliminated by dividing these sections into smaller 
parts.

In Table 6 is given an extension for each part and the 
maximum speed deviation on a given part.

As a result of the research, the maximum deviation of 
speed between the standardized driving cycle and its model 
was found to be about 10 % (elementary parts 5 and 12). 
Along with that, taking into consideration that a sign of 
speed’s difference between the given driving cycles can be 
either positive or negative, an average deviation by a part of 
a cycle is about 3 %. To decrease the speed deviation o from 
the standardized driving cycle, a part 12 was additionally 
divided in three elementary parts (Figure 8). As a result of 
this, the maximum deviation for the elementary part 12 was 

method, a section of the driving cycle FTP was built, 
(Figures 5, 6).

While building a section of a driving cycle, for the initial 
point is taken a point of the vehicle movement beginning, 
while the final point, which at the same time is the initial 
point of the next section, has positions that correspond to 
the extreme value of speed (minimum and maximum).

During the modeling of a driving cycle, an FTP 
part was divided into 13 segments; each of them is in a 
model presented by the quadratic Bezier curve, shown 
in Figure 7. If in the quadratic Bezier curve the points P

1 

and P
2 

 have the same positions, the Bezier curve of the 
second degree turns into a line. Some non-conformities  
of the modeled driving cycle with a standardized one 
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Figure 6 Modeling of the standardized driving cycle by Bezier curves
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Figure 7 Elementary parts of the modeled driving cycle
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5		 Conclusions

The research objective was searching and investigation 
of possibilities for the vehicles driving cycles’ modeling. To 
achieve this objective it was proposed to use the Bezier 
curves. The performed theoretic research has shown a 
possibility to realize the tasks of driving cycles’ modeling 
using the mentioned curves. In addition to this, the optimal 
is to use the Bezier curves of the second degree and 
together with them - the linear Bezier curves.

A character of a proposed method of the driving cycle’s 
modeling is a possibility to choose the desirable accuracy 
of the model, while using different lengths. As a result of 

2.2 %. In such a way, it was found that for increasing the 
length of an elementary part, the corresponding increasing 
of deviation is observed. A value of deviation would 
primarily depend on the length of an elementary part and a 
character of a curve on this part. As it was shown before, 
the polynomial curves of the second and third degrees gave 
the most accurate results.

An accuracy level, with the help of which a modeling 
was being made, should correspond to the accuracy level of 
the experimental research, i.e. the deviations of a modeled 
driving cycle should correspond to deviations that appear 
during the experimental research of vehicles using the 
given driving cycle.
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Figure 8 Division of a part of the 12th driving cycle on the segments to get higher precision

Table 6 Extension for each part and the maximum speed deviation on an elementary part of the 12th driving cycle

number of an elementary part of a 
cycle

extension of an elementary part of a 
cycle (s)

maximum deviation by speed (%)

1 6 0

2 2 0.011

3 2 1.926

4 2 0.670

5 7 9.629

6 11 7.297

7 7 4.475

8 8 6.012

9 7 1.464

10 12 3.196

11 9 2.603

12 23 9.101

13 11 0
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It is certain that this process of modeling is rather 
difficult and the higher is the accuracy, the more difficult 
would be to model, however, the created model would 
be rather dynamic and can be easily changed in a case of 
change of some external factors. The performed thematic 
research confirms the previous results, aimed at a creation 
of a universal dynamic model of vehicles’ driving cycle.

this research, the maximum and minimum differences of 
speed between the real driving cycle and a proposed model 
were determined, that amount to 10% and 3%, respectively. 
It was also set that decreasing of elementary parts increases 
accuracy of the model. Dividing one part into three smaller 
parts decreased the difference between cycles from 10% to 
2.2 % of elementary driving cycle sections.
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The paper proposes a design and construction of a special plated capacitor 
exhibiting very good high-frequency characteristics. The capacitor is designed 
to minimize the parasitic parameters like ESR (equivalent series resistance) 
and ESL (equivalent series inductance) and to be suitable for power industry 
applications. The paper describes the fabrication process and discusses technical 
issues related to technology of manufacturing and assembling. It also provides 
an experimental verification and the quality evaluation based on frequency 
characteristics compared to existing commercial high-quality capacitor.
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neglecting influence of the insulation resistance (is too 
high), one may write: 
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In Equation (1), ~  represents the angular frequency of 
the power supply, I

m
 is the magnitude of the current through 

the capacitor C and R represents its ESR. As obvious from 
Equation (1), the energy loss starts to dominate at higher 
frequencies, therefore the high Q factor capacitors must 
be used to prevent any performance issues. This could be 
achieved by special design having the ultra-low ESR and so 
ESL. This high-quality capacitor will find its purpose in any 
industrial-, electronics- or medicine application [14-17] that 
are using frequencies even higher than tens of MHz. 

This paper proposes a design of high-quality, high-
frequency and high-power capacitor and describes step-by-
step manufacturing and assembling process. The capacitor 
properties are compared to the equivalent high-quality 
capacitor available on the market [18].

2	 Design	of	the	capacitor

As mentioned in previous section, to demonstrate 
the quality of this design, the properties of the capacitor 
are compared to the existing one developed by Vishay 

1	 Introduction

Increasing the power density of electrical passive 
components, such as a capacitor [1-3], inductor or resistor, 
incorporated into modern power systems, is a common 
technical goal for many power applications. Higher power 
density brings better material utilization, lower weight 
and lower equipment cost. Many power applications are 
using the high frequency and sometimes the resonance, 
e.g. wireless power transfer [4-5], high-pass, low-pass and 
EMI (electromagnetic interference) filters [6-7], induction 
heating [8-9] etc. 

In these applications, the compensation capacitors 
play a very important role, since they must carry very high 
electrical current and are being stressed with relatively 
high voltage. In that case, the quality factor (Q factor) of 
the capacitor is one of the most important characteristics 
in a power circuit design [10]. Besides the capacitance 
(the main parameter), the practical capacitor consists 
of equivalent series resistance (ESR), equivalent series 
inductance (ESL) and insulation resistance (R

g
) [11-13]. The 

electrodes and the terminals of a capacitor contribute the 
resistive component and the inductive component, while 
the dielectric material contributes the insulation resistance.

The ESR component causes energy loss in a form 
of heat and the ESL parameter creates a magnetic field 
interfering with how the current rises to the peak and 
falls back. The Q factor then represents efficiency of 
a given capacitor in terms of its rate of energy loss. When 
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In Equation (4), J stands for the chosen current density 
(10 A/mm2), S

k
 represents the usable current carrying 

cross-section, DT defines allowed warming, R
th

 represents 
the thermal conductivity for one layer, Cut  is specific 
resistivity of copper, a is the electrode dimension (a = 
130 mm) and k represents the safety coefficient (k = 0.5). 

The current density in Equation (4) needs to be defined 
regarding to the current carrying capacity (maximum 
current, cooling ability, etc.). The final number of layers 
(N = 5) is then defined from both the requested physical 
dimensions (130# 130 mm) and the overall capacitance  
C

cap 
~10 nF. 
As a consequence, a large electrode thickness (200 mm 

of copper foil), usable electrode surface and five-layers 
connected in parallel make the current density to fulfil 
condition in Equation (4) up to 50 A

peak
.

2.2	 Mechanical	and	construction	design	

The basic mechanical design comes out from chosen 
geometrical topology, i.e. number of layers, electrode 
dimensions, plate layer thickness, etc. As the minimization 
of ESR and ESL is of a great importance, the design must 
guarantee uniform distribution of the current density in the 
capacitor layers. Therefore, the physical interconnections 
between each layers must have the same impedance, which 
is moreover as small as possible. The same must be ensured 
within each standalone layer.

Since the AD1000 material shows relatively weak 
mechanical tolerance (soft and fragile), the structure of 
the capacitor must be supported by robust copper chassis. 
However, this gives the opportunity to lead the thermal loss 
out of the capacitor efficiently. 

The basic technical drawing (Figure 1) shows the 
layout of the capacitor (upper) and the capacitor as a model 
(bottom).

The most important components, combining both the 
mechanical and the electrical function, are the electrical 
interconnections formed between individual layers. These 
pliable but relatively solid connections are fabricated of 
profiled copper sheets (0.5 mm thick). The terminals on 

Company. Capacitor PE 140 is chosen as a benchmark. This 
capacitor is widely used for resonance coupling, bypassing 
and feeding circuits in the high power radio transmitters, 
high-frequency tube welding equipment, high-frequency 
quenching and electric stoves, high-frequency driers, etc.

The main parameters are as follows: maximum voltage 
U

peak
 = 16 kV, ESR = 20 mΩ, ESL = 15 nH and C = 3 nF. 
The targeted parameters of the newly designed 

capacitor are as follows: U
peak

 ≥ 10 kV, ESR< 20 mΩ, ESL < 
15 nH and C = 10 nF.

2.1	 Electrical	parameters	and	dimensions

To design similar parameters that can be compared, 
one can use Equation (2) to determine the required main 
dimensions in the case if a plated topology is assumed. 
Here, d is dielectric thickness, S is active electrode surface 
area and , r0f f represent the relative permittivity (dielectric 
constant) of a free space and the dielectric materiel 
between plates, respectively.

C
d
s

r0f f= . (2)

The material selected for a capacitor dielectric is high 
dielectric constant substrate (AD1000) that permits circuit 
miniaturization compared to traditional low loss materials. 
It is a woven ceramic fiberglass reinforced laminate for 
microwave printed circuit boards (PCB’s). As the material 
shows the perfect electrical and thermal parameters (seen 
in Table 1), it could be used for a wide range of applications.

The overall capacitance is determined from Equation 
(3) assuming nearly ideal parallel interconnection of N 
capacitor layers [19]:

C
d
s Ncap r0f f= . (3)

Parallel connection also has beneficial impact to 
the current density - Equation (4) and parasitic values 
minimization.

JS k
R a
TS

4

k

th Cu

kT
$

t
. (4)

Table 1 Typical properties for AD1000

property value units test method

dielectric constant 8.5 --- @10 GHz (IPC TM-650 2.5.5.5)

dissipation factor 0.0023 --- @10 GHz (IPC TM-650 2.5.5.5)

temperature coefficient -380 (-40÷150 °C) ppm/°C @10 GHz (IPC TM-650 2.5.5.5)

volume resistivity 1.4×109 MΩcm C96/35/90

surface resistivity 1.8×109 MΩ C96/35/90

electrical strength 24.5 kV/mm IPC TM-650 2.5.5.5

dielectric breakdown > 45 kV IPC TM-650 2.5.5.5

decomposition temperature > 500 °C for PCB

temperature withstand 60 min 220 °C IPC TM-650 2.4.24.1

thermal conductivity 0.81 W/m K ASTM E1461
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process the paste S6M-XM3S has shown perfect 
temperature behavior while reaching satisfactory low 
reflow temperature (182 °C) and good electrical properties 
of resulting interconnections. The solder paste was applied 
onto each contact surface in a very thin layer. The capacitor 
structure was stacked into the supporting frame (Figure 2 
- left) to avoid layers to move during the soldering process 
(reflow).

The key issue is to find a proper heating source for 
the soldering process that will protect the surface from 
any damage. Direct resistance heating is not feasible due 
to the geometry issues. Indirect resistive heating (heating 
hotplate) is inappropriate because of really low thermal 
conductivity of dielectric material. Induction heating is 
possible, but it requires special equipment, which makes 
the technology very expensive for the prototype. 

The high temperature air-flow heating cannot be used 
since it will irreversibly damage the surface, which was 
observed when manufacturing the first prototype. The best 

both sides are made asymmetrically to compensate the 
different length of individual interconnection legs. The 
structure is further supported by a distance segments 
(5×18×120 mm), which are also made of copper and which 
significantly improve the overall mechanical stiffness. Their 
other advantage lies in the future possibility of improving 
ventilation by installing forced air cooling ducts. As seen 
in Figure 1, the active area of the capacitor plates are 
purposely reduced to form a “dielectric enlarging” that 
will increase the voltage breakdown and simultaneously 
minimize the partial discharge activity.

3	 Manufacturing	process

3.1	 Soldering	and	surface	finishing

The interconnections between all the construction 
parts are made using soft soldering. During the soldering 

interconnections

capacitor layer

active
electrode surface

distance 
segment

dielectric

Figure 1 Basic technical layout (top), model (bottom)

      
Figure 2 Capacitor prototype: in a soldering frame (left), finished (right)
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Figure 3 Heating proces in Galden vapor; temperatures (color lines) measured with a high quality sensors (PT100)  
located in the center of the distance elements, required temperature (black dashed lines). Breakdown tests of one layer  

of the capacitor after the surface finishing (right)

 
Figure 4 Capacitor in one half of housing, 3D model (left) and photo (right)

      
Figure 5 Measured ESR (left) and ESL (right)

Table 2 Measured capacitor parameters

parameter symbol frequency value units

maximum repeatable AC voltage U
peak

100 kHz 12 kV

1 MHz 12 kV

2 MHz 12 kV

nominal capacitance C
n

100 kHz 10.45 nF

1 MHz 11 nF

2 MHz 14 nF

equivalent series resistance ESR

100 kHz 112 mΩ

1 MHz 14 mΩ

2 MHz 0.556 mΩ

equivalent series inductance ESL

100 kHz 57.9 nH

1 MHz 6.1 nH

2 MHz 0.0266 nH

nominal current (RMS value) I
n

100 kHz 50 A

1 MHz 50 A

2 MHz 50 A
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capacitor plates. The material that was used is predicted 
mainly for very high frequencies. Compared to that, Vishay 
PE 140 (3 nF and more) is designed for frequencies up to 
100 kHz only.

Measured parameters of the manufactures capacitor 
under different tested frequencies are given in Table 2. The 
data correspond to the graphs in Fig. 5.

5	 Conclusions

Since the high-voltage high-frequency and high-quality 
capacitors are very expensive and usually not accessible on 
the market, a capacitor of the new design has been developed. 
The capacitor is constructed using the soft soldering and the 
geometry design allowing to increase the voltage breakdown 
and to minimize the partial discharge activity. 

The capacitor housing works as the protection against 
the electric shock and forms a supporting mold for possible 
resin casting. As shown in Figure 5, the designed capacitor 
exhibits better performance compared to the Vishay 
capacitor starting at a frequency of 800 kHz and higher. 

The parameters reached during the laboratory 
measurement are listed in Table 2.

The manufactured capacitor has also been successfully 
tested as a compensation capacitor for the 5 kW wireless 
power charger [21].
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results were finally reached using the Galden vapor heating 
seen in Figure 3 (left side).

The capacitor voltage breakdown is not directly given 
by a dielectric materials and thickness, but it is also 
influenced by the surface partial discharges. Application 
of the surface dielectric coating (silicon lacquer HCS 
Electrolube) will keep the partial discharge activity at the 
minimal level (Figure 3) and will protect the surface from 
moisture and pollution. The surface finishing was applied 
by soaking, dripping and curing after the soldering process.

3.2		Housing

The housing is the final step of the design and 
manufacturing process and is important due to protection 
against an electric shock. The housing is composed of 
the two components (4 mm thick wall) fabricated by 
a 3D printer using ABS material having sufficiently high 
electrical strength [20]. The capacitor placed in one half of 
housing is shown in Figure 4.

4		 Experimental	verification

The prototype has been tested in a wide frequency 
range (from 10 to 2000 kHz) using a precise laboratory RLC-
meter (Keysight E4980A). The frequency characteristics of 
the constructed capacitor are compared to characteristics 
of existing commercial high-quality capacitor (Vishay PE 
140).

Both the ESR and ESL in terms of frequency are 
shown in Figure 5. As obvious, the constructed capacitor 
shows better results starting the higher tested frequencies 
(> 750 kHz for ESR and > 200 kHz for ESL). This could be 
improved/adjusted by choosing another substrate for the 

References

[1] BANDALO, F. S., SINGH, B., SEVIGNY, R. Audible noise and high-voltage power capacitors. IEEE Transactions 
on Power Delivery [online]. 2018, 33(5), p. 2437-2441. ISSN 0885-8977. Available from: https://doi.org/10.1109/
TPWRD.2017.2774506

[2] SARJEANT, W. J., ZIRNHELD, J., MACDOUGALL, F. W. Capacitors. IEEE Transactions on Plasma Science [online]. 
1998, 26(5), p. 1368-1392. ISSN 0093-3813. Available from: https://doi.org/10.1109/27.736020

[3] BRAY, K. R., KOSAI, H., SCHWEICKART, D. L., RAY, B. High temperature capacitor performance. in a high power, high 
frequency converter. In: IEEE International Power Modulator and High Voltage Conference IPMHVC 2012: proceedings 
[online]. 2012. p. 276-279. Available from: https://doi.org/10.1109/IPMHVC.2012.6518733

[4] KINDL, V., FRIVALDSKY, M., SPANIK, P., PIRI, M., JAROS, V. Transfer properties of various compensation techniques 
for wireless power transfer system including parasitic effects. COMPEL - The International Journal for Computation 
and Mathematics in Electrical and Electronic Engineering [online]. 2017, 36, p. 1198-1219. ISSN 0332-1649. Available 
from: https://doi.org/10.1108/COMPEL-04-2016-0143

[5] COVIC, G. A., BOYS, J. T. Modern trends in inductive power transfer for transportation applications. IEEE Journal of 
Emerging and Selected Topics in Power Electronics [online]. 2013, 1(5), p. 28-41. ISSN 2168-6777, eISSN 2168-6785. 
Available from: https://doi.org/10.1109/JESTPE.2013.2264473

[6] WANG, R., BOROYEVICH, D., BLANCHETTE, H. F., MATTAVELLI, P. High power density EMI filter design with 
consideration of self-parasitic. In: 27th Annual IEEE Applied Power Electronics Conference and Exposition APEC 2012: 
proceedings [online]. 2012. ISSN 1048-2334, p. 2285-2289. Available from: https://doi.org/10.1109/APEC.2012.6166141



C6  Z A V Ř E L  e t  a l .

C O M M U N I C A T I O N S    1 / 2 0 2 1  V O L U M E  2 3

[7] WANG, X., RAVI, L., ALBERT, M. P., TALLAM, R. M. A novel configuration of DC link EMI filter capacitors in variable 
frequency drives. In: IEEE Applied Power Electronics Conference and Exposition APEC 2019: proceedings [online]. 
2019. p. 2603-2607. Available from: https://doi.org/10.1109/APEC.2019.8721782

[8] PHADUNGTHIN, R., HAEMA, J. Application study on induction heating using half bridge LLC resonant inverter. In: 
12th IEEE Conference on Industrial Electronics and Applications ICIEA 2017: proceedings [online]. 2017. eISSN 2158-
2297, p. 1582-1585. Available from: https://doi.org/10.1109/ICIEA.2017.8283090

[9] CLARK, F. M., SCOVILLE, M. E. Capacitors for high-frequency induction-heating circuits. Transactions of the 
American Institute of Electrical Engineers. 1945, 64(11), p. 791-796. ISSN 0096-3860, eISSN 2330-9431.

[10] BARTLEY, P. G., BEGLEY, S. B. Quality factor determination of resonant structures. In: IEEE Instrumentation 
and Measurement Technology Conference: proceedings [online] 2006. ISSN 1091-5281, p. 312-316. Available from:  
https://doi.org/10.1109/IMTC.2006.328435

[11] ZHANG, H., JIANG, Q. Accurate measurement of key parameters of film capacitors for EV power control unit. In: IEEE 
4th International Future Energy Electronics Conference IFEEC 2019: proceedings [online]. 2019. p. 1-5. Available from: 
https://doi.org/10.1109/IFEEC47410.2019.9014981

[12] MOONMIRAT, P., HOMKLINTIAN, M., KUMTAWEE, C. Measurement of the frequency dependence of standard capacitors 
in the frequency range 10 kHz to 1 MHz. In: Conference on Precision Electromagnetic Measurements CPEM 2016: 
proceedings [online]. 2016. eISSN 2160-0171, p. 1-2. Available from: https://doi.org/10.1109/CPEM.2016.7540688

[13] WON, S. Y., JOO, J. H., KIM, H. S., HWANG, D. S., LEE, K. J. Performance analysis of single film electrode of the L-C 
resonance capacitors for using high-frequency induction heating processing equipment. In: IEEE International 
Telecommunications Energy Conference INTELEC 2015: proceedings. 2015. p. 1-5.

[14] IEEE standard, test code, and recommended practice for induction and dielectric heating equipment. In: IEEE 
Std No 54-1955 [online]. IEEE, 1955. eISBN 978-1-5044-0389-4, p. 1-24, Available from: https://doi.org/10.1109/
IEEESTD.1955.7430213

[15] AL BASTAMI, A., JURKOV, A., GOULD, P., HSING, M., SCHMIDT, M., HA, J. I., PERREAULT, D. J. Dynamic matching 
system for radio-frequency plasma generation. IEEE Transactions on Power Electronics. 2018, 33(3), p. 1940-1951.

[16] HSIEH, M., KUO, L., WU, E., CHEN, J. Imaging adult zebrafish brain structures using micro-fabricated RF coil on 3T 
MRI system. In: Joint Meeting of the 6th International Symposium on Noninvasive Functional Source Imaging of the 
Brain and Heart and the International Conference on Functional Biomedical Imaging: proceedings. 2007. p. 98-100.

[17] IHNAT, P., RUDINSKA, L., ZONCA, P. Radiofrequency energy in surgery: state of the art. Surgery today [online]. 2013, 
44, p. 985-991. ISSN 0941-1291, eISSN 1436-2813. Available from: https://doi.org/10.1007/s00595-013-0630-5

[18] P. 70, P. 100, P. 140, P. 200 RF power plate capacitor with contoured rim - Vishay company [online]. Product datasheet. 
2019. Available from: https://www.vishay.com/docs/22082/p70p100p140p200.pdf

[19] Capacitors and dielectric - Lumen Learning [online]. 2020. Available from: https://courses.lumenlearning.com/austincc-
physics2/chapter/19-5-capacitors-and-dielectrics

[20] HOFF, B. W., MAESTAS, S. S., HAYDEN, S. C., HARRIGAN, D. J., GRUDT, R. O., OSTRAAT, M. L.,  HORWATH, 
J. C., LEONTSEV, S. Data on dielectric strength heterogeneity associated with printing orientation in additively 
manufactured polymer materials. Data in Brief [online]. 2018, 20, p. 480-489. ISSN 2352-3409. Available from:  
https://doi.org/10.1016/j.dib.2018.07.070

[21] KINDL, V., ZAVREL, M., DRABEK, P., KAVALIR, T. High efficiency and power tracking method for wireless charging 
system based on phase-shift control. Energies [online]. 2018, 11(8), p. 1-19. eISSN 1996-1073. Available from:  
https://doi.org/10.3390/en11082065



©  2 0 2 1  U N I V E R S I T Y  O F  Z I L I N A   C O M M U N I C A T I O N S  2 3  ( 1 )  C 7 - C 1 4

O R I G I N A L  R E S E A R C H  A R T I C L E  E lec t r ica l  Engineer ing in  T ranspor t   C7

Resume
Presented paper deals with energy flow control of an electric vehicle with 
multiple energy storages. For efficiency control of energy flow is necessary to 
know the traction profile of the route. The Global Positioning System is used 
for observation of the traction profile. The first of the proposed algorithms uses 
the whole traction profile of a predetermined route, so the control algorithm 
can determine when the use of energy of the secondary energy storage is useful. 
The second proposed algorithm uses the GPS to determine the traction profile 
from routes stored in memory. If the route is not predetermined, or found in 
the memory of stored routes, the last algorithm controls the energy flow, based 
on the current of the primary energy storage. For verification of the proposed 
algorithm for control of the DC/DC converter, motor with inverter was replaced 
by the programmable power supply and programmable electronic load. The 
final evaluation shows that the proposed algorithm with the predetermined 
route saves about 5% more energy than the basic algorithm based on the battery 
current.
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The issue of inefficient energy utilization is the problem 
of current types of electric vehicles. Furthermore, the style 
of driving has a significant impact on the energy efficiency 
of the electric vehicle. In Table 1, the comparison between 
the presented and real driving range of electric vehicles is 
shown [3].

Configurations where active control of energy flow 
is possible, using the DC/DC converter at least for one 
of the energy storages. The DC/DC converter should be 
bidirectional to utilize regenerative braking for storing 
energy [5-6]. In this paper, serial active topology was chosen 
(Figure 1), because the energy flow is controlled trough 
one DC/DC converter of the secondary energy storage. 
Thus, the DC/DC converter is active only during the energy 
control i.e. during the acceleration and during regenerative 
braking [7-9].

2		 Proposed	algorithms

For the optimal energy flow control of the secondary 
energy storage, it is necessary to know the traction profile. 
If the traction profile of the whole track is known or part of 
the traction profile, the control algorithm can decide when 
to use the energy of secondary energy storage is useful. 
Proposed algorithms utilize GPS localization for detection 
of traction profile.

1	 Introduction

Nowadays, electric vehicles and hybrid electric vehicles 
are more and more common. Although these vehicles are 
more environmentally friendly and more efficient than 
vehicles with internal combustion engines, they also have 
many technical problems, which prevent mass sales and 
production. One of the main disadvantages is the driving 
range. For extension of the driving range and increasing 
vehicle dynamics, multiple energy storages like batteries, 
supercapacitors, high-speed flywheels and fuel cells are used 
for powering the electric drive. One or multiple secondary 
energy storage assist to main energy storage, which leads to 
decrease of weight and volume of the main energy storage. 
Energy storages can be divided by their specific power and 
specific energy. The specific power represents how much 
power can be delivered per mass unit (W/kg). The specific 
energy defines how much energy can be stored per mass 
unit (Wh/kg). Batteries are the most common main energy 
storage because of their high specific energy and relatively 
high specific power. The supercapacitor is used most often 
as the secondary energy storage because it has high specific 
power. The simplest way of connection between the main 
and secondary energy storage is their parallel connection. 
The main disadvantage of this type of connection is that 
voltages of energy storages are the same, so the performance 
of the secondary energy storage is not fully utilized and 
control of energy flow is not possible [1-4]. 
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The route is set from memory where the routes, on 
which the vehicle was moving are stored, based on the 
GPS localization. At the start of the route, ten coordinates 
are acquired, which are searched in the routes in memory. 
Coordinates of singe points are not searched, because of 
the GPS accuracy, two routes can be searched, each in 
the opposite direction. The disadvantage is that the whole 
traction profile of the route is not known and the vehicle can 
change direction any time, so the energy of the secondary 
energy storage is used on every uphill. If a vehicle changes 
direction, coordinates of the new route are searched in the 
memory. If the new route is not in the memory, the route is 
saving it in memory until the vehicle stops, which means the 
end of the route or crossroad, which means the vehicle can 
continue on the known route.

2.3		Algorithm	based	on	battery	current

This basic algorithm is used when the route is not 
searched in the memory or the user does not set the route, 
so the energy control system cannot decide when to use the 
energy of the secondary energy storage. Energy usage of the 
secondary energy storage is based on the maximum specified 
current of batteries. During the fast acceleration or during 
the uphill driving, the current exceeds specified current 
of batteries. If the energy storage has enough energy, the 

2.1	 Algorithm	with	use	of	the	whole	traction	profile

In Figure 2 one can see that the first of the proposed 
algorithms, which uses the whole traction profile has 
one big disadvantage that the user must set the route on 
which the electric vehicle will move. On the other hand, 
a big advantage of this algorithm is that the whole traction 
profile is known so the algorithm decides on which uphill, 
the energy of the secondary energy storage will be used, 
based on the remaining energy of the secondary energy 
storage.

For example, if the route contains two uphills in a row 
and remaining energy in the secondary energy storage 
suffices only for one of uphills, the control algorithm uses 
energy for the bigger uphill. The same situation occurs 
at regenerative braking, algorithm decides during which 
downhill to store energy to the secondary energy storage 
based on how much energy the secondary energy storage 
can store.

2.2		Algorithm	with	use	of	a	part	of	the	traction	
profile
 
The second algorithm eliminates the disadvantage of 

the previous algorithm and the user does not have to set 
the route (Figure 3).

Table 1 Claimed and a real range of electric vehicle [3]

make model claimed range real range full charge € cost per km € km per kWh

Hyundai Kona Electric 64 kWh 467.2 414.4 10.121 0.035 5.76

Jaguar I-Pace 467.2 404.8 13.888 0.059 4.16

Kia e-Niro 64 kw 481.6 404.8 10.226 0.047 5.6

Tesla Model S 75D 486.4 326.4 11.805 0.059 3.84

Hyundai Kona Electric 39 kWh 310.4 252.8 6.1659 0.035 5.76

Renault Zoe R110 297.6 233.6 7.0551 0.047 4.64

Nissan Leaf 268.8 204.8 6.318 0.047 4.48

BMW i3 94 Ah 252.8 193.6 5.4639 0.047 4.96

Volkswagen e-Golf 230.4 187.2 4.9959 0.047 5.28

Hyundai Ioniq Electric 278.4 187.2 4.1769 0.035 6.24

Smart Fortwo EQ 158.4 94.4 2.8431 0.047 4.64

EMDC/AC

Battery

Supercapacitor

DC/DC

Figure 1 Active serial topology
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2.4		Algorithm	for	search	of	the	least	energy-
consuming	route

This algorithm (Figure 5) can be used when energy 
in the primary energy storage is low. After the user sets 
destination, the route, which is least energy-consuming, 

current will be supplied from the secondary energy storage 
(Figure 4). The same situation occurs during deceleration 
and the downhill driving. If the current of regenerative 
braking exceeds the specified current and energy can be 
stored in the secondary energy storage, the remaining 
current would flow into the secondary energy storage.

GPS init

Route set

All uphill/downhill 
of route detection

Detection of 
coordinates

Detection of next 
uphill/dowhill

Enough energy/
energy can be stored

Discharging/
charging of 

supercapacitor

Yes

No

Is use of energy useful

Yes

No

Figure 2 Algorithm with use of the whole traction profile

GPS init

Detection of 10 
coordinates

Coordinate searched 
in memory

Uphill/downhill 
detection

Vehicle continue on 
route

Saving route in 
memory

No

Yes

Yes

No

Figure 3 Algorithm with use of a part of the traction profile

Current 
polarity

I<Imax I>Imax

0<E<Emax 0<E<Emax

+-

Iref=I-ImaxIref=I-Imax

Yes

No

Yes

No

Yes Yes

NoNo

Start

End

Figure 4 Algorithm based on the battery current

Detection of all 
uphill and downhill

Route set

All possible route 
detection

Route with lowest 
energy comsumtion

Figure 5 Algorithm for searching for the least energy-
consuming route
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transmitting messages at the same time, the bus access 
conflict is resolved by bit-wise arbitration using the 
Identifier. The mechanism of arbitration guarantees that 
neither information nor time is lost. If a Data frame and 
a Remote frame with the same Identifier are initiated at the 
same time, the Data frame prevails over the Remote frame. 
During the arbitration, every transmitter compares the level 
of the bit transmitted with the level that is monitored on 
the bus. If those levels are equal, the node may continue to 
send. When a recessive level is sent, but a dominant level is 
monitored, the node has lost arbitration and must withdraw 
without sending any further bits [11-12]. 

The message transfer is manifested and controlled by 
four different frame types: 
• A Data frame carries data from a transmitter to the 

receivers; 
• A Remote frame is transmitted by a bus node to request 

the transmission of the Data frame with the same 
Identifier; 

• An Error frame is transmitted by any node on detecting 
a bus error; 

• An Overload frame is used to provide for an extra delay 
between the preceding and the succeeding Data or 
Remote frames [11-12]. 

3.2	 The	DC/DC	converter	with	an	implemented	
control	subsystem

The basis of the system is a bidirectional interleaved 
buck-boost converter, which controls the energy flow 
between supercapacitors and batteries, as can be seen 
in Figure 7. The DC/DC converter has three phases with 
phase shift 120°, which results in a smaller current ripple 
of energy storages.

The way of energy flow control is shown in Figure 8. 
If the voltage of the secondary energy storage E2 is half 
of the voltage of the primary energy storage E1 and duty 

that means, the route with the smallest number of the 
uphills and crossroads will be chosen from the memory.

3	 The	DC/DC	converter	control	trough		
the	CAN	BUS

With using of a great amount of electronics in the 
modern vehicles, the requirement to divide the electronic 
system of the car to specific sections, by usefulness and 
reliability, arises. According to the importance of messages, 
these electronic subsystems have different speeds of the 
bus. The control system is divided into two subsystems, 
master and slave control system. The slave subsystem 
is implemented in the DC/DC converter (Figure 6). The 
master subsystem communicates with other systems like 
the infotainment of vehicles to observe the position of the 
vehicle [10].

3.1	 The	CAN	BUS

To save material for cabling of the car and secure 
communication between sensors, electronic control units 
and actuators, a communication data bus, called Controller 
Area Network, abbreviated CAN, by German company Bosh 
GmbH at 1980 was proposed. The content of a message is 
described by an identifier. The Identifier does not indicate 
the destination of the message, but describes the meaning 
of the data, so that all the nodes in the network are able 
to decide by message filtering whether the data is to be 
acted upon by them or not. Within a CAN network, it is 
guaranteed that a message is accepted simultaneously 
either by all the nodes or by no node. Thus, the data 
consistency is a property of the system achieved by the 
concepts of multicast and by error handling [11]. 

Whenever the bus is free, any node may start to 
transmit a message. If the two or more nodes start 

Figure 6 Control system divided into subsystems

DC

DC
BAT SC

CAN
Figure 7 Block diagram of the DC/DC converter connection
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communication is interrupted, while if the communication 
speed is different, communication status is “communication 
lost”. Both statuses mean that the converter will be turned 
off. The slave system also monitors the temperature of the 
converter and supercapacitor. If these temperatures exceed 
the maximal temperature, the converter will be turned 
off. The slave subsystem sends the status of converter, 
temperatures of converter and supercapacitor, battery 
and supercapacitor voltages, battery and supercapacitor 
current, to the master subsystem through the CAN-BUS.

3.3		Master	control	subsystem	

The master control subsystem was implemented in visual 
programing language LabVIEW, since it offers a graphical 
programming approach that helps to visualize every aspect 
of applications, including the hardware configuration, 
measurement data and debugging. The master subsystem 
sends commands (through the CAN-BUS) for start and stop 

cycle is 50%, there is no transfer of energy. If the duty cycle 
is greater than 50%, energy from the secondary energy E2 
storage will be transferred to the primary energy storage E1 
(supercapacitors discharging). If the duty cycle is smaller 
than 50%, energy from the primary energy E1 storage 
will be transferred to the secondary energy storage E2 
(supercapacitors charging).

The slave subsystem uses a feed-forward regulator for 
controlling the converter. This regulator uses a steady-state 
mathematical model. The current of the DC/DC converter 
is subsequently tuned by a PI (Proportional Integral) 
regulator. Action value is limited by next the PI regulators 
to secure maximal voltage of batteries and supercapacitor, 
supercapacitor minimal voltage and supercapacitor 
maximal current. Except for the control of the converter 
itself, the slave subsystem also provides protection and 
diagnostics of the converter. The slave subsystem monitors 
continuity of communication, which must be with period 
20 ms at 500 kbps, like communication at powertrain 
of a real vehicle. If the period is greater, the status of 

60%

40%

50%     0

E1 
10V

E2 
5V

T1

T2

L

Figure 8 Control of energy flow

Figure 9 The front panel of the master control system in the LabVIEW
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only when the vehicle does not move. When the vehicle is 
moving, i.e. the battery current is not zero, the OCV method 
cannot be used, since the current will be integrated over 
time, to estimate the state of charge. The energy of the 
supercapacitor is calculated from its voltage. One of 19 
interpreted sentences of the NMEA standard, the $GPGGA 
sentence, is used for observation of position and altitude 
of a vehicle. This sentence contains the time, latitude, 
longitude, number of satellites and altitude [16-17].

4		 Testing	of	proposed	algorithms

4.1	 NI	cRIO-90822

For the testing purposes, motor and inverter in the 
motor mode were simulated with programmable DC 
electronic load EA-EL 9500-60 and in the generator mode 
with programmable DC power supply EA-PSI 8060-60. 
Control was realized with visual programing language 
LabVIEW, as well. Electronic DC load was connected 

of the converter and commands for polarity and size of the 
current flowing through the DC/DC converter, which are 
determined from the proposed algorithms. Figure 9 shows 
the GUI (Graphical User Interface) of master subsystem 
for manual control of the DC/DC converter. Kvaser Leaf 
SemiPro was chosen as the CAN bus interface. The Kvaser 
Leaf SemiPro is a single channel USB interface for the high 
speed CAN, with the bus speed up to 1000 kbps, with up to 
15000 messages per second, synchronized with a precision 
of 25 microseconds. This interface has galvanic isolation, 
standard DB9 connector and supports both the standard 
11-bit identifier and extended 29-bit identifier [13-15].

This control subsystem also estimates a state of charge 
of batteries that is important for control of power flow. State 
of Charge (SOC) estimation is realized as a combination 
of the open-circuit voltage (OCV) method and coulomb 
counting method. During the start of the program, when 
a current of batteries is zero, voltage is measured., The SOC 
is estimated from the lookup table where the dependency 
OCV on SOC is implemented. Important for this method is 
that the current must be zero, i.e. this method can be used 

Figure 10 Verification of algorithm based on the battery current

Figure 11 Verification of algorithm using the whole traction profile
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The slave subsystem is implemented directly into the DC/
DC converter. The master subsystem sends direction and 
amplitude of current to the slave subsystem through the 
CAN BUS. Optimization of the energy flow, with proposed 
algorithms based on GPS, has extended the driving range 
for up to 5.11% more than the basic algorithm based on 
battery current. Extension of the driving range can be 
greater using a more accurate sensor for altitude detection 
or for correction of altitude from the GPS because altitude 
from the GPS is relatively inaccurate. The second way is 
using the GPS to observe the position and search altitude 
in the database.
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through the USB, using the Modbus protocol, while the 
programmable power supply was connected by ethernet. 
Eight series-connected 40 Ah LiFePO4 traction cells were 
used as the primary energy storage. Supercapacitor with 
nominal voltage 16 V and nominal capacity 500 F was 
used as secondary energy storage. The algorithm, which 
uses part of the traction profile, was implemented for 
the test purposes as two look up tables (Figure 10). One 
look-up table is used for the saved traction profile and the 
second look-up table is used as an actual traction profile. 
Both look-up tables were saved from the GPS coordinates 
of the real route. The second implemented algorithm 
was algorithm based on the maximal battery current  
(Figure 11).

5		 Conclusions	

This paper has described a system for the energy 
flow control with multiple energy storages in serial active 
topology. The LiFePO4 traction cells were used as the 
primary energy storages and the supercapacitor was used 
as the secondary energy storage. The control system 
of a bidirectional DC/DC converter is divided into two 
subsystems that communicate through the CAN BUS. 
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Resume
The problem considered is to estimate the image position of a spatially extended 
object. It is assumed that the shape of the image intensity is a priori unknown, 
but it can be predicted with some error. In order to synthesize the estimate 
of the image position, the quasi-likelihood version of the maximum likelihood 
method is used. Behavior of the signal function in the neighborhood of the real 
image position is studied. Characteristics of the resulting estimate, such as bias 
and dispersion, are found by means of the local Markov approximation method. 
Influence of non-uniformity of the received image intensity upon the estimate 
accuracy is demonstrated by an example of receiving the rectangular image with 
linearly varying intensity.
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statistical nature of the observed field ,x yp^ h  taken into 
account, are considered in [2-10]. It is presupposed that 
the useful image is distorted by both the spatial noise 
and the additive or applicative background. When using 
the additive model of interaction between the image and 
the background, the intensities of the quasi-deterministic 
image and the background are different from zero within 
the area occupied by the image. However, in the case of the 
applicative model use, the image shadows background, i.e. 
the background intensity is zero within the area occupied by 
the image. Algorithms for detecting the quasi-deterministic 
image in the presence of a background are studied in [8], 
while in [9-10] algorithms for processing the image with 
unknown position, observed in the presence of the additive 
Gaussian spatial white noise, are developed. In particular, in 
[10], efficiency of the non-uniform image position estimate 
is tested for the case when the image intensity distribution 
is a priori known. However, in practice, there may be cases 
where the image intensity distribution is unknown. Thus, 
it is of interest to consider a more general case including 
estimating the position of the image with an unknown 
varying intensity.

In order to estimate the image position, the quasi-
likelihood (QL) measurer can be applied that is synthesized 
for some predicted (presupposed) intensity distribution of 
the image of the same shape and area. In this paper, both 

1	 Introduction	

Systems for estimating (predicting) the position of 
a spatially extended object by its own image are widely used 
for security purposes, traffic monitoring and management, 
in railway transport and in other sectors [1-4]. However, the 
information processing algorithms, applied in the specified 
systems, can often provide the simplest operations only, 
such as detection of a moving object against a relatively 
simple background with a subsequent measurement of its 
speed. Thus, such systems, in fact, are video surveillance 
systems and not the measuring ones. A more complicated 
task is when realization of the two-dimensional random 
field ,x yp^ h  is processed, which, in general case, includes 
the image of an object with unknown coordinates to be 
measured, the background and the spatial noise [2-5]. The 
useful image is often described by a quasi-deterministic 
function ,s x y^ h  of the two variables determining the 
dependence of the image intensity upon the coordinates 
,x y^ h . One can call ,s x y^ h  the intensity distribution or the 

intensity profile of the image.
Depending on both the nature of the image and the 

resolution of the receiving system, the function ,s x y^ h  
may be a regular or discontinuous one [5]. Discontinuous 
functions describe objects with well-defined boundaries.

Some tasks of optimal and suboptimal image 
processing of the spatially extended objects, with the 
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is necessary to estimate the unknown position 0m  of the 
image , ,s x y 0m^ h  with the unknown intensity distribution 
,f x y^ h .

3	 The	estimation	algorithm	synthesis

If the distribution intensity ,f x y^ h  of Equation (6) 
is known, then it is possible to find the logarithm of the 
functional of the likelihood ratio (FLR) and then develop the 
maximum likelihood (ML) estimation algorithm. According 
to the ML method [11-12], in order to obtain an estimate mt  
of the position 0m  of Equation (6), it is necessary to form 
the component of the FLR logarithm depending on the 
current value λ of the unknown parameter 0m  as follows 
[13-14]

, , , ,

/ , / .

L N x y s x y dxdy2

2 2max max

m
0

!

m p m

m m m

=

-
X

^ ^ ^h h h

6 @
##

 (7)

The ML estimate mm  of the image position coincides 
with the position of the greatest maximum of the decision 
statistics in Equation (7), that is, arg supLm mm m= ^ h .

If the image intensity ,f x y^ h  is a priori unknown, then 
one can use the estimation algorithm synthesized for some 
presupposed image intensity distribution ,g x y 0$^ h . 
Then, the output of the receiver produces some function

, , ,L N x y s x y dxdy2
0

m p m=
X

u^ ^ ^h h h## . (8)

Here ,s x yu^ h  is the reference image and, in general 
case, , ,f x y g x y!^ ^h h . The QL algorithm, for finding the 
estimate mt  of the position 0m , includes the search of the 
position of the greatest maximum of the signal in Equation 
(8) at the receiver output:

, / , /arg supL 2 2max max!m m m m m= -t ^ h 6 @ . (9)

If the function ,f x y^ h  is a priori known so that

, ,f x y g x y=^ ^h h , (10)

then Equation (8) coincides with the FLR logarithm when 
implementing the optimal reception in Equation (7) and the 
QL estimate in Equation (9) coincides with the ML estimate 

mm .

4	 The	statistical	characteristics	of	the	decision	
statistics

In order to determine the characteristics of the QL 
estimate in Equation (9), the statistical properties of 
the decision statistics in Equation (8) are examined. By 
substituting Equation (3) into Equation (8), the functional 
in Equation (8) is presented as the sum of signal and noise 
components [12]:

synthesis and analysis of the QL algorithm for estimating 
the unknown position of the two-dimensional signal (image) 
with the unknown intensity distribution are carried out. 
Influence with a priori ignorance of the image parameters 
upon the efficiency of the resulting estimate is studied.

2	 The	problem	statement

The image with the unknown intensity and position can 
be described by the function [5, 7-10]

, , , , ,s x y f x y I x ym h m h m h= - - - -^ ^ ^h h h , (1)

where ,f x y^ h  is the function differentiable in both 
arguments that describes the intensity distribution, while 
λ and η are values characterizing the image position in the 
plane two-dimensional observation area Ω. Equation (1) 
occupies the area ,s 1m hX X^ h  described by the indicator 
function

,
, , ,

,

,

, ,

, ,

,

,

, , ,

,
,

.

I x y
x y

x y

x y

x y

I x y

0 0

1

0

1

0

0 0

s

s

s

s

g

g

!

!
m h

m h
m h

X
X
X
X

=

- - =^

^ ^

^
^

^

h

h

h
h
h
h

)

)
 (2)

Let the realization of the Gaussian random field

, , , , , , ,x y s x y n x y x y0 0 !p m h X= +^ ^ ^h h h  (3)

be observed within the area Ω. Here 0m  and 0h  are the 
unknown position parameters and ,n x y^ h  is the spatial 
Gaussian white noise with zero mathematical expectation 
and the one-side spectral density N0 .

In the observation area Ω, one chooses the coordinate 
system so that the equality [9-10]

, ,xI x y dxdy yI x y dxdy=
XX

^ ^h h## ##  (4)

is satisfied, that is, the origin is located in the centre of 
the area ,0 0sX ^ h  described by the indicator ,I x y^ h . 
Then λ and η are coordinates of the centre of the area 

,s m hX ^ h  occupied by the image and described by the 
indicator function ,I x ym h- -^ h , while 0m  and 0h  are 
the unknown real coordinates of the centre of the image 
presented in the observable realization in Equation (3), they 
determine its position.

Let it be assumed that the parameter 0h  is a priori 
known. Then, without loss of generality, one can presume 
that 00h =  and rewrite expressions (3) and (1) as follows

, , , , , ,x y s x y n x y x y0 !p m X= +^ ^ ^h h h , (5)

, , , ,s x y f x y I x ym m m= - -^ ^ ^h h h . (6)

The abscissa 0m  of the centre of the area 
, ,y0s s0 /m mX X^ ^h h , occupied by the image, is 

a priori unknown. Let it takes values from the interval 
/ , /2 2max maxm m-6 @ . By observations in Equation (5), it 
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 (19)

is the value that characterizes the difference between 
the forms of intensities of the received and the reference 
images.

The noise component in Equation (17) is realization of 
the centered Gaussian random process with the correlation 
function

,

, , /

, .

K N N

g x y g x y dxdy

g x y dxdy

,

1 2 1 2

1 2

2

0

min

S

1 2

m m m m

m m

= =

= - -
m mX

X

t t^

^

^
^ ^

^

^

^

h

h

h
h
h

h

h

h
##

##

 (20)

In the case of the optimal reception, functions in 
Equations (16) and (20) coincide, that is,

, ,S Kf g f g1 2 1 2m m m m== =
t^ ^h h  (21)

for , .1 0 2m m m m= =

If value of the SNR zu  is big enough, then the 
characteristics of the estimation algorithm in Equation 
(9) are defined by the behavior of the signal function in 
the small neighborhood of the real value 0m  of the image 
position. The signal function in Equation (16) is then 
expanded into the Taylor series by the variable λ in the 
neighborhood of the point 0m  and only the term containing 
the first derivative is taken into account there. According 
to (16), the signal function is continuously differentiable to 
both the right and the left of the neighborhood of the point 

0m , excluding the point 0m m=  where the derivative has 
the discontinuity of the first kind. Therefore, expansion of 
the function (16) has the form

,
,

,

S
d o

d o

10

1 0 0

2 0 0

0

0

1
2

m m
m m m m
m m m m

m m
m m

= +

+
- + -

- - + -

t^
^
^

^
^

h
h
h

h
h(  (22)

where

, / ,

, / ,

d dS d

d dS d

1 0 0

2 0 0

0

0

m m m

m m m

=

=

m m

m m

= -

= +

t

t

^
^

h
h  (23)

and o 0m m-^ h  denotes the higher-order infinitesimal 
terms compared to 0m m- .

Let, for example, the area , occupied by the image 
and set by the indicator ,I x y^ h , has the form shown in 
Fig. 1. Then, one projects this area on the axis Oy. Here 
ymin , ymax  are the minimum and maximum values of the 
y coordinate of the projection of the area ,0 0SX ^ h  on 
the ordinate axis, respectively. Now, the minimum and 
maximum values of the coordinate on the axis Oy on the 
border of the area ,0 0SX ^ h  are denoted as points A and 
B, respectively, while the parametric descriptions of the left 

, ,L S N0 0m m m m m= +^ ^ ^h h h . (11)

Here

, , ,

, , ,

S N f x y g x y

I x y I x y dxdy

2
0

0
0

0

$

$

m m m m

m m

= - -

- -
X

^

^

^

^

^h

h

h

h

h##
 (12)

,, ,N x yN n x y g x y I dxdy2
0

m m m= - -
X

^ ^ ^ ^h h h h##  (13)

are the signal and noise components, respectively.
Similarly to [15], let it be supposed that in the 

neighborhood of the point 0m  the signal function satisfies 
the conditions

,

,

, , / ,

, /

S

d

dS d

d 0

0 00 0 0

0 0

0

0

2 1

2

m m m m m

m m m

m m= +

m m= +^
^ ^

h
h h

 (14)

while the functions ,f x y^ h  and ,x yg^ h  do not vanish at 
the boundary of the area ,S m hX ^ h . Then, position of the 
maximum of the signal function ,S 0m m^ h  by the variable λ 
coincides with the real value 0m  of the image position and 
the QL estimate in Equation (9) is consistent.

Let , , ,supS S S N f x y2
m 0 0

0
0S

#m m m m= = =
m

X

^ ^ ^
^

h h h
h
##  

,g x y dxdy# ^ h denote the maximum value of the signal 

component (12) and ,N x yN g dxdy2
N
2 2

0
0

2

S

v m= =
X

^ ^
^

h h
h
##  

denote the dispersion of the noise component in Equation 

(13). Taking into account the last representations, one can 
rewrite Equation (11) in the form

,

, ,

L S S N

zS N

m N

N

0

0

m m m v m

v m m m

= + =

= +

t t

u t t

^ ^
^ ^

^h h
h h

h
6 @  (15)

where

, , /

, , /

, , ,

S S S

f x y g x y dxdy

f x y g x y dxdy

,

m0 0

0

0

min

S

0

m m m m

m m

= =

= - -
m mX

X

t^

^

^

^

^
^

^

^

h

h h

h
h h

h

h
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 (16)
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are the normalized signal component in Equation 
(16) and noise component in Equation (17), 

,min S S0 0km m m mX X X=^ ^ ^h h h , /z S z Km N fg
2 2 2 2 2v= =u  

is the power signal-to-noise ratio (SNR) at the output of the 
QL receiver,

,z N f x y dxdy22

0

2

0S

=
X

^
^

h
h
##  (18)

is the power SNR at the output of the ML receiver 
while Equation (10) is satisfied (i.e. the image intensity 
distributions coincide) and
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When , constf x y =^ h  and  , constg x y !^ h , it is 
convenient to determine the expansion coefficients (23) of 
the signal function according to Equation (26) as follows

, ,
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In the case of the optimal reception, the intensity 
distributions of the received and reference images coincide, 
that is, Equation (10) is satisfied and the expansion 
coefficients in Equation (23) of the signal function take the 
form

f dxd .

, , /

,

d d f X y y f X y y dy

x y

y

y

1 2
2

1
2

1

2

0

min

max
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^
h
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h
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 (29)

The same result has been obtained in [10].
Now consider properties of the correlation function 

in Equation (20). Taking into account equality in Equation 
(21) of the signal in Equation (16) and correlation in 
Equation (20) functions under , ,f x y g x y=^ ^h h , one can 
obtain an asymptotic expansion in Equation (20), while 

02 1 "m m-  as a special case of Equation (22). By 
substituting ,g x y^ h  instead of ,f x y^ h  in Equation (29), 
for the expansion coefficients in Equation (22) one gets

2
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while d 00 2 . Therefore, if 02 1 "m m- , then the 
correlation function (20) allows the following asymptotic 
representation:

and right parts of the border of the area occupied by the 
image relative to the line AB are described as X y1 ^ h  and 
X y2 ^ h , respectively.

Using the introduced notations (see Figure 1), one can 
rewrite the signal function in Equation (16) in the form
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Differentiating (24) by the variable λ and taking into 
account the finite size of the image existence area, one 
obtains expressions for the expansion coefficients in 
Equation (22):
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where ijd  is the Kronecker delta symbol. In practice, 
different combinations of types of intensity distribution of 
the real and presupposed (reference) images are possible. 
Therefore, carrying out the integration of Equation (25) 
by parts, one can present the expansion coefficients in 
Equation (25) in an alternative way:
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Now are considered several special cases of the intensity 
distribution. If , constg x y =^ h  and , constf x y !^ h , then, 
for the expansion coefficients in Equation (23), Equation 
(25) is convenient because the integral by the variable x is 
reduced to zero and one gets

Figure 1 The type of the area occupied by the image
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By substituting Equation (36) into Equations (34) and 
(35), for the required bias and variance, one obtains
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If shapes of the received and the reference images 
coincide (the condition in Equation (10) is satisfied), then 
according to Equations (29) and (30), d d d1 2 0= =  and 
the bias in Equation (37) and variance in Equation (38) take 
the form

, /b V z d0 13 20 0
4
0
2m m m m= =t t_ _i i , (39)

respectively.
It should be noted that these expressions coincide with 

characteristics of the ML estimate of the image position 
obtained in [10].

Then, one considers, for example, estimate of the 
rectangular image position. Let in the observation area of 
the image be present a rectangle with sides lx  and ly , 
 parallel to the axes Ox and Oy, respectively. In this case, 
one selects the coordinate system so that its origin is 
located at the intersection of the rectangle diagonals. One 
assumes that the image intensity is described by a linear 
function that increases in the direction of the angle θ with 
the side lx  (axis Ox):
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Here, the multiplier
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is introduced to provide the constancy of the image energy 
for different values of q and θ. The value /q s smax min=  
characterizes the slope, while S0  - the magnitude of 
the change in the image intensity; ,maxs f x ymax = ^ h , 

, , ,mins f x y x ymin ! X= ^ h , are the maximum and 
minimum intensity values, respectively. For a uniform image 
that has the same area and shape as the non-uniform one, 
the slope is q 1= , so that ,f x y S0=^ h . One chooses 
the uniform image with the intensity ,g x y S0=^ h  as the 
expected one. This corresponds to the case when a receiver 
synthesized for estimating the position of a uniform image 
is applied for the position estimate of a non-uniform image 
in Equations (1), (40). By substituting Equation (40) and 
,g x y S0=^ h  into Equation (27), one finds expressions for 

the expansion coefficients in Equations (22), (31)
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If intensity of the reference image is constant, 
that is,  , constg x y =^ h , then /d l Gy s0 = , where 
l y ymax miny= -  is the length of the image projection on 
the axis Oy (see Fig. 1), Gs  is the image area [10]. While 

2 1m m-  increases, the correlation function in Equation 
(20) decreases and becomes zero, if lx2 1 2m m- . Here 
lx  is the length of the image projection on the axis Ox.

In view of the above, one can conclude that the 
decision statistics in Equation (15) of the QL estimation 
algorithm in Equation (9) is the Gaussian random process, 
for which the mathematical expectation and the correlation 
function, under conditions of high a posteriori accuracy, 
allow the representations in Equations (22) and (31), 
respectively. The statistical properties of such a process 
are studied in details in [10, 15]. Taking into account 
Equation (22), relations in Equation (14) conditioning the 
consistency of the QL estimate in Equation (9), can be 
rewritten in a more convenient form: S 0m 2 , d 0i 2 , 

,i 1 2= . Thus, the conditions in Equations (14) are satisfied 
and the QL estimate in Equation (9) is consistent, if for all 

,y y ymin max! 6 @  the following inequalities hold:
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5	 The	characteristics	of	the	quasi-likelihood	estimate	
of	the	image	position

Next, one seeks characteristics of the image position 
QL estimate in Equation (9), assuming that this estimate 
is consistent. Taking into account the set properties of the 

signal in Equation (22) and correlation in Equation (31) 

functions, the conditional bias b 0 0m m m m= -t t_ i  and 

variance V 0 0
2

m m m m= -t t_ ^i h  of the reliable estimate 
in Equation (9) can be found by applying the local Markov 
approximation method as it is described in [16-17]. As 
a result, one gets

,b
z z R

z R R z R

1

2 2 1
0

1
2
2
2 2

1
2

2
2

m m =
+

+ - +t_ ^
^

^i h
h

h
 (34)

,
z z R

z R R z R
V

R R
1

2
2

6 5 5 6 2
0

1 2

1 2
4 4 3

4 2 4 2

m m =
+

+ + + + +t_ ^
^

^i h
h

h

 (35)

where

/ , / , ,R d d z z d d i 1 2i1 2 1
2 2 2

0= = =u . (36)
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axis). From Figure 2 can be seen that the QL estimate is 
unbiased under q 1= . If q 1! , then, for the same value 
of q, accuracy of the estimate decreases with increasing i , 
and that corresponds to the increasing degree of difference 
between the received and the presupposed images.

In order to characterize the loss in accuracy of the QL 
estimate, while comparing it to the same kind of loss in case 
of the ML estimate, one introduces the relation

/V V0 0 00| m m m m m m=t t t_ _ _i i i , (46)

where V 0m mt_ i  and V 00 m mt_ i  are determined in 
Equations (43) and (44), respectively.

In Figure 3, the graphs demonstrate dependence of the 
loss in the QL estimate accuracy (46) upon the parameter 
q under 1c=  and the varied values of the parameter i
. Here the notations coincide with the ones introduced in 
Figure 2. From Figure 3, it follows that under q 1= , there 
is no loss in the QL estimate accuracy. However, under the 
fixed q 1! , the loss increases with the increasing i  and 
that corresponds to the increasing degree of difference 
between the intensities of the received and the reference 
(presupposed) images. When the value q increases and the 
value i  is fixed, the loss increases.

6		 Conclusion

Synthesis and analysis of the rather simple QL 
algorithm have been carried out for estimating the position 
of the image with the unknown intensity distribution. As 
a result, the expansion is found of the signal function 
of the decision statistics in the neighborhood of the 
image position real value. Expressions are obtained for 
the bias and variance of the resulting estimate of the 
measured image coordinate. The dependence of the 
estimate characteristics upon the non-uniformity of the 
image intensity distribution is examined on an example of 
an image with the set intensity distribution. The relations 

Taking into account Equation (41), expressions for 
estimation characteristics in Equations (37) and (38) take 
the form

/b al z a4 1x0
2 2 2

m m = -t u_ ^i h , (42)
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For the case when q 1=  in Equations (41)-(43), one 
obtains expressions for the bias and the variance of the ML 
estimate of the uniform image position that coincide with 
the expressions in Equation (39):

, /b V l z0 13 2x0 00
2 4m m m m= =t t_ _i i , (44)

respectively.
Comparing Equations (42) and (43) to Equation (44), 

one can estimate influence of the non-uniformity of the 
image brightness distribution upon the accuracy of the QL 
estimate of the image position. Unlike the ML estimate, 
the QL estimate is biased as it follows from Equation (42). 
While the deviation of the parameter q from unity increases, 
the absolute magnitude of the estimate bias increases too. 
When the bias is a significant part of the mean-root-square 
error, it significantly reduces the accuracy of the estimate. 
Therefore, one introduces the normalized bias

/b V0 00b m m m m m m=t t t_ _ _i i i , (45)

that shows what proportion of the mean-root-square is the 
bias of the QL estimate.

Graphs of dependence of the normalized bias in 
Equation (45) of the QL estimate upon the parameter q 
under 1c=  and the varied values of the parameter i  
are presented in Figure 2. Here, the curve 1 corresponds 
to value 0i= , the curve 2 - to /16i r= , the curve 
3 - to /8i r= , the curve 4 - to /6i r= , the curve 
5 - to /4i r= , the curve 6 - to /3i r= , the curve 7 - 
to /2i r=  (the last curve coincides with the abscissa 

Figure 2 Dependences of the normalized bias of the image 
position QL estimate 

Figure 3 Dependences of the loss in the accuracy of the 
image position QL estimate due to the ignorance of the 

image intensity
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of the expansion coefficients. The nonparametric estimate 
of the intensity profile can also be used [18].

These results can be used in design of the measuring 
systems for object monitoring in the field of transport 
services, security, process and production control, etc.
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obtained allow determining the loss in accuracy of the 
image position estimate due to a priori ignorance of the 
image intensity distribution.

In the case when the intensity profiles of the received 
and the reference images differ significantly, so that the 
loss in the QL estimate accuracy becomes significant, an 
adaptation of the estimation algorithm, by the unknown 
intensity profile that leads to the improvement in the 
accuracy of the image position estimate, can be applied. 
One of the possible ways to implement adaptation is 
to expand the intensity profile function in terms of an 
orthogonal function system basis with a further estimation 
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Resume
The study concerns the problem of overloading the vehicles driven on public 
roads. The gross vehicle mass and individual axle loads are limited by legal 
regulations. However, a tricking method, applicable to most popular designs 
of motor vehicles and multiaxial tractor-semitrailer units, has been shown that 
the weighing inspectors, even if provided with precise scales, may be deceived 
without any interference in the scale operation. In such a method, the current 
vehicle state may be changed by modifying the stiffness of individual pneumatic 
suspension springs, which is now technically feasible. The author used two 
authorial vehicle models and a simulation program. Calculation results obtained 
for a four-axle motor vehicle and a five-axle tractor-semitrailer unit, taken as an 
example, have been demonstrated. They show that a deceit is possible when 
a vehicle is weighed in motion with a very low speed.
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shortages in the network of modern roads with high load 
capacity; as a consequence, the traffic of heavy vehicles 
takes place in a considerable part on the lower-class roads. 
It also happens that drivers, trying to avoid the payment 
of a toll, choose local highways and the progressing 
deterioration of such roads constitutes a serious problem 
for local authorities. The Minister of Infrastructure and 
Development and the Road Transport Inspection (ITD) 
in Poland receive many related questions, appeals and 
requests, which sometimes have the form of parliamentary 
questions [3] and are formulated in result of analyses carried 
out by institutions subordinated to legislative authorities 
[4]. The said Road Transport Inspection (ITD) has adequate 
equipment necessary to carry out continuous and periodic 
inspections of vehicle loading.

This paper’s aim is to present the problem of 
a possibility of the ITD inspectors being cheated when 
measuring the vehicle axle loads and even if instruments 
of the highest possible accuracy are used at that. Thus, 
apart from the problem exploration aspect, the purpose of 
this study is to direct inspectors’ attention to the possible 
hazard of deceit.

2	 Systems	for	weighing	vehicles	in	motion

The systems for weighing vehicles in motion have 
been developed as a result of many years of research, 
experiments and construction of measuring equipment 

1		 Introduction

The motor transport of passengers and goods plays 
a key role in economies of most countries in Europe and 
other continents. However, the bearing capacity of land 
roads is not unlimited. Therefore, the legal regulations 
have been adopted to restrict the acceptable gross vehicle 
mass and the normal forces exerted by wheels of individual 
vehicle axles on the road surface [1]. The limits thus 
imposed depend on specific road class (traffic service 
level), vehicle type, position of a specific axle in the 
suspension system structure and vehicle’s running gear. 
Transportation companies and their drivers try to make 
use of vehicle’s load capacity to the maximum possible 
extent. They reduce the “idle mileage” to the minimum, 
which is a reasonable trend. Simultaneously, however, it 
happens quite often that they overload (unconsciously or 
intentionally) their vehicles by exceeding the acceptable 
gross mass of the vehicle or the tractor-semitrailer unit 
or by incorrectly arranging the cargo. In both cases, that 
causes the axle loads to exceed the acceptable limits. As 
a consequence, the overloaded road surface undergoes 
more intensive wear. According to [2], the 10% exceedance 
of the acceptable limit of the road surface load may raise the 
road-destroying effect by 45%. Another negative effect of 
the vehicle overloading is increased traffic accident hazard 
arising from higher loads on vehicle’s running gear and on 
its braking and steering systems. In Poland, like in many 
other (especially East European) countries, there are still 
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vehicle loading regulations (suitable for vehicle speeds of 
2-10 mi.h-1).

Since 2014, a nationwide WIM network has been under 
construction in Poland. By 2015, 300 stations to weigh pre-
selected vehicles were to be built, according to GDDKiA 
(General Directorate for National Roads and Motorways in 
Poland) [2]. The WIM network administered by ITD (Road 
Transport Inspection) is provided with mobile systems, 
i.e. scales for determining the loads on individual vehicle 
wheels or on two wheels of the same vehicle axle [12, 16, 
20-21].

3	 Essence	of	the	feasible	method	of	deceiving	
when	a	vehicle	is	weighed	in	motion	with		
a	very	low	speed	

Figure 1 shows a schematics that explains the way 
how a deceit can be committed when a vehicle is weighed 
in motion with a very low speed. Here, a four-axle vehicle 
standing on a horizontal road surface, with its axles being 
situated symmetrically to each other, will be used as an 
example. The vehicle load is so arranged that the gross 
vehicle weight 4F causes identical normal reactions F to act 
on the wheels of individual vehicle axles (see the top part of 
the drawing). In this example, axle scales (simultaneously 
measuring the load on two wheels of the same axle) is 
used. Thus, four F values are measured (with accuracies 
of individual scales). If the measurement, carried out for 
the wheels of a specific axle (marked with a red ring in 
the drawing) of the vehicle under test, is immediately 
preceded by a reduction in the stiffness of suspension 
springs of the said axle (caused by e.g. the vehicle driver) 
then the load value actually read for this axle will be lower 
than F. If such a fraudulent driver’s action is repeated 
when the loads on other axles are measured, a similar 
effect will be obtained. The drop in the normal reaction 
value determined for the axle under measurement will be 
accompanied by growths in the values of such reactions at 
the axles situated nearby (where the load is not measured 
at that time). In consequence, the sum of the readouts will 
be less than 4F and the measuring inspector will record 
a total result lower than the actual vehicle weight (4F), 
in spite of precise stationary scales being used. Instead of 
reducing the stiffness of the suspension system of the axle 
under measurement, the suspension stiffness at the other 
(or neighbouring) axles may be raised to obtain a similar 
effect. A schematic similar to the one presented in Figure 1 
may also be drawn for a multiaxial tractor-semitrailer unit.

The following questions arise:
• Can the suspension stiffness be changed during the 

slow vehicle motion on the measuring stand?
• Can the possible changes in the suspension stiffness 

at individual vehicle axles be big enough for the 
difference between the actual vehicle weight and the 
sum of individual readings to be such that the driver 
would avoid punishment for vehicle overloading?

and as an effect of experience gained from multiannual 
operation of such devices in the USA and in many 
European countries. They were first built in the USA in 
1951 [5]. In Europe, the earliest one was made in the 
UK in 1978 [6] and intensive research and engineering 
works aimed at construction of systems intended to 
determine the weight of a vehicle in motion, referred to 
as weigh-in-motion (WIM) systems, have been done since 
1990s. In publications [2, 6-9], such projects as COST323 
(1993-1999), WAVE (1996-1999), TOP TRAIL (2000-2002), 
REMOVE (2004-2006) and FiWi (2007-2009) have been 
mentioned. The researchers and scientists involved in 
exploring such issues meet together at cyclic conferences 
named ICWIMi (the most recent one, ICWIM8, was held in 
Prague in May 2019).

Publication [6] presents division of the WIM systems 
into on-board and road WIM systems and the latter are 
divided into non-invasive (seismic) and embedded systems. 
The embedded systems may use a bridge structure as 
the measuring device (they are referred to as Bridge-
WIM or B-WIM systems) or may be installed in or under 
the pavement (Pavement WIM systems), which in turn 
are divided into Low Speed (LS-WIM) and High Speed 
(HS-WIM) systems operating at vehicle speeds of up to 
10 km.h-1 and higher (even up to 80-120 km.h-1), respectively. 
The latter may be made as one- or two-sensor devices or 
as multi-sensor (Multi-Sensor WIM or MS-WIM) systems. 
A matter of critical importance here is the measurement 
accuracy, specified as about 2% for the LS-WIM systems 
and 7-20% for the HS-WIM ones. For the most modern 
MS-WIM systems, where even as many as 16 sensors may 
be employed, the accuracy is 2% [6].

To determine vehicle weights, static (or quasi-static) 
scales with an accuracy of the order of ±1% [10] are also 
used (some manufacturers even declare an accuracy of 
0.03% [11]). They are made as weighbridges (or platform 
scales) for vehicles as a whole [10-19] and stationary or 
mobile scales for determining the loads on individual 
vehicle wheels or on two wheels of the same vehicle axle 
[12, 16, 20-21]. The measurement results obtained from this 
equipment may provide grounds for imposing penalties 
for overloading of vehicles in relation to the requirements 
specified in the applicable normative document [1]. The 
measurements in this case take more time than required 
when other equipment is used and the vehicle must pull 
in. Therefore, such measurements are carried out when 
a suspicion of a vehicle overload is indicated by the road 
WIM system (chiefly an HS-WIM system). Therefore, the 
HS-WIM systems are treated as intended for in-motion 
preselection of overloaded vehicles [2, 5-9, 22-23]. 

In the USA, the ASTM E1318 standard is in force [5], 
according to which the WIM systems have been divided into 
types I, II, III and IV. Type I and Type II systems are used for 
collecting traffic data (at vehicle speeds of 10-80 mi.h-1). For 
Type III systems (10-80 mi.h-1), requirements corresponding 
to the European pre-selection systems (HS-WIM) have 
been formulated. Type IV is also mentioned, although not 
approved yet for use in the USA, but built to enforce the 
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At present, there are many vehicles with such systems [24-
26], especially those designed for the long-range operation, 
where driver’s comfort and reduction of vibrations, having 
an impact on the cargo transported, are a matter of 
importance. This particularly applies to suspension systems 
of semitrailers (e.g. Wielton, Fruehauf, Schmitz, Kogel), as 
well as trucks and truck-tractors (in the latter case, not all 
the vehicle axles are so equipped). Even the manufacturers 
of the four-axle motor trucks, designed for operation 
in the building industry and driven on unpaved roads 
(e.g. Scania, Volvo, Iveco and Renault), provide selected 

• Similar questions may be asked in the case of examining 
a single axle and comparing the measurement result 
with the legally acceptable limit.
The computer systems (LAN) and on-board diagnostic 

systems used in motor vehicles provide technical 
possibilities that the first question may be answered 
affirmatively.

For the “YES” answer to be given to the second 
question, some preconditions must be met. First, the vehicle 
under consideration must be provided with a suspension 
system with controllable stiffness, e.g. a pneumatic one. 

Figure 1 Schematics to explain the possibility of deceit when a vehicle is weighed in motion with a very low speed. The red 
rings indicate the axles where the suspension spring stiffness is temporarily reduced.

  
                  a.                                     b.

Figure 2 a. Example characteristics of the pneumatic suspension spring (air bellow) of a motor truck:  
force (lbs×1 000=4.54×1 000 N) vs current bellow height (in = 0.0254 m) for various constant values  
of bellow inflation pressure (above atmospheric, e.g. 100 psig=0.689 MPa) [25], b. Relative changes  

in the air bellow stiffness for two different reference pressure values  
(0.552 MPa and 0.689 MPa in this case, as specified)
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4	 Physical	models	used	in	the	calculations

Originally, the author planned to use his authorial 
MBS (Multi-Body System) models presented in [27-29]. 
An example model of this type, used to study dynamics of 
an articulated vehicle, has been shown in Figure 3. This 
model has 29 degrees of freedom and requires a lot of 
data to be predetermined, including performance curves 
characterizing the operation of individual vehicle component 
systems. Actually, the objective of the calculations carried 
out was to verify the hypothesis formulated in Section 3; 
therefore, the two simpler models were chosen, which 
were to be used at first for qualitative research and then 
for quantitative tests. The fact was taken into account that 
during the quasi-static measurement carried out on single-
wheel scales (determining the loads on individual vehicle 
wheels) or on axle scales, the vehicle is moving rectilinearly 
with a very low speed.

Pursuant to the rule that the model adopted should 
chiefly represent the main vehicle characteristics in the test 
conditions [28, 30-31], a decision was made to reduce the 
complexity of structures of the models built.

Figure 4 shows the model of a four-axle motor truck 
moving rectilinearly with a very low speed. The model has 
the form of a beam representing the mass of the vehicle 
body solid supported by four springs that describe the 
elasticity of individual wheel suspension systems and 
pneumatic tyres (arranged in series). The masses of vehicle 

vehicle axles with pneumatic suspension systems. Figure 
2a shows an example of characteristics of the pneumatic 
suspension spring (air bellow) of a motor truck [25]. Figure 
2b illustrates relative changes in the air bellow stiffness for 
the two different reference pressure values (0.552 and 0.689 
MPa in this case, as specified). The characteristic curves 
in Figure 2a represent the axial forces transmitted by the 
bellow as functions of the current bellow height for various 
inflation pressure values. As it can be seen, the slope of 
the curves, i.e. the suspension stiffness, increases with 
a growth in the bellow inflation pressure.

As an example: for the bellow height of 5 in. (0.127 
m), a pressure change from 40 psig to 100 psig (i.e. from 
0.276 MPa to 0.689 MPa) will cause the suspension stiffness 
(slope of the bellow force vs height curve) to rise more 
than 2.34 times (i.e. by 134%). For the same bellow height, 
a reduction in the pressure from 100 psig to 40 psig (i.e. 
from 0.689 MPa to 0.276 MPa) will cause a drop in the 
suspension stiffness by about 57.3%. This is illustrated by 
the curve plotted in Figure 2b for the reference bellow 
pressure of 100 psig (0.689 MPa). Thus, the suspension 
stiffness may be considerably changed by modifying the 
bellow inflation pressure.

Second, it should be checked by calculation whether 
the obtainable change in the suspension stiffness would 
cause a sufficient lowering of the measurement results for 
the cheating effect in question to be achieved. And this is 
exactly the objective of this study.

Figure 3 Model of a tractor-semitrailer unit for the simulation of the vehicle motion and dynamics, including real time 
simulation. 29 degrees of freedom, i.e. x
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representing the fifth-wheel joint in the tractor-semitrailer 
unit. The beams are supported by springs describing the 
elasticity of individual wheel suspension systems and 
pneumatic tyres (arranged in series as above). Masses of 
the vehicle wheels and axles and the propulsion forces have 
been ignored here, as well. In the model so designed, points 
C and N represent centres of mass of the truck-tractor and 
semitrailer, respectively; S is a centre of the rotary coupling 
between the truck-tractor and semitrailer (centre of the fifth-
wheel kingpin head, i.e. the “fifth-wheel centre”); m

C
 [kg] is 

the truck-tractor mass; m
N
 [kg] is the semitrailer mass; g = 

9.81 m.s-2 is acceleration of gravity; numerals i = 1, 2, 3, 4, 5, 
6 denote tyre-road contact points; Z

k
 [N] is normal reaction 

at the kth tyre-road contact point (equal to the load on the 
kth axle); k

k
 [N.m-1] is resultant stiffness of the suspension 

system and tyres of the kth axle; Z
S
 [N] is vertical reaction at 

the fifth-wheel centre (point S); l
kl
 [m] is horizontal distance 

wheels and axles and the propulsion forces have been 
ignored. In the model so designed, point B represents the 
centre of a vehicle mass; m

S
 [kg] is vehicle mass; g = 9.81 

m.s-2 is acceleration of gravity; numerals i = 1, 2, 3, 4 denote 
tyre-road contact points; Z

i
 [N] is normal reaction at the ith 

tyre-road contact point (equal to the load on the ith axle); k
i
 

[N.m-1] is resultant stiffness of the suspension system and 
tyres of the ith axle; l

ij
 [m] is a horizontal distance between 

point “i” and point “j” (here, i = 1 and j = 2, B, 3, 4); u
i
 [m] is 

deflection of the suspension system of the ith axle (here, i = 
1, 2, 3, 4); α [rad] is a pitch angle of the vehicle body solid. 
Oxy is the coordinate system attached to the road, where 
Ox is the horizontal axis and Oz is the vertical axis.

Figure 5 shows a similar model of a three-axle truck-
tractor with a three-axle semitrailer. Here, the two beams can 
be seen that represent masses of the tractor and semitrailer 
body solids. They are coupled to each other by a rotary joint 

Figure 4 Model of a four-axle motor truck moving rectilinearly with a very low speed  
(for the meaning of the symbols used see the text)

Figure 5 Model of a three-axle truck-tractor with a three-axle semitrailer moving rectilinearly  
with a very low speed (for the meaning of the symbols used see the text)
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The vector ZS to be found (Equation (3)), representing 
the normal reactions (axle loads) Z

i
 at the ith tyre-road 

contact points, can be obtained by solving Equation (1).

5.2	 Mathematical	model	of	a	three-axle	truck-tractor	
with	a	three-axle	semitrailer

Additional simplifying assumptions were also adopted 
for the model shown in Figure 5:
• differences u

i
−u

j
 in suspension system deflections are 

small in comparison to the l
kl
 dimensions specified;

• suspension system deflections u
i
 are vertical (in the Oz 

direction);
• pitch angles of the tractor and semitrailer body solids 

are small (up to a few degrees);
• Z

i
 reactions are non-negative.

Equations that describe the state of static equilibrium 
of the truck-tractor moving rectilinearly, with a constant 
very low speed, have the form of equations of forces in 
the vertical direction Oz, equations of the moments of 
forces relative to point l and tangent of the pitch angle of 
the tractor body solid determined from deflections of the 
suspension systems of axles 1, 2 and 3. Similar equations 
that describe the state of static equilibrium of the semitrailer 
have the form of equations of forces acting in the vertical 
direction Oz, equations of the moments of forces relative 
to point S and tangent of the pitch angle of the semitrailer 
body solid determined from deflections of the suspension 
systems of axles 4, 5 and 6. After transformations, they take 
a matrix form:

AZ
6x6 

× ZZ
6x1 

= WPSZ
6x1

. (5)

The non-zero elements of the AZ matrix are represented 
by a group of relations (6):

AZ(1,1) = AZ(1,2) = AZ(1,3) = AZ(1,4) = AZ(1,5) = 
= AZ(1,6) = 1,
AZ(2,1) = − l

1S
, AZ(2,2) =l

12
 −l

1S
, AZ(2,3) = l

13
−l

1S
,

AZ(3,1) = (l
12

−l
13

)/k
1
, AZ(3,2) = l

13
/k

2
, AZ(3,3) = − l

12
/k

3
,

AZ(4,2) = l
12

/l
1S

, AZ(4,3) = l
13

/l
1S

, AZ(4,4) = AZ(4,5) = 
= AZ(4,6) = 1, (6)
AZ(5,4) = l

S4
, AZ(5,5) = l

S5
, AZ(5,6) = l

S6
,

AZ(6,4) = (l
S6

−l
S5

)/k
4
, AZ(6,5) = − (l

S6
−l

S4
)/k

5
, AZ(6,6) =  

=(l
S5

−l
S4

)/k
6
,

Vector ZZ has the form in Equation (7) and vector 
WPSZ is defined by Equation (8).

ZZ
6x1

 = col[Z
i
], i=1, 2, 3, 4, 5, 6. (7)

WPSZ
6x1

 = col[(m
C
+m

N
)×g,  m

C
×g×(l

1C
-l

1S
),  0,   

(m
C
×l

1C
/l

1S
-m

N
)×g,  m

N
×g×l

SN
,  0].  (8)

between point “k” and point “l” (here, k = 1, S; and l = C, 2, 
S, N, 4, 5, 6); u

k
 [m] is deflection of the suspension system of 

the kth axle (here, k = 1, 2, 3, 4, 5, 6). Oxy is the coordinate 
system attached to the road, where Ox is the horizontal axis 
and Oz is the vertical axis.

5	 Mathematical	models	for	the	physical	models	
adopted

For the physical models illustrated in Figures 4 and 
5, mathematical models have been built, which describe 
the state of the static equilibrium of vehicles moving 
rectilinearly with a constant very low speed (close to zero) 
on a horizontal even road surface.

5.1	 Mathematical	model	of	a	four-axle	motor	truck

The following additional assumptions were adopted for 
the model shown in Figure 4:
• differences u

i
−u

j
 in suspension system deflections are 

small in comparison to the l
ij
 dimensions specified;

• suspension system deflections u
i
 are vertical (in the Oz 

direction);
• pitch angle α of the vehicle body solid is small (up to 

a few degrees);
• Z

i
 reactions are non-negative.

Equations that describe the state of the static 
equilibrium of the vehicles moving rectilinearly, with 
a constant very low speed, have the form of equations 
of forces acting in the vertical direction Oz, equations of 
the moments of forces relative to point l, tangent of the 
pitch angle α of the vehicle body solid determined from 
deflections of the suspension systems of axles 1, 2 and 
4 and tangent of this angle determined from deflections 
of the suspension systems of axles 1, 3 and 4. After 
transformations, they take a matrix form:

AS
4x4

×ZS
4x1

=WPSS
4x1

. (1)

The non-zero elements of the AS matrix are represented 
by a group of relations:

AS(1,1) = AS(1,2) = AS(1,3) = AS(1,4) = 1,
AS(2,2) = l

12
, AS(2,3) = l

13
, AS(2,4) = l

14
,

AS(3,1) = (l
12

−l
14

)/k
1
, AS(3,2) = l

14
/k

2
, AS(3,4) = − l

12
/k

4
, (2)

AS(4,1) = (l
13

−l
14

)/k
1
, AS(4,3) = l

14
/k

3
, AS(4,4) = −l

13
/k

4
.

Vector ZS has the form in Equation (3) and vector 
WPSS is defined by:

ZS
4x1

 = col[Z
i
], i = 1, 2, 3, 4. (3)

WPSS
4x1

 = col[m
S
×g,  m

S
×g×l

1B
,  0,  0]. (4)
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6.1	 Nominal	data	of	the	motor	truck	and	the	tractor-
semitrailer	unit

The following data were adopted for the four-axle 8×8 
motor truck taken as an example: m

S
 =32 000 kg, k

1
 = k

2
 = 

k
3
 = k

4
 = 300 000 N.m-1, l

12
 = 1.7 m, l

13
 = 4.8 m, l

14
 = 6.15 m, 

l
1B

 = 3.1625 m. The maximum acceptable values are: m
Sdop

 
= 32 000 kg (i.e. G

Sdop
 = m

Sdop
 × g = 313 920 N) and Z

1dop
 = 

Z
2dop

 = Z
3dop

 = Z
4dop

= 9 000 kg×g = 88 290 N, according to the 
applicable normative document [1]. As it can be seen, the 
vehicle mass is equal to the maximum acceptable gross 
vehicle mass (m

S
 = m

Sdop
). Figure 6 shows the calculation 

results obtained for the nominal data of the example four-
axle motor truck in comparison to the maximum acceptable 
values. At none of the vehicle axles, the normal reactions 
(axle loads) exceed the limits.

For the example truck-semitrailer unit (two-axle truck-
tractor with a three-axle semitrailer), the following data 
were adopted: m

C
 = 7 500 kg, m

N
 = 32 500 kg, k

1
 = 

412 000 N.m-1, k
2
 = 1 500 000 N.m-1, k

4
 = 1 340 000 N.m-1, k

5
 

= 1 340 000 N.m-1, k
6
 = 1 340 000 N.m-1, l

12
 = 3.595 m, l

1C
 = 

0.567 m, l
1S

 = 3.13 m, l
SN

 = 3.849 m, l
S4

 = 4.89 m, l
S5

 = 6.20 m, 
l
S6

 = 7.51 m. 
The maximum acceptable values are [1]: m

Zdop
 = (m

C
 

+ m
N
)

dop
 = 40 000 kg (i.e. G

Zdop
 = m

Zdop
 × g = 392 400 N), 

Z
1cdop

 = 10 000 kg × g = 98 100 N, Z
2cdop

 = 11 500 kg × g = 
112 815 N, Z

1ndop
 = Z

2ndop
 = Z

3ndop
 = 8 000 kg × g = 78 480 N. 

The mass of the truck-semitrailer unit is equal to the 
maximum acceptable gross vehicle mass (m

Z
 = m

C
 + m

N
 

= m
Zdop

). Figure 7 shows the calculation results obtained 
for the nominal data of the example two-axle truck-tractor 
with a three-axle semitrailer in comparison to the maximum 
acceptable values. At none of the vehicle axles, the normal 
reactions exceed the limits.

6.2	 Data	of	the	motor	truck	and	the	tractor-
semitrailer	unit	when	overloaded

The model of the four-axle motor truck taken as an 
example was overloaded by 20% and the centre of its mass 

The vector ZZ to be found (Equation (7)), representing 
the normal reactions (axle loads) Z

i
 at the ith tyre-road 

contact points, can be obtained by solving Equation (5).

6	 Data	adopted	for	the	example	calculations

For the motor truck calculations, the data adopted as 
an example represent a four-axle vehicle with an 8×8 drive 
system (all-wheel drive eight-wheeler) with a design similar 
to that of at least several truck types used in Poland, chiefly 
in the building industry.

The data taken for the example calculations, concerning 
a truck-semitrailer unit, correspond to a two-axle truck-
tractor with a three-axle semitrailer. The structure of such 
a vehicle combination is somewhat less complicated than 
that shown in Figure 5, but it was chosen because of being 
very popular in Poland. The low road gradients prevail 
(except for the southern regions) and transport companies 
usually choose truck-tractors with 4×2 drive systems (four 
wheels, two of them being driven), which is less expensive 
than the 6×4 type (six wheels, four of them being driven). 
The tractor-semitrailer model, as discussed in the foregoing 
sections, makes it possible to analyse the five-axle vehicle 
combinations instead of the six-axle ones, as such a model 
reduction would not disturb the computation algorithm. 
Equation (9) illustrates a modified system of denoting 
individual vehicle axles and tyre-road contact points, which 
enables the said model reduction:

1 => 1c      2 => 2c      3 => 3c (omitted)     
4 => 1n      5 => 2n      6 => 3n, (9)

where: “c” and “n” means “tractor” and “semitrailer, 
respectively.

Point 3 (i.e. 3c in the new notation) would be omitted 
in the case of the said reduction. The mathematical model 
would still have the form as described by Equations (5)-(8), 
but the method of presenting the calculation results would 
be modified according to Equation (9).

Figure 6 Calculation results obtained for the nominal data 
of the example four-axle motor truck in comparison to the 
maximum acceptable axle load values (“Limit, per axle”)

Figure 7 Calculation results obtained for the nominal 
data of the example two-axle truck-tractor with a three-axle 

semitrailer in comparison to the maximum acceptable 
values for the 1st tractor axle (“Limit,1c”), 2nd tractor axle 

(“Limit,2c”) and a semitrailer axle (“Limit, 1n-3n”)
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results obtained for the overloaded truck-semitrailer unit in 
comparison to the maximum acceptable values. The normal 
reactions at the semitrailer axles (1n, 2n and 3n) exceed 
the limits.

7	 Potential	capabilities	of	the	method	of	deceiving	
when	the	example	vehicles	are	weighed	

The analysed method of deceiving when the loads 
on individual vehicle axles are measured consists (as 
described above) in reducing the stiffness of specific axle’s 

was shifted rearwards by 0.15 m. Thus, the two parameters 
of the model were changed (cf. Figure 4): m

S
 = 38 400 kg, l

1B
 

= 3.3125 m. Figure 8 shows the calculation results obtained 
for the overloaded four-axle motor truck in comparison 
with the maximum acceptable values. The normal reactions 
(axle loads) exceed the limits at axles 2, 3 and 4.

In the model of the truck-semitrailer unit taken as 
an example (two-axle truck-tractor with a three-axle 
semitrailer), the semitrailer was overloaded by 20% and the 
centre of its mass was shifted rearwards by 0.5 m. Thus, the 
two parameters of the model were changed (cf. Figure 5): 
m

N
 = 39 000 kg, l

SN
 = 4.349 m. Figure 9 shows the calculation 

Figure 8 Calculation results obtained for the four-axle 
motor truck overloaded by 20%, shown in comparison to the 

maximum acceptable axle load values (“Limit, per axle”)

Figure 9 Calculation results obtained for the truck-
semitrailer unit overloaded by 20%, shown in comparison 
to the maximum acceptable values for the 1st tractor axle 

(“Limit, 1c”), 2nd tractor axle (“Limit, 2c”) and a semitrailer 
axle (“Limit, 1n-3n”)

                                             a.                                     b.

             
                                             c.                                     d.

              
Figure 10 Motor truck. Impact of a reduction in the stiffness of suspension systems of axles 1 (a), 2 (b), 3 (c) and 4 (d) on 

the normal road reactions (axle loads) at pneumatic tyres of all the four vehicle axles
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axle or at the two rearmost axles. Figure 10 shows impact 
of a reduction in stiffness of the suspension systems of 
individual vehicle axles on the normal road reactions 
(axle loads) at pneumatic tyres of all the four axles. The 
1st axle (Figure 10a) is not overloaded. Should, however, 
a reduction in the stiffness of the suspension system of 
this axle be possible then the normal road reaction (axle 
load) would decline with the said drop in the stiffness of 
this suspension system. The load on the 4th axle would also 
decrease, at the expense of a growth in the loads on axles 2 
and 3. Since the front axles of vehicles of this type are not 
usually provided with pneumatic bellows, the interference 
in the front axle suspension system will not be discussed 
here. The 2nd axle (Figure 10b) is overloaded. A decline in 
the stiffness of its suspension system causes a drop in the 
normal road reaction (axle load); namely, if this stiffness 
declines by as little as about 4%, the axle load drops to the 

suspension springs immediately before the axle load is 
measured. In consequence, a part of this load is taken over 
by the other vehicle axles, chiefly those next to the one 
under measurement.

7.1	 The	case	with	overloading	the	example	motor	
truck

As mentioned before, the four-axle motor truck taken 
as an example for the calculations has an 8×8 drive system 
(it is an all-wheel drive eight-wheeler). Usually, the front 
axle of such vehicles is not provided with pneumatic 
bellows because of the confined space available, restricted 
by the design and mounting of vehicle’s engine and steering 
system components. An air suspension system, whose 
stiffness may be varied, is provided at the 2nd, 3rd and 4th 

                                           a.                                               b.

          
                                           c.                                          d.

               
e.

Figure 11 Tractor-semitrailer unit. Impact of a reduction in stiffness of the suspension systems of axles 1 (a), 2 (b), 3 (c)  
4 (d) and 5 (e) on the normal road reactions (axle loads) at pneumatic tyres of all the five vehicle axles
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insignificant rate in the latter case). This is accompanied by 
an increase (slight in this case) in the loads of semitrailer 
axles 1 and 2.

The 3rd axle of the tractor-semitrailer unit, i.e. the 
1st semitrailer axle (Figure 11c) is markedly overloaded. 
With a decline in the stiffness of its suspension system, 
the load of this axle decreases, as well. The load drops 
to its acceptability limit when the suspension stiffness 
is reduced by about 23%. This process is accompanied 
by an increase in the load on the other vehicle axles, 
especially on the 2nd axle of the tractor and on the 2nd 
and 3rd semitrailer axle. The 2nd semitrailer axle (Figure 
11d) is overloaded, too. A reduction in the stiffness of its 
suspension system results in a decline in the axle load, 
with the load acceptability limit being achieved when 
the stiffness is lowered by about 18%. This takes place 
at a simultaneous growth in the load on other vehicle 
axles, especially on the 1st and 3rd semitrailer axle. The 
3rd semitrailer axle (Figure 11e) is overloaded and, as it is 
in the other cases, a reduction in its suspension stiffness 
causes a drop in its load, which crosses the acceptability 
limit when the stiffness decreases by about 13%. In such 
a situation, the load drops on the 2nd tractor axle and 
slightly declines on the 1st tractor axle, while the loads 
increase on the 1st and 2nd semitrailer axles. Results 
shown in Figure 11 indicate a considerable potential of 
the presented method of interfering in the measurements 
of normal road reactions, i.e. in determination of the 
loads on the axles of a vehicle combination consisting of 
a two-axle truck-tractor with a three-axle semitrailer. This 
particularly applies to the semitrailer axles.

8	 Results	of	weighing	the	example	vehicles	while	
the	presented	methods	of	interfering	in	the	
stiffness	of	vehicle	suspension	systems	are	
employed

The method of deceiving when the loads on individual 
vehicle axles are measured, described in Section 7, was 
verified for the example data adopted here to represent 
a four-axle motor truck and a two-axle truck-tractor 
with a three-axle semitrailer. Due to the vehicle design 
constraints (air suspension systems are mainly provided 
at the 2nd, 3rd and 4th axle or at the two rearmost axles 
of the four-axle motor trucks and at semitrailer axles), 
hypothetical interference (of persons wanting to affect the 
weighing results) was only considered for the 2nd, 3rd and 
4th axle of the motor truck and for the three semitrailer axles 
in the tractor-semitrailer unit. This means a lower number 
of the vehicle axles where the suspension stiffness could 
be altered. An assumption was made that the suspension 
stiffness was reduced by 50%.

Figure 12 shows calculation results obtained for 
overloading of the example four-axle motor truck. They 
include loads on individual vehicle axles, actual vehicle 
weight, maximum acceptable value of the vehicle load 
and result of a measurement with the said interference in 

acceptability limit. A decrease in this load is accompanied 
by growths in the loads on the other vehicle axles. The 3rd 
axle (Figure 10c) is overloaded, too. Again, a decline in 
the stiffness of its suspension system causes a drop in the 
normal road reaction (axle load). Here, a load drop to the 
acceptability limit is achieved when the suspension stiffness 
is reduced by about 14%. Consistently, growths are observed 
in the loads on the other axles, with the lowest value of this 
growth being observed at the 1st axle. Overloading also 
takes place at the 4th axle (Figure 10d). This overload also 
declines with a drop in the stiffness of the suspension 
system of this axle, but this stiffness must be reduced by 
about 28% for the acceptability limit of the axle load to be 
achieved. In this case, the load on the 1st axle declines as 
well, with the loads on axles 2 and 3 increasing at the same 
time. Results shown in Figure 10 indicate a high potential 
of the presented method of interfering in measurements of 
normal road reactions, i.e. in determination of the loads on 
individual vehicle axles.

7.2	 The	case	with	overloading	the	example	tractor-
semitrailer	unit

The model of a tractor-semitrailer unit, taken as 
an example for calculations, represents a combination 
of a two-axle truck-tractor having a 4×2 drive system 
(four wheels, two of them being driven) with a three-axle 
semitrailer. Here, Equation (9) should be recalled, which 
was adopted when the six-axle model of Figure 5 was 
replaced by a five-axle one. As in the motor truck case, the 
truck-tractor’s front axle is not provided with pneumatic 
bellows because of confined space available, restricted by 
the design and mounting of vehicle’s engine and steering 
system components. An air suspension system, whose 
stiffness may be varied, is sometimes provided at the 2nd 
tractor’s axle only. On the other hand, such systems very 
often occur at semitrailer axles. Figure 11 shows the impact 
of a reduction in the stiffness of suspension systems of 
individual vehicle axles on the normal road reactions (axle 
loads) at pneumatic tyres of all the five axles. The 1st axle of 
the tractor (Figure 11a) is not overloaded. Should, however, 
a reduction in the stiffness of the suspension system of this 
axle be possible, then the normal road reaction (axle load) 
would decline (at a very low rate, hardly noticeable) with 
the said drop in the stiffness of this suspension system. 
A decrease in the load would also take place at the 2nd axle 
of the tractor and the 3rd (rearmost) axle of the semitrailer. 
Conversely, the load on the other semitrailer axles would 
increase (with the rate of this growth being higher at the 1st 
axle). As mentioned above, truck-tractors’ front axles are 
not usually provided with pneumatic bellows; therefore, 
the interference in the suspension system of this axle will 
not be discussed here. The 2nd axle of the tractor (Figure 
11b) is not overloaded, either. With declining stiffness 
of its suspension system, the normal road reaction (axle 
load) decreases and so does the load on the 3rd axle of the 
semitrailer and the 1st axle of the tractor (although at an 
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effect of seemingly lower gross vehicle weight, translated 
into the gross vehicle mass subject to assessment, was 
achieved. 

Figure 13 shows the same results but rearranged 
to focus on the loads on individual axles compared to 
the applicable acceptability limits. The red rings indicate 
the state of overloading without any interference in the 
suspension stiffness. The green rings indicate either the 

the form of altering the stiffness of suspension systems of 
axles 2, 3 and 4. The vehicle weight remained unchanged 
during the measurements. The vehicle weight considerably 
exceeded the acceptability limit, which has been indicated 
by a double red arrow. However, the sum of results of 
measurements of individual vehicle axle loads was lower 
than the acceptability limit and this in turn has been 
indicated by a double green arrow. This means that the 

Figure 12 Calculation results for the example four-axle 
motor truck overloaded by 20%, compared to the maximum 
acceptable load values. Loads on individual axles (“Axle 
1”, “Axle 2”, “Axle 3”, “Axle 4”), actual gross vehicle weight 
(“GVW, actual”), gross vehicle weight limit (“GVW, limit”) 
and gross vehicle weight measurement result obtained with 
changing the suspension stiffness at axle 2, 3 and 4 as 
described (“GVW, measured”)

Figure 13 Calculation results for the example four-axle 
motor truck overloaded by 20%, compared to the maximum 
acceptable load values. Loads on individual axles (“Axle 1”, 
“Axle 2”, “Axle 3”, “Axle 4”) and maximum acceptable axle 
load (“Limit, per axle”). The red rings indicate the state of 
overloading and the green rings indicate either the state that 
the acceptability limit is actually not exceeded (axle 1) or the 
effect of changing the suspension stiffness (axles 2, 3 and 4)

Figure 14 Calculation results for the example tractor-
semitrailer unit where the semitrailer was overloaded by 
20%, compared to the maximum acceptable load values. 
Loads on individual axles (“1c”, “2c”, “1n”, “2n”, “3n”), 
actual gross weight of the vehicle combination (“GVW, 
actual”), maximum acceptable gross weight of the vehicle 
combination (“GVW, limit”) and gross weight of the vehicle 
combination as measured with changing the suspension 
stiffness at semitrailer axles 1n, 2n and 3n as described 
(“GVW, measured”)

Figure 15 Calculation results for the example tractor-
semitrailer unit where the semitrailer was overloaded by 
20%, compared to the maximum acceptable load values. Loads 
on individual axles (“1c”, “2c”, “1n”, “2n”, “3n”), maximum 
acceptable values for the 1st tractor axle (“Limit, 1c”), 
2nd tractor axle (“Limit, 2c”) and a semitrailer axle (“Limit, 
1n-3n”). The red rings indicate the state of overloading and 
the green rings indicate either the state that the acceptability 
limit was actually not exceeded (tractor axles 1c and 2c) or 
the effect of changing the suspension stiffness (semitrailer 
axles 1n, 2n and 3n)
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the applicable acceptability limit. For the tractor semitrailer 
unit taken as an example, the said interference in the 
stiffness of suspensions of the semitrailer axles specified, 
may be assessed as successful. The measurement results 
presented in Figures 14 and 15 fraudulently show that the 
total vehicle load and the loads on individual vehicle axles 
did not exceed the acceptability limits.

9	 Closing	conclusions

The possibility of deceit while a vehicle is weighed 
in motion with a very low speed has been discussed. Two 
authorial linear vehicle models were used in the analysis. 
Calculation results obtained with using a dedicated author’s 
own simulation program ZL_WIM19 have been presented. 
For the calculations, data representing an example four-
axle motor truck and a five-axle tractor-semitrailer unit 
were assumed.

The calculations show that a deceit as mentioned 
above is feasible. A conclusion may be formulated that 
a trick described herein, i.e. alteration of the suspension 
stiffness at predefined axles of the example four-axle motor 
truck, may successfully distort the vehicle weighing results, 
which would then fraudulently show that the axle loads and 
gross weight of the vehicle do not exceed the acceptable 
limits. For the example truck-semitrailer unit, the deceit 
under consideration has also been found possible and the 
weighing results may fraudulently show that the axle loads 
and gross weight of the vehicle are within the acceptable 
limits.

The calculation results quoted in the study should 
be mainly considered as qualitative only; nevertheless, 
their error may be expected not to be very big for the 
assumptions adopted as regards the example vehicles and 
measurement conditions. 

state that the acceptability limit was actually not exceeded 
(axle 1), or the effect of changing the suspension stiffness 
(axles 2, 3 and 4), where the load measured (scale readout) 
was lower than the applicable acceptability limit. In the 
example shown, the said interference in the stiffness of 
vehicle axle suspensions may be assessed as successful. 
For the example motor truck, the measurement results 
presented in Figures 12 and 13 fraudulently show that the 
total vehicle load and the loads on individual vehicle axles 
did not exceed the acceptability limits.

Figure 14 shows calculation results obtained for 
overloading of the example tractor-semitrailer unit. They 
include loads on individual tractor and semitrailer axles, 
actual weight of the complete vehicle combination, 
maximum acceptable values of the vehicle load and result 
of a measurement with the said interference in the form 
of changing the stiffness of suspension systems of the 
semitrailer axles (1n, 2n and 3n). The weight of the vehicle 
combination remained unchanged during the measurements. 
The vehicle weight considerably exceeded the acceptability 
limit, which has been indicated by a double red arrow. 
However, the sum of results of measurements of individual 
vehicle axle loads was lower than the acceptability limit 
and this in turn has been indicated by a double green arrow. 
This means that the effect of seemingly lower gross vehicle 
weight, translated into the gross vehicle mass subject to 
assessment, was achieved.

Figure 15 shows the same results but rearranged 
to focus on the loads on individual axles compared to 
the applicable acceptability limits. The red rings indicate 
the state of overloading without any interference in the 
suspension stiffness. The green rings indicate either the 
state that the acceptability limit was actually not exceeded 
(truck-tractor axles 1c and 2c), or the effect of changing 
the suspension stiffness (semitrailer axles 1n, 2n and 3n), 
where the load measured (scale readout) was lower than 
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Resume
This article presents the 3D computational modeling method for reinforced 
concrete structures. An example of calculation of the reinforced concrete beam, 
using the Finite Element Method in SCAD++ following proposed algorithm, 
is given. Results comparison to the analytical calculation of the model with 
selected reinforcement is presented. For concrete, the 3D solid Finite Elements 
are used and the 3D beam elements for reinforcement. The model is formed 
using AutoCAD and AutoLISP, which creates a text data file in SCAD format 
for the description of model. In addition, computation of the 3D model of the 
crossbar with a crack is performed. Crack sizes are set in the stretched zone 
based on data from initial calculation. Graphic results obtained in SCAD++ are 
presented.
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of the existing SP calculation methods for the normal 
crack formation, based on a nonlinear deformation model. 
For simple types of structures, the joint venture allows 
calculation according to a simplified method (by limiting 
forces). Usually, an assumption to perform calculations, 
using simplified methods, is organized in such a way 
that the obtained results provide a margin of reliability. 
However, that is not valid in the case of the normal crack 
opening width analysis, as shown in the article [1]. 

Remaining within the same normative document, the 
spread of acceptable crack opening values can exceed  
50 % [1].

If one considers problems with reinforcement in a 
compressed zone and stronger concrete, the discrepancies 
between the deformation and force approach can increase 
up to 200 - 300 % [1].

As a result, it can be concluded that in order to solve 
the described problem, the development of methodology 
that allows to determine as accurately as possible the 
value of crack opening in reinforced concrete structures 
is needed. 

The purpose of this article is to present a method 
of a complex strength calculation of reinforced concrete 
elements, allowing to consider the factors mentioned 
above and to obtain more precise values of the elements 
stress-strain state, including reinforcement, considering 

1	 Introduction

The reinforced concrete (RC) structures can have 
various applications in construction, such as beams, slabs, 
shells, massive structures, often of a complex shape, defined 
by the architectural features of the designed structure and 
construction process. The reinforced concrete structures 
calculation, based on standard approaches, does not define 
an adequate model for the stress-strain state, both in 
concrete and in reinforcement due to multiple reasons, 
such as crack propagation in concrete, complex geometry 
and structural dimensions, not allowing the use of beam 
theory.

Currently, engineers use the rod elements for 
calculations of the reinforced concrete structures, as a 
creation of volumetric elements and complex shape, is a 
very difficult and time-consuming process. Appearance of 
cracks is allowed by standards [1]. However, as shown in 
results of simulation performed in this article, appearance 
of even minor cracks noticeably increases stresses in 
the reinforcement rebars. Such consequences cannot be 
considered in calculations without using the 3D elements.

Calculation of the crack formation and size of the crack 
opening is important to ensure the bearing capacity of the 
reinforcement and durability of the reinforced concrete 
structures. The paper [1] presents a comparative analysis 
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1. SCAD provides data exchange with other programs 
using:

• universal formats (IFC, CIS/2, DXF, DWG, TXT);
• data formats of Advance Steel, ANSYS, STAAD, Abaqus, 

Femap, GMSH, NetGen;
• plugins for Revit, ArchiCAD, Tekla.
2. AutoCAD software to define a beam reinforcing frame 

of RC models, networks in the foundation of solid 3D 
models and their nodal coordinates using AutoCAD 
graphic database.

3. Program, developed by S. N. Nazarenko using 
AutoLISP language, embedded in AutoCAD, which is 
also described in the article [18], automatically creating 
a text data file in SCAD format [18-19] for a FE model, 
consisting of 3D FEs.
This program automatically generates arrays of 

topology and coordinates for the finite element model, then 
generates text data file in SCAD format for definition of the 
3D model sub-structures. Volumetric sub-structures are then 
joined together, merging with the core elements in SCAD++ 
assembly procedure, as well. More details about program 
realization on AutoLISP for formation of covers are also 
available in [2, 18-19]. Problems of modeling and calculating 
massive structures of bridges, supports and other 3D 
structures, based on their parametric dimensions, were 
solved by this program. Using this program in conjunction 
with AutoCAD allows optimizing SCAD 3D modeling of 
structures and reducing time consumed.

3		 Example

The developed method is demonstrated using an 
example of the reinforced concrete beam with rectangular 
cross-section. It should be mentioned that the proposed 
method can be used for calculation of the reinforced 
concrete structures with more complex cross-sections, as 
well. 

occurrence and opening of cracks. The method is based on 
application of the 3D solid finite elements with maximum 
automation of labor-intensive processes of the 3D model 
creation.

2	 Methodology

To solve the problem of specifying the calculated values 
of stress-strain state in reinforced concrete structures, it is 
proposed to define their models as the 3D objects for the 
FEM calculation, with use of Solid 3D Finite Elements 
(FE) for modeling concrete and Beam FE for modeling 
reinforcement. The resulting difficulties can be divided into 
three categories:
1. The large number of the 3D finite elements required to 

obtain enough accuracy of the FEM calculations when 
forming the 3D model.

2. The complex geometry of a structure, which causes 
difficulties in forming input data of the FEM model.

3. Difficulties of the model assembling when joining 
nodes of the 3D FE modeling concrete and Truss FE 
modeling rebars.
To solve these problems, the following is used:
SCAD FEM complex for strength analysis and solid-

state eight-node iso-parametric 3D finite element from 
SCAD++ library, other possibilities used for solid-state 
modeling, given in article [2]. SCAD is an integrated 
system for the finite element structural analysis and design. 
Software is chosen because of its wide range of finite 
elements and calculation modes available and, at the same 
time, the possibility to use the standard documents for 
reinforcement and cross-section. As a result, the software is 
well-ranked and widely used in engineering practice [3-11]. 
Multiple comparative results analyses proved calculations 
accuracy compared to other software: SAP2000 [12], 
ETABS [13], MIDAS GTS NX [14], Tekla Structures [15-16], 
PLAXIS [17].

Figure 1 Scheme of the reinforced concrete beam (dimensions in cm) loaded with distributed load from the self- weight 
factor and concentrated load on the symmetry axis



M E T H O D  O F  T H E  F I N I T E - E L E M E N T  M O D E L  F O R M A T I O N  C O N T A I N I N G  T H E  3 D  E L E M E N T S . . .   D17

V O L U M E  2 3  C O M M U N I C A T I O N S    1 / 2 0 2 1

For the girder shown in Figure 1, the calculation was 
carried out in the SCAD++ system to compare the results of 
calculations of two versions model: the beam and 3D.

Next is presented an analysis of the SP recommendations 
[20-22]. The width of opening of normal cracks is calculated 
by formula:

.a E l,crc i s
s

s
s1 2 3 ${ { { }

v
=  (1)

where: 

sv - is the stress in a longitudinal rebars in tension in 
its normal cross-section with a crack from the 
corresponding external load;

s} - the coefficient considering the non-uniform distribution 
of relative deformations of stretched reinforcement 
between cracks;

l
s     

- basic (without considering the influence of the rebars 
surface type) distance between adjacent normal 
cracks;

1{ - coefficient taking into account duration of the load;

2{ - coefficient taking into account profile of the longitudinal 
fitting;

3{ - coefficient taking into account nature of the load.
The stress values in the tensioned rebars of the bending 

elements are determined by the formula:

I
M h y

s
red

c
sl

0
$v a=

-^ h
,  (2)

where: 
I

red 
and y

c 
- moment of inertia and height of the compressed 

zone of the element’s reduced cross-section, respectively, 
defined taking into account the cross-section area only of 
the compressed zone of concrete, areas of section of the 
stretched and compressed armature, taking into account 

For the girder shown in Figure 1, calculation is done 
in system SCAD++ for the purpose of the subsequent 
comparison of results for two models: 

The first model: the beam model, results of deflection 
determination for this model are shown in Figure 3;

The second model: the 3D model formed by solid 3D 
finite elements used for concrete, which were combined 
in SCAD++ by means of assembly with beam elements 
simulating reinforcement. The process of forming the 3D 
model of the girder is shown in Figures 4-6.  Results of its 
calculation are shown in Figures 7-14. 

4		 Standard	method

At the first step, the calculation of the girder is 
performed and modeling it with the rod elements, using the 
standard methodology described in SP [20-22].

Selection of reinforcement was carried out by SP 
63.13330.2012.

The following parameters were used:
• element type - bendable beam element;
• load case - uniaxial bending;
• maximum reinforcement percentage- 10%.

Longitudinal reinforcement of class A400steel rebars 
and transverse reinforcement of class A240 steel rebars 
were used for calculation. Concrete working conditions 
ratio 1 was applied.

For the concrete, the parameters specified in Table 1 
were used.

By iteration and meeting the above conditions, the 
maximum value of crack opening, equal to 0.388 mm, is 
obtained.

Figure 2 Results of selection of the longitudinal rebars and structural 
transverse armature of reinforced concrete beam from Figure 1,  

specified according to the standards (dimensions in mm)

Table 1 Concrete working conditions ratios

concrete                                                concrete type: heavy                                      concrete class: B25

concrete working conditions ratios

g
b1

considering long-acting loads 0.9

g
b2

considering the nature of the destruction 1

g
b3

considering the vertical position when constructing 1

g
b5

considering freezing/thawing and negative temperatures 1
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the compressed zone of the element z h x
3s 0= -  or 

.z h0 8s 0=

Similarly, ,s crcv - tension in the longitudinal stretched 
reinforcement in the section with a crack immediately after 
the formation of normal cracks.

5	 New	method

After obtaining the stress-strain state and cracks 
opening by the standard method, following are the stages 
of formation and calculation of the 3D model of a beam with 
application of the 3D solid FE and crack modeling, using 
axial symmetry for a beam from Figure 1, what reduces the 
number of FE twice. We use the AutoCAD software. The 
cross-section in the middle of the beam is given in Figure 
4. For formation of model of the 3D FE, it is necessary 

values of factor of reduction of armature to concrete, in 
corresponding formulas;
h

0
 - operational height;

y
c  

-  for bending elements y
c
 = x, where x is the height of the 

compressed concrete zone.
α

sl
 - coefficient of adduction.

According to SP, the following options can be applied:

• The coefficient  .1 0 8
,

s
s

s crc
$} v

v
= -  or 

. M
M

1 0 8s
crc} = -

• Crack initiation moment M
crc

 = 1.3R
bt,ser

W
red

 (W
red 

defined 

with or without assuming the reinforcement);

• Stress I
M h y

s
red

c
sl

0
$v a=

-^ h
 
or =

z A
M
s S$

• the distance from the center of gravity of the stretched 

rebars to the point of application of resulting force in 

Figure 3 Results of the beam deflection calculation using SCAD

Figure 4 Networks AutoCAD with numbers of separated segments  
of the RC beam, used to create the 3D FE model
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Dimensions of the 3D finite elements would be close 
to the topological cube, which gives better accuracy of 
calculations in the FEM procedures.

In other possible cases of modeling reinforced concrete 
structures with more irregular placement of the transverse 
rebars than in this example, additional 3D sub-structures 
by length can be introduced, which can be grouped into 
separate parts that are joined during the assembly in SCAD.

Further, each separate sub-network, shown in Figure 
4, by dismembering of an initial network by a command 
AutoCAD, is filled with primitives 3DFACE. The program 
AutoLISP, forming the text description of each substructure, 
is started. The resulting sub-structure is then uploaded into 
SCAD and saved as a separate SCAD project file. Then, it 
is proceeded to the final assembly of the model from 3D 
parts of the structure modeling concrete.  The description 
of this process can be found in the article [18]. Result of 
an assembly for this example, is presented in Figure 5. For 
the created model, it is possible to set in SCAD the missing 
calculation components such as rigidity of 3D elements, 
units with support, load, before the further final assembly 
with the substructure modeling the reinforcement.

To simulate the rebar, the AutoCAD LOCK and MASSIVE 
commands were initially used. To make the nodes of 3D 
beam (AutoCAD segments) and the nodes of the 3D solid 
elements coincide, the MASSIVE command is used (Figure 
6). Then, after receiving the two files of the AutoCAD 
drawing with the segments simulating longitudinal and 
transverse rebars, they are exported to SCAD in DXF 
format for the subsequent assemblage with substructure 
(Figure 5), simulating concrete. Each of the two drawings 

to divide section into segments filled with primitives 
NETWORK in AutoCAD as it is shown in Figure 4.

In Figure 4, four contours represented by different 
colors in cross-section of a beam are filled by networks 
on AutoCAD edges using EDGESURF command. The 
number of splits on two adjacent overlapping edges of 
a network can be set randomly by assigning values of 
AutoCAD SURFTAB1 and SURFTAB2 system variables, 
but these values should be the same in the connected 
contours.  AutoCAD accurately divides the boundary edges 
of network contours into a specified number of sections of 
equal length, even if the boundaries are curved. Possible 
small errors in definition of coordinates by AutoCAD are 
eliminated in SCAD during the assemblage with the set 
accuracy. Grids 1,2,3 in Figure 4 have the symmetric sites 
marked by identical colors. Thus, it is sufficient to form four 
structures from sub-networks, all the other parts of model 
are formed in SCAD using the assemblage procedure.

The number of divisions in the cross-section in this 
example is relatively small, but after setting the number 
of the 3D FE along the axis of the beam, even considering 
the symmetry, the total number of finite elements was 
24360. However, that is far from exceeding the possibilities 
of system SCAD and can be increased by an order of 
magnitude.

In a longitudinal direction, the length of the 3D FEs is 
chosen such that:

The nodes of the 3D elements along the longitudinal 
axis of the structure coincide with the nodes of the 
transverse structural reinforcement, the location of which 
is shown in Figures 1, 2 and 6; 

Figure 5 Visualization in SCAD++ of a concrete part assembled from substructures of the 3D model. Reinforcement  
rebars in the middle section of beam and concentrated load are also given.
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0.05 mm or 1.25%. The smaller deflection value obtained 
for the 3D model in comparison to the beam model can be 
explained by considering the rigidity of the transverse rebar 
and more accurate distribution of rigidity in the volume of 
the 3D model compared to the beam theory.

In Figure 7 are also shown the fixed nodes and the 
axial load (Figure 1), distributed along the transverse line 
of symmetry in the upper part.

Figures 8 and 9 display the load replacing the 
concentrated force shown in Figure 1 with calculated force 
values, considering the symmetry and the unequal spacing 
between the units, applied to the concrete. The table allows 
to determine the height of the stretched zone in the critical 
cross-section along the axis of symmetry of the girder 
with the maximal internal forces (right-hand end with the 
applied load).

of the reinforcement, longitudinal and transverse, in order 
to facilitate the task of rigidity definition in SCAD, is 
exported separately, then combined with the model of 
concrete in the assembly procedures in SCAD.

6		 Results

Some results of calculation in SCAD for the 3D model 
of the concrete beam, combined in assemblage with steel 
rebars, are shown in Figures 7-10.

The maximum value of displacement in the Z-axis 
direction, obtained in the model calculation, is equal to 
-3.87e-003 m, or 3.87 mm in the downwards direction. The 
comparative analysis of difference in deflection values 
of the beam (calculated numerically) and 3D model gave 

Figure 6 AutoCAD drawing, showing the rebar, longitudinal and transverse, a total of 480 lines.  
Some of them are marked with grips on the right-hand side in the drawing

Figure 7Projections of displacements on the Z axis from the self-weight factor and from the load, simulating the 
concentrated force from Figure 1, the deformed scheme of the 3D calculation concrete + rebars model, in SCAD
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After obtaining the precise stress-strain state using the 
3D solid FE for the concrete modeling and beam FE for the 
reinforcement, it is proceeded to the cracks modeling and 
their opening determination.

Then, it is proceeded to modeling of a crack located in 
the most loaded cross-section, along the axis of symmetry 

In determining the stress-strain state, the plot of 
the tangential stress τ

xz
 distribution can be of interest. 

In comparison to the theoretical formulas of materials 
resistance, a significant difference between the τ

xz
 plot and 

the picture shown in Figure 9, is obtained, which can be 
explained by influence of the transverse reinforcement.

Figure 8 SCAD stress isofields of σ
x
 in the direction of the longitudinal axis X on a 3D model

Figure 9 Isofields and isolines of tangential stresses τ
xz

 in the model
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structure, in the right cross section, as it follows from 
Figure 8, extends to the middle of the section height.

The crack is modeled by removing the longitudinal 
connections at the right-hand end of the beam, along the 
symmetry axis, to the height of the lower half of cross-
section. In this case, appearance of a crack in this section 

of the reinforced concrete beam (see Figures 8, 10). The 
height of a crack development is determined by stress σ

x
 

isopolls preliminary calculated in SCAD++. In Figure 10, 
obtained based on the calculation results, coloring of the 
model in a compressed and compressed-strained zone is 
disabled by means of SCAD++. The stretched zone of the 

Figure10 Isofields and isolines σ
x
 in the structure without crack. Coloring in the compressed  

and compressed-stretched zone is switched off

Figure 11 Isofields and isolines of X displacement in cross-section with modeled crack at the first stage  
of crack development
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(multiplied by 2 assuming displacements in the symmetrical 
part of structure). Six calculations were performed, with 
longitudinal connections with the assumed crack being 
removed on one row above at each of the subsequent steps.

The graph of the d
c
 maximum crack opening values 

variation, obtained in calculation for each stage of crack 
development, is presented in Figure 12.

The longitudinal forces N in the reinforcement rebars 
in the cross section with a crack have increased significantly 
compared to the calculated values obtained in  calculation 
of the beam without a crack. The N-plots in rebar are shown 
in two views in Figure13 with the table of values N, also the 
fixation points are indicated.

It should be noted that the location of cracks in the 
proposed 3D model of reinforced concrete structures, their 
length and direction of development, require additional 
theoretical and experimental justification. Cracks can also 
be simulated by dividing in SCAD++ the neighboring bulk 
finite elements by their contact boundaries.  

will lead to displacement of the lower edge to the left, 
because this accepted section with the crack is located 
in the symmetry plane. The calculation of this structure is 
performed. 

As a result of the structure calculation, with a 
modeled crack, the obtained value of maximum deflection 
- displacement in the Z-axis, has increased by 11.9 %, up 
to - 4.33 mm.

Some other calculation results in SCAD++ 3D model 
with a crack are shown in Figures 11 and 12. Longitudinal 
movements in the section along the axis of symmetry of the 
beam - opening of the assumed crack, are shown in Figure 11.

Figure 11 also shows regions in the area of the bottom 
longitudinal rebars, painted grey, with zero displacement 
along the X axis due to longitudinal bonds defined in 
these nodes.  The connections in the assumed stretched 
area are also shown in the form of rectangles above the 
cross-section. The maximum value of the crack opening 
as given in the table in Figure 11, is: 0.0563×2 = 0.113mm 

Figure 12 Relation between the maximum crack opening value d
c
 and crack height h

c

Figure13 Diagrams of longitudinal forces N in the reinforcement rebars of the calculated RC structure with a crack
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the 3D model calculation. These results showed that the 
obtained value of the crack opening is more than 3 times 
less than calculated according to the norms, which may 
be due to the fact that the model that was built took 
into account the volume action of concrete, longitudinal 
reinforcement in the compressed and stretched part of the 
structure, transverse reinforcement.

7	 Conclusions

Result of the work, presented in this article, is 
development of methods for formation of the 3D finite 
element models of reinforced concrete structures with use 
of the bulk finite elements for the modeling of concrete and 
rod elements, modeling rebar, allowing strength calculation 
of reinforced concrete beams, taking into account crack 
opening. This applies not only to beam structures, but to the 
reinforced concrete structures almost of any shape, as well. 
The proposed method allows modeling cracks in concrete 
and obtaining the values of crack opening considering 
the work of longitudinal reinforcement located in a 
stretched and compressed zone of the structure, transverse 
reinforcement, which cannot be done using the existing 
standards. The stress-strain state parameters, obtained 
by the precise model, allow optimization reinforcement 
parameters, analyze and consider stress concentrators with 
possible reinforcement and reinforcement of non-standard 
cross-sections. Developed program, applied in this article, 
can be also applied into another FEM software supporting 
the corresponding file exchange formats. It allows to 
optimize as much as possible the process of modeling of the 
massive reinforced concrete structures and thus to reduce 
time costs. 

The two models’ calculations results were compared 
by the crack opening values: 0.388 mm according to 
the standard method and its maximum value 0.138 mm 
obtained from the 3D model calculation. 

Results of the modeling were compared to results 
obtained by the method established in [22], which is 
based on stochastic and probabilistic approaches for 
the characteristics of reinforcement and concrete and 
is confirmed by extensive practical tests [23-24]. The 
characteristics used in the calculations with 95% probability 
will not exceed the characteristics in real constructions. 
Safety factors are applied. Thus, this technique provides a 
guarantee that the results obtained from it will not exceed 
the critical values included in the SP [22]. According to 
the standards for this type of construction and operating 
conditions, the crack opening value should not exceed 0.4 
mm [22]. The crack growth to a compressed zone (opening 
width 0.1126 mm) and then to the moment when the crack 
stopped (0.138 mm), is simulated. Multiple cracks were 
modeled, at each stage, the crack opening value was fixed 
and the most dangerous crack was selected (Figure 12). At 
the maximum length of the crack, the opening value was 
0.138 mm. This corresponds to the criterion defined by 
standards and is less than those obtained using the method 
mentioned above [20-22].

The results obtained are less than those calculated 
according to the standard method, possibly due to 
the fact that the model took into account the volume 
work of concrete, longitudinal reinforcement in the 
compressed and stretched part of the structure, transverse 
reinforcement.

Results of the two models’ calculations are compared 
according to the crack opening values: 0.388 mm according 
to the standard method and 0.1126 mm obtained from 
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Resume
Genetic algorithms (GAs) are powerful heuristic search techniques that are used 
successfully to solve problems for many different applications.  Seeding the 
initial population is considered as the first step of the GAs.
In this work, a new method is proposed, for the initial population seeding 
called the Multi Linear Regression Based Technique (MLRBT). That method 
divides a given large scale TSP problem into smaller sub-problems and the 
technique works frequently until the sub-problem size is very small, four cities 
or less. Experiments were carried out using the well-known Travelling Salesman 
Problem (TSP) instances and they showed promising results in improving the 
GAs' performance to solve the TSP.
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operator and selection strategy [12]. In this paper, a new 
enhanced initial population is proposed to increase the GA 
performance.

The proposed technique distinguishes from other 
previous techniques, where it divides the problem into 
sub problems using the regression line, which indicates 
the relationship between the points in the xy coordinates. 
Each sub problem results from intersection between the 
regression line and the rotated line at the center point. 
Then, the initial population is determined by reconnecting 
each sub problem. Results of experiments show that the 
proposed technique is of high efficiency through different 
aspects: improvement in error rate, average convergence 
and convergence diversity. This work contribution is in 
proposing a new enhanced approach to generate the initial 
population to be used in solving the decision-making 
problems, especially the TPS problem. Each individual in 
population is called chromosome, which will be presented 
as a solution [13]. Then, sampling this initial population 
will generate an intermediate population. Therefore, it is 
possible to apply reproduction, crossover and mutation 
on the new intermediate population [14]. This process is 
repeated until reaching the desired number of generations 
or a convergence adopted in the design is reached. Hence, 
initializing population is necessary in order to start the 
process of evolution in the GA [15].

1		 Introduction

Genetic Algorithm (GA) is one of effective and robust 
machine learning algorithms [1]. Many studies were 
concerned with Genetic Algorithms (GA) and exploited its 
capabilities in designing smart systems and solving problems 
[2-4]. The genetic algorithms are concerned, in general, 
with how to produce new chromosomes (individuals) that 
possess certain features through recombination (crossover) 
and mutation operators [5-6]. Therefore, individuals with 
appropriate characteristics have the strongest chance of 
survival [7]. Typically, the GAs start with a number of 
random solutions (initial population); this is the first phase 
in the GA. This phase generates a set of possible solutions 
randomly or by heuristic initialization. Although the initial 
population seeding phase is executed only once, it has an 
important role to improve the GA performance.

The GA aims to produce many solutions to solve 
specific problems, such as a problem of the TSP, which is 
a common issue in Artificial Intelligence area [8-9]. Several 
previous studies dealt with insight in the GA procedure 
to indicate its procedure and how it can be exploited to 
solve sophisticated problems, such as finance, medical, 
mathematical and technical ones [10-11].

Efficiency of the GA is based on many factors, 
such as initial population, crossover operator, mutation 



E2  A L K A F A W E E N  e t  a l .

C O M M U N I C A T I O N S    1 / 2 0 2 1  V O L U M E  2 3

Bank) is the j-th city to city i. Therefore, the first row in 
the Gene Bank includes the C closest cities for city i. For 
each solution, the initial city i is initialized randomly from 
the row i in the Gene Bank. “After that, the method selects 
city j, where j is the nearby one in the unvisited elements 
of the i-th row. Then, city k is selected from the j-th row of 
gene bank as the next city. If all the city codes of the j-th 
row have been selected, then next city is chosen randomly 
from the set of unvisited cities” as mentioned by [18]. Thus, 
this process is repeated until generating the solution of the 
size N.

C.	 Nearest	neighbor	initialization	technique
The nearest neighbor (NN) is known as the most 

common initial population seeding technique. In addition, 
NN can be used as an efficient random initial population 
method to be used for the purpose of generating initial 
population solutions, especially in the case of the TSP 
(to be solved with GA). The process of generating each 
individual begins by randomly selecting a city to be the 
starting city; then, adding the nearest city to the starting city 
as the new starting city. Thus, the nearest city that was not 
added to the current city is added to the individual until all 
the cities are included in the individual. Therefore, as the 
next generations that were created from a city nearest to 
the current city, the generated individuals would enhance 
the evolving search process [19].

D.	 K-means	initial	population	(KIP)	
To improve the process of initializing population of 

the GA, several studies used K-means clustering algorithm, 
especially in the case of the TSP problem, such as [20-22]. 
These studies used the k-means clustering to split a large-
scale of the TSP into small groups k, where K = [√ N + 0.5] 
and N denotes number of cities. Then, the KIP is applied 
to the GA to find the local optimal path for each group 
and a global optimal path that connects each local optimal 
solution. 

E.	 Initialization	mechanism	based	on	the	regression	
techniques
A new initialization technique has been designed 

to improve the GA for solving the well-known TSP. It is 
based on the the Regression line and the perpendicular 
line that crosses the regression line at the center point to 
divide a large-scale TSP problem to small sub-problems. 
The resulting sub-problems are repeatedly classified to fit 

2	 Related	work	

Various initialization techniques have been introduced 
since the GA concepts appeared, such as random technique, 
nearest neighbor technique, Gene Bank (GB) technique, 
K-means clustering technique and Initialization Mechanism 
Based on Regression techniques. The randomization 
technique is considered as one of the most suitable and 
most used technique for generating the seed of the initial 
population. However, it may contain a poor fitness solution 
that reduces the possibility of finding the optimal solution. 

Here is briefly presented a background review of 
several of the initial population seeding techniques that are 
used for the GAs.

A.	 Random	initialization	technique
This technique is widely used in machine learning 

algorithms and it is used widely in GA because it is the 
simplest way to initialize population seeding. In addition, 
the researchers prefer this technique especially when the 
prior data about expected optimal solution is trivial.  As 
shown on the left-hand side of Figure 1, the successive 
cities of the initial solutions are chosen randomly, where 
the right-hand side shows initializing using the K-means 
[16]. This figure shows the difference between the random 
initialization and any other initialization techniques such 
as K-means. Most researchers use the sentence “generate 
an initial population” to indicate that they use random 
initialization technique. In the case of the TSP, random 
initialization selects the cities randomly and it generates 
random numbers from 1 up to (n) for each city. As shown 
in study [17], “if the current individual already contains 
the generated number, then it generates a new number. 
Otherwise, the generated number is added to the current 
individuals”. Hence, this process is repeated until reaching 
the desired individual size (n).

B.	 Gene	bank	initialization	technique	
The Gene Bank is considered as a database of initial 

population to be used as solutions based on quality and 
diversity [18]. In the case of the TSP, each city that the 
salesman travels to is called N and permuted and assembled 
to build a gene bank. Then, encoding the nearest cities 
C to the city in order to be encoded to build a gene bank 
and noting that C should be less than (N-1). As a result, 
the Gene bank is given as a matrix A where its size is (C × 
N). For example, A[i][j] is an element in the matrix (Gene 

Figure 1 Random Initialization and K-mean initialization
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• Initially, the large-scale TSP problem is divided into four 
small sub-problems by using regression line on X and 
the regression line on Y. Then, the method classifies the 
resulting points into four categories. Then, recursively, 
dividing each category into new four sub-categories 
through the Regression line on X and Regression line 
on Y. The previous process will continue until reaching 
the optimal target category, which includes a small 
number of instances (x, y) points. Maximum is four 
cities or (x, y) points assigned to each category that are 
considered as initial population for TSP sub-problem. 
The process ends up when the local optimal solution is 
obtained for each category. 

• Secondly, reconnecting all the local optimal solutions 
together in order to rebuild the initial populations 
seeding. Finally, to obtain N solutions, the method 
mutates the initial population N times, where N denotes 
the population size. 
To show how regression population seeding works, 

Figure 2 shows the main steps by using one of the TSP 
cities (a280).

The following steps illustrate design of the MLRBT:
Step	1: dividing the points into two categories by using the 
regression line equation (y=a + bx). As shown in Figure 3, 
each section includes almost an equal number of nodes.
Step	2: this step aims to divide the points into two sections 
using the regression line equation (x = a + by), then, the 
diagram is divided into four equal sections where each 
section includes an equal number of cities as shown in 
Figure 4.
Step	 3: In this step, the diagram is divided into four 
sections as shown in Figure 5: 
• Section 1: (A is all the points above the positive x-axis 

and to the right of the positive y- axis).
• Section 2: (B is all the points above the negative x- axis 

and to the left of the positive y- axis).
• Section 3: (C is all the points below the negative x- axis 

and to the left of the negative y- axis).
• Section 4: (D is all the points below the positive x-axis 

and to the right of the negative y- axis).

into the four categories to obtain local optimal solutions 
[23].

Procedures of the proposed method firstly start with 
dividing the large-scale TSP into the four small sub-
problems using Regression line and the perpendicular 
line and then classify the points into four categories. Each 
category is divided into four new categories recursively, 
by using the Regression line and the perpendicular line. 
The process carries on until having the target category 
that contains a small number of instances (x, y points). 
Maximum four cities or x, y points are assigned to each 
category that are considered as initial population for the 
TSP sub-problem. The process ends up when the local 
optimal solution is obtained for each category. 

Second, rebuild the initial populations seeding by 
reconnecting all the local optimal solutions together. 
Finally, mutate the initial population N times to obtain N 
solutions, where N is the population size. 

The research, presented in this paper, is compared 
to that research, because it already outperformed the two 
methods of seeding the population: random and the nearest 
neighbor. 

3	 The	proposed	method	

This paper aims to propose a new initialization 
technique, which has been designed to enhance the GA at 
the aim of solving the problem of the TSP. The proposed 
technique is called (Multi Linear Regression Biased 
Techniques (MLRBT). This technique aims to divide the 
TSP problem into small sub-problems. In addition, it works 
depending on the Regression line on X and Regression line 
on Y, where it crosses the regression line at a point, which 
is not necessary to be in the center. Then, the previous 
process is repeated on the resulted sub-problems and 
classified in order to fit into the four categories to obtain 
local optimal solutions. 

The main procedures of the proposed method include 
two main steps: 

Figure 2 The (x, y) scatter for the TSP city (a280) Figure 3 The regression line
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Step	6: Select a random city to be the starting city and then 
add the nearest city as a new starting city until having all 
the cities connected in the category of the local path. The 
group in each category is connected with the nearest group 
in other categories until all the groups are connected in 
a global path.

This method gives only one solution, and to derive 
solutions with a specific population size, the mutation 
process is used. It is used to mutate the seed solution (n-1) 
times, in order to derive the other solutions, where n is e 
size of the population.

Step	4: repeating the method recursively four times on all 
categories: (A), (B), (C) and (D), as shown in Figure 6.
Step	5: Terminate the recursive call, if the number of points 
(cities) is less than or equal four. Since the algorithm uses 
the regression line, it guarantees that the small number 
of cities that it ends with are more likely to be neighbors 
and closer to each other from the other cities. Therefore, 
connecting them with each other is better than connecting 
any of them with further cities, as these local links are 
minimized and minimizing the local links attributes in 
finding a smaller global route. 

Figure 4 Regression on x line, which intersects with the 
regression y line

Figure 5 A, B, C and D categories that generated from the 
intersect between regression line on x and y

Figure 6 Implementation of the regression line algorithm on 
category A (+, +)

Figure 7 (A) The initial solution for a280 using [23], (B) 
The initial solution for a280 using MLRBT

Figure 8 (A) The initial solution for rat195 using [23], (B) the initial solution for rat195 using MLRBT
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three different solutions: best solution, worst solution and 
the average solution as well.

Ten TSP instances were selected to implement the 
experiment; these instances include KroA100, eil51, pr76, 
KroA200, in318, pr144, att532, rat783, d2103, fnl4461 and e 
experiments were repeated ten times for each instance. It 
resulted in that the MLRB technique was more beneficial 
than the Regression Based Technique [21] across all the 
instance categories (small, medium and large) using the 
same parameters, which have been fixed according to the 
previous research, i.e. the Regression Based Technique [21]. 
The RBT was previously compared to other techniques, 
the random and the NN in different researches and was 
found superior. In addition, Table 2 shows that the MLRB 
is found to have advantage for all the cities in terms of the 
best solution. It can also result in that these techniques are 
more beneficial than the random and the NN techniques, 
where the successful performance has been achieved by the 
proposed solution and the achieved performance was close 
to the optimal solution. 

It is necessary to consider the performance factors 
(which have been identified as measurements) when 
investigating several initialization techniques such as error 
rate, average convergence and convergence diversity. 

Figures 7 and 8 show a comparison of the two 
initialization population methods: Initialization Mechanism 
Based on regression Techniques [23] and MLRBT, applied to 
two TSP instances:  a280 and rat195. 

As shown in Figures 7 and 8, the process of the GA is 
continuing to enhance and optimize the solutions.

4	 Results	and	analysis	

To evaluate the proposed methods, he experiments 
on different TSP problems were conducted. Experiments 
include conducting the proposed method, which includes 
implementing the Multi Linear Regression Based Technique 
MLRBT together with the Regression based technique in 
[23], which was found superior to both the Random and the 
NN techniques. Table 1 shows the selected GA parameters. 

Experiments include applying each technique 10 times 
for each of the TSP instances. Then, computing the average 
of all the executions results for the purpose of experimental 
analysis. To conduct the experiments, Microsoft visual 
studio 2008 tool was used, as well as the TSP benchmark 
datasets obtained from TSPLIB [24]. Results of experiments 
are shown in Table 2. Hence, the results are divided into 

Table 1 GA configuration parameters for experiments

no. parameter value/technique

1 population size 100

2 generation limit 3000

3 initialization technique
regression based technique [23] for GA’s population initialization techniques  
and multi linear  regression based technique (MLRBT)

4 crossover method one-point modified crossover

5 crossover probability 0.82

6 mutation method exchange mutation

7 mutation probability 1.0

8 selection roulette wheel

9 termination condition generation limit

Table 2 Experimental results for the MLRBT and RBT

city
optimal 
solution

MLRBT regression based technique 

best solution 
before GA

best sol average 
best solution 

before GA
best sol average 

KroA100 21282 32210 27493 29440.8 40675 29234 30506.2

eil51 426 550 465 478.6 680 475 500.6

pr76 108159 156926 128039 133572.8 209897 132694 139536.6

KroA200 29368 51191 46269 47877.4 64374 51427 52770.8

lin318 42029 73676 68490 70237.6 81754 75180 76764.7

pr144 58537 152275 124763 131974.3 213332 124881 136572.1

att532 27686 160340 145128 157423.6 184976 178600 182420.33

rat783 8806 15711 14659 15308.1 16730 16214 16355.8

d2103 80450 172550 169253 171890 175701 175147 175573.5

fnl4461 182566 361538 351280 358443 365414 363900 364567.5
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the individuals that were produced by each of: NN, Random 
and RBT techniques. Since the proposed technique divides 
the problem (which is improvement for the RBT), this 
difference occurred.  Table 3 also shows the experimental 
results of (“the initial population techniques w.r.t. error rate 
for the best individuals and the worst individuals in the 
initial population for each technique”).

The results of Table 3 are extracted from Table 2, 
which includes the error rate for the MLRBT and RBT [23] 
for each city and there is a clear superiority in ratios in the 
table in favor of the MLRBT. 

The Average error rates, obtained from both initial 
population techniques (RBT and MLRBT), for different 
problems are given in Table 4.

Besides on the size of cities, Table 5 shows the selected 
TSP examples, which were classified into three classes 
according to their problem size. The error rates of several 
initial population techniques are given for different classes 
of a problem example by Class A and Class B.

As shown in Figure 9, the error rates of several initial 
population techniques are given for different classes of 
a problem example by Class A and Class B.

Average Convergence (%) is the convergence rate of 
solutions in the initial population, and it is given by the 
following formula [25]:

However, in any problem, the error rate denotes the 
percentage difference between the known optimal solution 
and the fitness value of the solution [19]. The Error Rate can 
be given by the following formula: 

%Error Rate
Optimal fitness

Fitness Optimal fitness
100#=

-^ h . (1)

This factor measures the quality of the generated 
population by finding the effect of applying initial population 
technique on the GAs’ performance to obtain a solution 
near to optimal one. The error rates are also classified into 
two types, depending on the fitness values in the given 
problem population. In other words, individuals with high 
error rate are given according to the initial population with 
the worst fitness value. In addition, individuals with low 
error rate are given according to the initial population with 
the best fitness. The experimental results of error rate for 
random, NN, RTB and MLRBT are given in Table 3. 

From Table 3 follows that MLRBT technique achieved 
the minimum error rate likened to Random, NN and RBT 
techniques. It can be noted that the Multi Linear Regression 
based technique for GA’s achieved lower error rate than the 
other seeding techniques, which are “Random and NN and 
RBT”. Hence, it indicates that the produced individuals by 
the MLRBT for GA’s are better fit the quality measures than 

Table 3 Error Rate (%)

problem
optimal 
solution

random NN regression based T MLRBT

best worst best worst best worst best worst

KroA100 21282 5.70759 6.15248 3.11968 6.03017 0.83437 0.93065 0.40767 0.54403

eil51 426 2.12911 2.43897 0.94366 1.11972 0.46714 0.61502 0.17606 0.32629

pr76 108159 3.41266 3.70083 0.87348 1.03310 0.88179 1.04367 0.28720 0.50809

KroA200 29368 9.11206 9.74299 5.11244 5.25940 1.19021 1.31865 0.53790 0.76202

lin318 42029 11.64106 12.19720 5.21618 5.68427 0.91615 0.95808 0.70366 0.78900

pr144 58537 10.81328 11.65166 1.26527 1.56317 0.84842 0.90172 0.79873 0.84839

att532 27686 28.14841 54.83620 27.91581 54.87900 5.75349 6.14578 4.36174 5.29621

rat783 8806 18.01306 18.65478 9.13570 9.41154 0.87247 0.90427 0.78605 0.83046

d2103 80450 38.15525 38.67478 10.16072 38.59516 1.16288 1.20272 1.13421 1.16910

fnl4461 182566 22.10100 43.99948 22.06794 43.88047 1.01834 1.03906 0.97270 0.98494

Table 4 Average Error rate (100%)

city MLRBT regression based T

KroA100 0.339273518 0.476779348

eil51 0.225454545 0.373529412

pr76 0.310764309 0.484704403

KroA200 0.426305405 0.543790972

lin318 0.429542863 0.485908946

pr144 0.615583648 0.725606098

att532 0.827329425 0.850326529

rat783 0.439500987 0.473640167

d2103 0.533758331 0.542119851

fnl4461 0.495029568 0.500385864
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As shown in Figure 10, the Multi Linear Regression 
Based Technique (MLRBT) achieved larger convergence 
than the Regression based technique. Hence, the MLRBT 
was found slightly greater than Random and NN, especially 
the RBT, [23] is better than Random and NN technique.

Furthermore, the final solution error rate denotes the 
difference between the known optimal solution and the 
final solution that resulted when applying the GAs on the 
TSP instances using one of initial population techniques. 
This can be given by the following formula: 

%

.

F al S luti n Err r Rate

Optimal fitness

in o o o
final solution Optimal fitness

100#

=

=
-

^ h
 (3)

In addition, this factor aims to compute the produced 
population quality and this can be conducted by determining 

.

Average convergence

Optimal fitness
Average Fitness Optimal fitness

1 100#

=

= -
-  (2)

  Optimal fitness denotes the recognized optimal value 
of identical instance, and Average fitness denotes the 
average value of the initial population fitness. 

From the results, it was found that the MLRBT regression 
based technique for the GA’s population initialization had 
average convergence rate higher than the RBT. In addition, 
it was noted that the MLRBT works in better way, especially 
in the case of large size problems. Hence, it can result that 
individuals that are produced by the MLRBT are the closest 
to the optimal solution. Moreover, Table 6 includes the 
experimental results of the initial population techniques 
w.r.t. average convergence (%).

Table 5 Different sized TSP problem

Class Size city

Class 1 Size<= 100 KroA100, pr76, eil51

Class 2 100 <Size<= 500 KroA200, pr144, lin318

Class 3 500<Size<= 1000 att532, rat783, fnl4461, d2103

Figure 9 Performance of initialization techniques

Table 6 The Average Convergence (%)

city MLRBT RBT

KroA100 0.660726482 0.523220652

eil51 0.774545455 0.626470588

pr76 0.689235691 0.515295597

KroA200 0.573694595 0.456209028

lin318 0.570457137 0.514091054

pr144 0.384416352 0.274393902

att532 0.172670575 0.149673471

rat783 0.560499013 0.526359833

d2103 0.466241669 0.457880149

fnl4461 0.504970432 0.499614136
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Figure 10 The Average Convergence (%)

Table 7 Final Solution Error Rate (%)

city MLRBT RBT

KroA100 0.291842872 0.373649

eil51 0.091549296 0.115023

pr76 0.183803475 0.226842

KroA200 0.57549033 0.751124

lin318 0.629589093 0.788765

pr144 1.13135282 1.133369

att532 4.241927328 5.450914

rat783 0.664660459 0.841245

d2103 1.103828465 1.177091

fnl4461 0.924126069 0.993252

Figure 11 Final solution error rates for MLRBT and RBT [23]

Figure 12 KroA100 - overview of performance

Figure 13 eil51- overview of performance
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solve the problem of the TSP and this technique was 
called the Multi Linear Regression Based Technique for 
GAs population initialization. In addition, the proposed 
technique has been implemented and analyzed, and to 
test the efficiency of the proposed technique, it has been 
compared to three other population techniques: Random, 
Nearest Neighbor (NN) initial population and Regression 
based techniques.

In this context, a set performance criteria were 
considered in order to compute the performance factors for 
the proposed technique and the other seeding techniques 
including the convergence diversity, error rate, and average 
convergence.

Moreover, to conduct experiments, the study extracted 
several TSP examples from the standard TSPLIB. After 
conducting experiments, the results indicated that the 
proposed Multi Linear Regression Based Technique for 
the GA’s population initialization achieved the higher 
efficiency than the other initial population techniques to 
be depended in developing GA-based applications. Hence, 
it can be concluded that the Multi Linear Regression Based 
Technique for the GA’s population initialization produces 
the high quality and efficient fittest individuals, which 
enable the GA to enhance the solution using the best-fit 
individuals.

the impact of applying initial population technique on the 
GAs performance for obtaining a solution, which is close 
to the optimal one. However, the error rate of the final 
solutions indicated that the MLRBT for the GA’s population 
initialization achieved error rate lower than the RBT. In 
other words, this indicates that the produced individuals 
from the MLRBT achieved a higher fit quality more than the 
individuals that are produced from RBT. This is evaluated 
in Table 7. 

Figure 11 shows the final solution error rate obtained 
from several initial population techniques used for different 
classes of problem instances. The Multi Linear Regression 
Based Technique (MLRBT) achieved the maximum final 
solution error rate over the Regression based technique [23].

The performance MLRBT and RBT [23] techniques’ 
was observed from the instances:  kroA100 and eil51 as 
shown in Figures 12 and 13. In addition, the two figures 
show the produced initial population from the MLRBT, RBT 
and the final solution after 3000 generations.

5	 Conclusion	

This paper introduced a new, enhanced, initial 
population technique for genetic algorithm in order to 
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Resume
The transportation industry of a modern city involves the effective systems 
for the road traffic management. To manage any object is impossible without 
understanding its specifics. The tasks of road traffic management are based on 
mathematical models of traffic flows. The “following the leader” model based on 
the linear dynamic interval of vehicles has become widely accepted in the model 
analysis. The paper discusses the mathematical model of the linear dynamic 
interval of vehicles; the model is identified structurally and parametrically. 
Coefficients of the model are analyzed in detail; a generalized assessment of the 
dynamic performance of the traffic flow, evolved in various road conditions, is 
given. The study has resulted in the proposed basic models for traffic flows that 
can be used for algorithmic support of the model analysis of traffic flows and the 
road traffic management.
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additional research and improvements of the mathematical 
representations.

2	 Dynamic	performance	study

The dynamic interval is recorded as follows [21-23]:

L V m V m V m2
2

1 0$ $= + +^ h , (1)

where 
L - linear dynamic interval, m;
V - speed, m.s-1;
m

2
 - coefficient, s2.m-1;

m
1
 - coefficient, s;

m
0
 - coefficient, m.

The linear dynamic interval of a vehicle is widely used 
in mathematical modeling and represents the distance 
between the leading and led vehicles, ensuring the safe 
operation of the traffic flow.

This makes it possible to evaluate the density of the TF

/ /q V L V m V m V m1 1 2
2

1 0$ $= = + +^ ^ ^h h h , (2)

where 
q - density, TU.km-1;

TU - traffic unit.
The basic equation of the TF [22-24] determines its 

intensity

1	 Introduction

Strong promotion of the Smart City concept is a 
current trend in Russia. As a rule, the approach to growth 
strategy of cities is based on the idea of their sustainable 
development which is the systemic basis of “Smart Cities” 
[1-6]. The present Smart Cities include Smart Mobility 
as a key component; in here, in terms of importance, the 
“weight” of the component is estimated at no less than 20%. 
The success in this field is achieved due to the depth of 
understanding of the technological process, the traffic flow 
(TF) being its “spring”.

The authors have proposed a method that makes it 
possible to comprehensively assess efficiency of the traffic 
flows comprehensively [7]. Theoretical and experimental 
studies have been carried out based on the mathematical 
model of the TF developed by the authors and considered 
in detail in the reference [8]. The paper, being a logical 
continuation of the mentioned references, presents a 
comprehensive study of the linear dynamic interval (DI) 
of vehicles.

The “following the leader” model describes how a led 
vehicle reacts to a leading vehicle in a single lane. Over 
the past 60 years a large number of investigations have 
been made, the main purpose of which was simulation 
modelling of traffic flow [8-20]. Existing mathematical 
models have significant accuracy obtained during the 
continuous development of the subject domain at hand. 
However, there are some models’ elements that require 
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where 
l
0
 - arbitrary interval, m;

l
av

 - average length of the vehicle, m.
The coefficient m

1
 is characterized by the stopping time 

value and depends on the driver’s response and the rapidity 
of the brake system [25-27]. The sum in Equation (6) is 
valid if the vehicles have the same values of deceleration 
developed by the brake system in operation. Then, when 
the “leading” driver slows down, the real interval between 
vehicles will be reduced by a distance m

1
 . V.

Value of the interval l
0
 depends on the “degree of 

cohesion” of the TF and is minimized in the maximum 
density. Figure 2 shows the flow as a “traffic jam” (V = 0). 
Here, l

0
 can be defined as the minimum distance between 

vehicles, which ensures safety of the flow. In fact, if the 
“leading” driver slows down urgently, the TF transits 
from the state of movement (Figure 1) to the full stopping 
(Figure 2) and the interval l

0
 remains the only obstacle for 

a vehicle collision.
Thus, the expression for the coefficient m

0
 takes the 

form

m l lav0 0= + , (7)

where 
l
av

 -  average length of the vehicle, m;
l
0
  -  safety interval between two vehicles in a traffic jam, m.

Taking into account Equations (1) and (7), the DI can 
be recorded as

L V m V m V l lav2
2

1 0$ $= + + +^ h . (8)

It is necessary to note that L in Equation (8) evolves 
into the classical interval of Tanaka - Equation (1) [21-22] 

/N V V q V V m V m V m2
2

1 0$ $ $= = + +^ ^ ^h h h , (3)

where 
N - intensity, TU.h-1.

The extreme point of intensity is reached when on the 
assumption dN(V)/dV = 0. When considering Equation (3), 
one can find the derivative of the function with respect to 
speed

V m V m m

V m V m m V m V m2
0

2
2 1 0

2
2 1 0

2
1 2

$ $

$ $ $ $

+ +

+ + - +
=

^
^

^h
h

h
.

The root of equation corresponds to the speed of the 
maximum intensity

/V m mmaxN 0 2= . (4)

The density reaches its peak when the traffic flow does 
not move, i.e. when V = 0. Here, L takes the minimum value 
L

min
 = m

0
, which corresponds to the density

/q m1max 0= . (5)

Thus, the main dynamic characteristics of the TF are 
functionally related to the DI and, in fact, are evaluated by 
the coefficients included in Equation (1).

3	 Coefficient	m
0	
study

Figure 1 shows the actual interval between two 
vehicles, which is the sum

l m V lav0 1 $+ + , (6)

Figure 1 Interval determined between the two adjacent vehicles

Figure 2 Minimum interval between the two adjacent vehicles in a traffic jam
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to the Tanaka model for the standard road conditions [22]  
(m

2
 = 0.0285; m

1
 = 0.504; l

av
 = 5.7 m).

If the interval l
0
 increases, the position of the extreme 

point N
max

 drifts towards the increased speed V
maxN

, in here, 
the real value of the maximum intensity decreases. Analysis 
of Equation (12) suggests that the drift is sensitive to the 
parameters m

1
 and m

2
.

The minimum interval l
0
 is widely used in mathematical 

modeling of the TF, in particular in references [25, 27]. 
Impact of l

0
 on the road safety can be assessed using the 

safety criterion K
s
 proposed in [25]. The criterion takes the 

form

K
m V m V
m V m V l

s
2

2
1

2
2

1 0

$ $
$ $

=
+
+ + . (13)

Figure 4 illustrates the two operating modes of the 
flow. The upper curve illustrates the distance observed by 
the drivers as prescribed by L with l

0
 = 0. The maximum 

intensity N
max

 = 2747 TU.h-1 (point 1) is reached at V
maxN

 
= 51.61 km.h-1. The lower curve has been plotted taking 
into account l

0
 = 2.22 m. Here, the position of the extreme 

point N
max

 = 2475 TU.h-1 (point 2) shifts to the maximum 
permissible speed limit in the city - 60 km.h-1. Performance 
of the safety criterion in the changed V

maxN
 is shown in 

Figure 5. If K
s
 = 1 at point 1 (in l

0
=0), as it follows from 

Equation (13), then its value reaches K
s
 = 1.1359 at point 2, 

i.e. the maximum provided V ≤ 60 km.h-1.
Thus, to find a rational value of the interval l

0
,
 
the 

algorithmic support has been created; it suggests that 

if l
0
 → 0 (in l

0
 = 0 m

0
 = l

av
). In here, the changed dynamic 

performance of the TF results from direct connection of the 
values and L. To study the sensitivity of the extreme point 
intensity to value of l

0
, Equation (4) is transformed, taking 

into account Equation (7), to

/V l l mmaxN av 0 2= +^ h . (9)

In given values of l
av

 and m
2
, it is easy to evaluate the 

following

l m V lmaxN av0 2
2$= - . (10)

On the other side, from Equation (3) follows that

/l V N m V m V lav0 2
2

1$ $= - + +^ h . (11)

If to evaluate Equation (10) integrally, with Equation 
(11), provided that the real intensity corresponds to the 
maximum one, one obtains the equation

/

,

m V l V N

m V m V l

max max max

max max

N av N

N N av

2
2

2
2

1

$

$ $

- = -

- + +^ h
from which one obtains

/ /V N m m1 2max maxN 1 2$= -^ ^h h . (12) 

The calculation data of Equation (12) are illustrated 
in Figure 3; in here, the parameters of the DI correspond 

Figure 3 V
maxN

 versus maximum intensity N
max
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Figure 4 Analysis of the two operating modes of the TF

Figure 5 Safety criterion K
s
 versus V

maxN
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The response time depends on a number of factors: the 
driver’s qualification, his age and health, traffic conditions, 
etc. At present, there is no any strict specification of the t

dr
 

value; therefore, in assessing the brake system performance 
of the TU, the following ranges of possible values are used: 
in [26] t

dr
 = 0.3 - 2.5 s, in [24] t

dr
 = 0.6 - 0.8 s, in [27] t

dr
 = 

0.1 - 0.6 s.
The report [23] presents results of experimental study 

obtained by Lerner. During the experiment, two situations 
were considered. In the first case, the driver did not know 
that an unexpected obstacle, which would make him to 
slow down, would arise in the way. In the second case, the 
driver expected a signal, but he did not know exactly when 
this would happen. The obtained confidential intervals, with 
the corresponding reliability indicators, are given in Table 
1. Results of the study show that the driver’s response is 
caused by the need to predict the travel conditions.

Deceleration of the brake system performance is 
determined by the time when the driver begins to slow 
down versus the time when deceleration begins; in 
here, the vehicle continues to move uniformly with the 
initial speed. Value of t

bl
 depends on the type, design and 

physical situation of the brake system and varies in the 
average ranges: for a hydraulic drive gear t

bl
 = 0.1 - 0.4 s 

[26], t
bl
 = 0.05 - 0.15 s [24]; for a pneumatic drive gear t

bl
 

= 0.6 - 0.8 s [26], t
bl
 = 0.2 - 0.4 s [24]. For monorails with 

pneumatic drive gear, the deceleration time can reach t
bl
 

= 2 - 3 s [26].
The rise time of deceleration is characterized by a 

continuous increase in braking forces, which results in 
a fixed value of deceleration. Value of the t

si
 depends 

on the brake drive type, weight of the car and the 
adhesion coefficient. Generally, the time of blocking out 
is proportional to the weights falling upon the axles of the 
front and rear wheels [25]. On average, for a standard dry 
road coverage, t

si
 = 0.4 - 0.6 s [24].

the maximum intensity is reached only in the interval 
1-2 (Figure 4). On one side, this segment is limited by 
the “danger zone” (Figure 5); in here, V

maxN
 at point 1 is 

evaluated by Equation (9) in l
0
 = 0. On the other side, l

0
 is 

evaluated by Equation (10) in the permissible speed limit. 
The position of points 1 and 2 (Figure 4), relative to the axis 
of speed, is determined by the DI parameters and the value 
of the permissible speed limit in the city.

If it is possible to control the speed, then (within the 
search strategy for the value of l

0
) two approaches are 

available: either to increase the safety of the flow and 
decrease its maximum intensity, or to increase N

max
 if the 

level of danger increases. Figure 4 illustrates the position 
of N

max
 at point 2 as the most preferable from the point 

of view of safety; in here, l
0
 = 2.22 m and it is an entirely 

“traditional” value. The minimum interval between the 
adjacent vehicles in a traffic jam is usually l

0
 = 1 - 3 m in 

mathematical modeling [27]. The average length of the TU 
is determined by structure of the TF.

4		 Coefficient	m
1	
study

When analyzing the stopping time, the rapidity of the 
brake system is usually taken into account alongside with 
the driver’s response [25-27]. In here, the response is usually 
differentiated into two intervals: the deceleration of the 
brake system and increase of the deceleration time [26]. 
Thus, the coefficient m

1
 can be represented as [25-26]

.m t t t0 5dr bl si1 $= + + , (14)

where 
t

dr
 - driver’s response, s;

t
bl
 - brake lag, i.e. deceleration of the brake system, s;

t
si
 - slow down increase, i.e. rise time of the deceleration, s.

Table 1 Confidential intervals of the driver’s response for lognormal distribution

confidential interval reliability

(%)

case 1

“unexpected obstacle”

(s)

case 2

“expected signal”

(s)

50 1.18 0.53

85 1.87 0.64

95 2.45 0.72

99 3.31 0.82

Table 2 Standards for effective braking of the TU with a brake system in operation when checking in the travel conditions

TU category of TU
rapidity of the brake system (max.),

(s) 

passenger and utility vehicles 
M1 0.6

M2, M3 0.8

trailer cars M1 0.6

trucks N1, N2, N3 0.8

tractor-trailers N1, N2, N3 0.9
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/S V j2ss
2 $= ^ h , (16)

where 
S

ss
 - trip mileage during the mean fully developed 

deceleration, m;
j -  mean fully developed deceleration of the TU, m.s-2.

In here, value of j is evaluated by expression:

j g ${= , (17)

where 
g  -  gravitational acceleration, m.s-2;
φ  -  adhesion coefficient.

The standard situation shown in Figure 7 is considered 
next. Two vehicles move at a certain speed; the drivers 
observe a safe interval equal to the linear DI (position “a”). 
The “leading” vehicle (number “1”) begins to slow down, 
covers the distance S

ss1
 and stops. The stopping distance of 

the “driven” car (number “2”) consists of two sections: the 
first one is covered during the driver’s response and rapidity 
of the brake system (due to the value of m

1
) and the second 

one, S
ss2

 - during the mean fully developed deceleration. 
Thus, the distance between the vehicles decreased to l

0
 

(position “b”). Besides, the situation is modeled in such 
a way that the deceleration value of the “leading” vehicle 
exceeds the same value of the “driven” one, or they 
are equal (j

1
 ≥ j

2
). This is due to the fact that value of L 

increases in the given conditions and it is the most relevant 
for safety. In this case, using Equation (16), one obtains that 
S

ss2
 ≥ S

ss1
.

The standards for effective braking of the TU, with a 
brake system in operation, are regulated by the GOST [28]. 
The maximum permissible values of the brake operation, 
when checking in the travel conditions, are shown in Table 2.

As for the effect of m
1
 on the dynamic characteristics 

of the TF, L increases if the value of m
1
 increases, as can 

be seen from Equation (1), and the density decreases at a 
fixed speed, as shown in Equation (2). The intensity versus 
speed, with a changing value of m

1
, is illustrated in Figure 

6. The speed V
maxN

 remains constant, which is due to the 
no effect of m

1
 on V

maxN
 in Equation (4) and the maximum 

intensity decreases if m
1
 increases. In here, the real value of 

m
1
 can be evaluated using Equations (12) and (4), and the 

simultaneous solution results in the expression

/m N m m1 2max1 0 2$ $= - . (15)

Analysis in Equation (15) makes it possible to state 
that when N

max
 increases, the coefficient m

1
 decreases to its 

minimum value, determined by its constituent parameters.
Thus, the decrease in the parameter values of the 

coefficient m
1
 in Equation (14) can be considered as a 

reserve to increase the TF capacity.

5		 Coefficient	m
2
	study

The value of m
2
 can be evaluated using equation of the 

trip mileage during the mean fully developed deceleration 
of the TU. The equation is as follows [24, 26-27]:

Figure 6 Position of the extreme point N
max

 versus m
1
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Thus, m
2
 can be evaluated from expression

m
j j
j j
22

1 2

1 2

$ $
=

-
, (19)

The DI section characterized by the coefficient m
2
, 

represents the difference

S S
j
V

j
V j

V
j j
j

2 2 2ss ss
i

2 1
2

2 2
2

1

2

2

1

$ $ $ $
- = - =

-; E . (18)

Figure 7 Interval determined between the two adjacent vehicles

Table 3 Values of adhesion coefficients and changed adherence characteristics

order of the 
road coverage

k

rank of the road coverage state r

1 2 3 4 5 6

φ
20

β φ
20

β φ
200

β φ
20

β φ
20

β φ
20

β

1 0.825 0.002 0.675 0.0035 0.425 0.0025 0.25 0.0025 0.35 0.0025 0.115 0.002

2 0.825 0.002 0.55 0.0035 0.375 0.0025 0.25 0.0025 0.35 0.0025 0.115 0.002

3 0.825 0.0035 0.625 0.0035 0.5 0.0035 0.25 0.0025 0.35 0.0025 0.15 0.002

4 0.65 0.005 0.45 0.004 0.325 0.0025 0.21 0.0025 0.35 0.0025 0.115 0.002

Table 4 Values of k and r for different types and states of the road coverage

k type of road coverage r state of road coverage 

1 cement concrete 1 standard dry

2 hot asphalt concrete without rough finish 
2 wet clean 

3 wet dirty 

3 rough asphalt concrete   
4 dense snow 

5 loose snow

4 cold asphalt concrete 6 ice crusted 

Table 5 Results of the regression analysis φ
20

regression equation: a b r a a
b
r1k k k

k

k
20 $ $ ${ = - = -b l

order k a
k

b
k

b
k
/a

k
R2

1 0.9300 0.14000 0.15053 0.9702

2 0.8636 0.13128 0.15201 0.9325

3 0.9150 0.13280 0.14513 0.9845

4 0.6700 0.08786 0.13113 0.9024

Table 6 Results of the regression analysis β/φ
20

regression equation: / /A r7k
B

20
kb { = -^ h

order k A
k

B
k

R2

1 0.01902 0.9449 0.9024

2 0.01872 0.8846 0.8216

3 0.01726 0.7492 0.9788

4 0.01577 0.4549 0.7657
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where 
. . .expa k0 93 0 003677 1 4263 1k $ $= - -^ h6 @ ;

/ . . .expb a k0 152 0 0008 1 08 1k k $ $= - -^ h6 @ ;
. . .expA k0 0193 0 00035 0 76 1k $ $= - -^ h6 @ ;
. . .expB k0 99 0 02 0 8252 1k $ $= - -^ h6 @ .

It is assumed that φ equals to V = 20 km.h-1 for V < 20 
km.h-1.

If one takes the adhesion coefficient for the dry road 
coverage as a reference (r = 1) at V = 20 km.h-1, then 
Equation (21) can be represented as

, , ,k r V k K r Vs ${ {= {^ ^ ^h h h , (22)

where 
φ

s
 - reference adhesion coefficient (r = 1, V = 20 km.h-1);

Kφ - coefficient characterized by the state of road coverage 
and speed.
Values of φ

s
, evaluated for each type of coverage, are 

given in Table 7.
When transforming expression for deceleration of the 

TU - Equation (17) and taking into account Equation (22), 
one obtains

j g K j Ks s$ $ ${= ={ { , (23)

where 
j

s
  -  reference deceleration of the TU (r = 1, V = 20 km.h-1), 

m.s-2.
Then, substituting Equation (23) in Equation (19), one 

can obtain the formula to evaluate m
2
, taking into account 

the adhesion coefficient

where 
j

1
 and j

2
 - deceleration of the two adjacent vehicles, m.s-2.

The adhesion coefficient depends on the speed, type of 
the road coverage and its condition, as it is shown in [29]

V V20 1 2020 20
20

$ $ ${ { b { {
b

= - - = - -^ ^h h< F , (20)

where  
φ

20
 - adhesion coefficient at a speed of 20 km.h-1;

β   -  the changed adhesion coefficient due to the speed.
In order to create a generalized assessment of φ, the 

data given in [29] have been used; in here, the ranges have 
been replaced by the average values (Table 3). Each type 
of the road coverage is given the order of k and the state 
of the road coverage is ranked by r (Table 4). The effect of 
the road coverage on φ

20
 and β/φ

20
 is assessed in the ordinal 

scale (as rank r). The regression analysis has shown that 
the relationship between φ and rank r is linear (Table 5) and 
β/φ

20
 with r corresponds to Zipf’s law (Table 6). The value of 

φ versus the speed on different road surfaces is illustrated 
in Figure 8.

Then, dependence of the adhesion coefficient on the 
type of the road coverage is analyzed. Structural and 
parametric identification of the model φ has resulted in a 
generalized assessment of the adhesion coefficient, taking 
into account the Equation (20),

, ,

/ ,

k r V a a
b
r

A r V

1

1 7 20

k
k

k

k
Bk

$ $ $

$ $

{ = -

- - -

^
^

b
^

h
h

l
h7 A

 (21)

Figure 8 Adhesion coefficient versus speed 



S T U D Y  O N  T H E  V E H I C L E  L I N E A R  D Y N A M I C  I N T E R V A L  I N  A  T R A F F I C  F L O W   E19

V O L U M E  2 3  C O M M U N I C A T I O N S    1 / 2 0 2 1

and speed of the TU. Values of j
s1

 and j
s2

 depend on the 
structure of the TF; in here, in order to ensure safety, j

s1
 

is suitable to vehicles with the greater braking efficiency 
in the flow and j

s2
 - with the smaller one. Values of 

deceleration are taken in accordance with GOST [28] for 
passenger vehicles of M1 and M2 categories, respectively 
(Table 8).

m K j j
j j

j j
j j1

2 2sl s

s s

sl s

s ss
2

2

1 2

2

1 2
$
$ $

$
$ ${

{
=

-
=

-
{
; ; ;E E E , (24)

where j
s1

 and j
s2

 - reference deceleration of two adjacent 
vehicles, m.s-2.

Thus, the adhesion coefficient included in Equation 
(24) depends on the type of the road coverage, its state 

Table 7 Values of φ
s
 for different types of the road coverage

k type of coverage φ
s

1 cement concrete 0.786

2 hot asphalt concrete without rough finish 0.778

3 rough asphalt concrete 0.742

4 cold asphalt concrete 0.583

Table 8 Performance standards for braking with brake system in operation during the road conditions management

TU category of TU
mean fully developed deceleration of the 

TU (min.),

(m.s-2)

passenger and utility vehicles 
M1 5.8

M2, M3 5.0

trailer cars M1 5.8

trucks N1, N2, N3 5.0

tractor-trailers N1, N2, N3 5.0

Figure 9 L versus speed under different states of the road coverage
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model of the vehicle. The authors would like to highlight the 
main results (authors’ contribution):
1.  The method of rational choice of the interval l

0
 for 

simulation modelling has been developed;
2.  Parametric identification of the linear dynamic interval 

model has been performed, including a generalized 
estimation of the adhesion coefficient, allowing to study 
the dynamics of the traffic flow in various road conditions;

3.  Influence of the model parameters on the traffic flow 
intensity has been studied.
Results are focused on development of promising 

engineering solutions in the field of mathematical modeling 
of the traffic flows and road traffic management [30]. The 
proposed algorithmic support is of interest to specialists 
involved in the problems of synthesis of the traffic safety 
control systems, efficiency of traffic flows and intelligent 
transport systems.

6		 Basic	models	of	the	traffic	flow

The study has resulted in identifying the effective 
diagrams of the traffic flow. Dependence of the L and 
intensity on the speed under different states of the road 
coverage is illustrated in Figures 9-10, m

0
 = 8 m, m

1
 = 1 s 

are taken in calculations.
The complete algorithmic support reflects the 

variability of the DI coefficients, making it possible to track 
the dynamics of the TF characteristics in a wide palette of 
travel conditions.

7	 Conclusions

The article presents research that extends the existing 
mathematical representations of the linear dynamic interval 

Figure 10 N versus speed under different states of the road coverage
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Resume
The article shows a fragment of the results of the author's concept of road 
safety management in Poland. The article shows the “program sequence” of 
the construction action of road safety management system in Poland. The main 
component of this "sequence" of actions to improve the road safety - should be 
the "road risk management model". It should be widely used in Poland as an 
element of knowledge and practices of international road safety management. 
It is primarily about the model of the Office for Land Transport Safety Authority 
in New Zealand adopted by the EU in its road safety policy. The article also 
presents other components of the author's concept, including the "3 levels" 
model of risk management, the idea of which is to isolate three categories of the 
risk associated with any transport system. 
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The risk of road accidents is the primary way of 
measuring the road safety, while “risk management of the 
road accidents”, is the primary means of influencing the 
level of road safety. This interpretation arises from the 
“safety operationalization”, that is, the ability to measure 
and control the risk. In turn, the acceptance of the thesis 
of the “acceptable level” of risk is the cornerstone of the 
methodology for the risk managed and tip for regulators in 
the various modes of transport. Thus, the risk management 
is a central concern of each project to improve the road 
safety. The research paradigm is also the basis of the 
concept of the road safety management in Poland, presented 
in this article.

2	 The	main	reasons	and	thesis	for	development		
of	the	concept	of	the	road	safety	management		
in	Poland

Analysis of the state of research in the field of the road 
risk management (RRM) allows for the formulation of the 
rationale for development of the concept of the road safety 
management (RSM) in Poland [3]; here are some of them.
(1)  In development of a research methodology for the 

road safety can be seen both evolution and jumps. 
Formulated new objectives and new research criteria 

1	 Introduction

The average annual probability of a fatal traffic 
accident (approximately 2·10-4) is 10 to 100 times higher 
than in other modes of transport. It is also higher in 
relation to occupational accidents in many industries. The 
annual costs of traffic accidents at the rate of 1-2% of GDP 
(depending on the level of development of the country) are 
a big economic problem. In the road transport is the largest 
potential of risk reduction of fatal and serious accidents. 
These are just some of the important reasons to become 
a subject of interest to road safety (RS). However - what is 
paradoxical - until the end of 2012, there was no standard 
for the road safety management - it has become only the 
ISO 39001 [1].

For years, there is a call for construction of a solid 
theoretical basis for road safety research. For example, 
the OECD document indicated the need for construction of 
theories and models for the road safety [2]: “no theoretical 
basis is unfortunately more common in road safety research 
than in many other areas of research”. Since then, there 
has been considerable progress in study of the road safety, 
but still there is a need to develop a theoretical basis and 
a consistent methodology in this regard. These are the 
foundations for construction of national and international 
road safety management systems.
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in road transport can be shaped through the risk 
management and road events and management of 
losses on the road traffic, using the methodologies 
known from other systems risk management 
techniques.

(2)  Accidents are effects of the existence gaps in the 
system of management, and therefore safety prevention 
must rely on locating, defining and removing these 
gaps. This thesis is based on the theory of J. Reason 
that - especially in the Swiss Cheese Model, (SChM) - 
postulated the need for a study of two kinds of gaps, 
that is latent conditions and active failures, as the main 
causes of accidents [10]. The idea that one can use to 
develop a defense-in- depth strategy in the road safety 
management.

(3)  The road transport is a complex system, in structure 
and working processes of which one can find different 
„varieties of safety”, such as: a) Safety of traffic 
processes; b) Safety load processes; c) Functional 
safety (safety control devices); d) Safety (and reliability) 
of the human factor; e) Occupational safety in the road 
transport sector; f) Safety of critical infrastructure 
(bridges, tunnels, etc.); g) Safety of means of road 
transport; h) Environment safety.

(4)  Road transport is a complex system, in the structure 
and working processesof which one can find that 
the principles and general methodology of the road 
transport risk management are the same as for other 
technical areas of human activity. Therefore, the risk 
management process steps are the same road as the 
general steps of the risk management process. What is 
specific for the road transport is included in all of this 
„superstructure” risk management processes.

(5)  Traffic road safety can be interpreted as „product”, 
whose final form are observable results of safety 
outcomes, in particular road accidents. This is the 
thesis related to the LTSA (Land Transport Safety 
Authority) model, which is currently an international 
model for the construction of the national road risk 
management models.

(6)  All the kinds of risks that are associated with the road 
transport can be classified in three levels of the road 
safety system - this is a thesis related to the author’s 
concept of the „three levels” of the risk management in 
the road transport system, [11]: 

• Structural risks - derived from interaction of structure 
system elements.

• Functional risks - derived from operation of the system. 
• Behavioral risks - derived from effects (negative) of 

behaviors of the system.

3	 Road	safety	system	concept	in	Poland

The concept of the road safety management in Poland 
was described in the monograph Szymanek [3] and in this 
article shows its improved version, but limited to the main 
items.

RS would consolidate in the form of „good practices” 
and then other unsuitable would disappear. In projects 
relating to RS an important role carried out terms 
such as: prioritising objectives, determine scopes of 
competence and responsibility, improve the allocation 
of resources, the mechanisms for financing transport 
investments, institutional management [4]. The 
strategic approach to eliminating of fatal and serious 
road accidents and formulation of the principle of 
shared responsibility for the status of the RS turned out 
to be important. Large national programs: The Dutch 
Sustainable Safety and Swedish Vision Zero were 
created [5-6]. 

(2) Until recently, there were no risk management 
standards in the road transport commonly recognized 
as the „best”. Only the ISO 39001 Road Traffic Safety 
Management standard, published at the end of 2012, 
was dedicated strictly to the road safety management. 

(3)  In connection with the fourth EU Road Safety 
Programme and the United Nations Decade project; 
neither Action for Road Safety 2011-2020 created better 
opportunities to work on new management concepts 
RS in Poland.

(4)  Projects to improve the RS should take into account 
the so-called „Gerondeau paradox” [7]: „Anyone road 
user is responsible for his behavior, but only the 
authorities are responsible for the overall level of road 
accidents”

(5)  Projects to improve the RS should take into account 
the Adams’ idea that the balance in risk management 
is the basis of its effective management. Disregarding 
this thesis can cause two opposite errors: 1. error of 
ignoring the costs of risk reduction; 2. error of ignoring 
environmental and social risk factors [8]. 

(6) New projects of the road risk management should take 
into account:

• The ability to control the primary and secondary risk 
factors.

• The role of the transport infrastructure for emergence 
of threats.

• The role of traffic processes and control processes on 
formation of risks.

• Scale of the impact on the population groups (social 
risk context).

• Scale of the impact on the environment (environmental 
risk context).
The construction of each project to improve the 

road safety requires formulation of numerous working 
theses, to classify problems and directs research in the 
field of construction models and the road risk management 
methodology. Theses such as shown in [3]; here are the 
most important of them:
(1) The nature of safety in different systems is often 

identical, sometimes similar, it is advisable to use 
a legitimate analogy and the theoretical results of 
constituting science of safety. This is the thesis of 
W. J. Geysen and it can be adapted to needs of the 
road safety management concept in Poland [9]: safety 
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international road risk management, previously widely used 
in Poland, should enter the RSMS:
• LTSA model of the road safety management [13]; this 

model is adopted by the European Union in its road 
safety policy.

• Road safety management model (RSMM). 
• “Three levels” model of risk management (3RM), 

whose idea is to develop “maps of all risks” associated 
with the road transport (further: with any transport 
system); there are three levels of risk of system 
characterization: structure, work processes and 
“behavior” of system [3, 13].

• Defense-in-depth strategy. A Polish methodology of 
building-in the road safety management system of 
various protections in all the critical points of the 
transport system and at all the levels of the management 
of such a system should be developed.

• Standard AS/NZS ISO 31000: here that means use of the 
overall RMP [14].

• Standard ISO 39001 - dedicated exclusively to the 
management of safety in the road transport, at the 
same time a little yet known [1].
In the draft „ efforts to improve road safety” the final 

product are the results of the safety outcomes. These 
include, first of all, the road traffic accidents, especially 
fatal and serious accidents. These results must be evaluated 
independently and reliably. This is to be the module to 
evaluate effectiveness of the road safety management, 
(MEERSM). Measures of effectiveness of this would be, 
of course, Safety Performance Indicators (SPI), whose 
methodology was developed in the framework of the 
project SafetyNet. Based on, inter alia, the SPI module 
this should force a RSMS modification. This means the 
correction in the management of the road/transport risks, 

Program sequence of building the road safety 
management system in Poland (RS SEQUENCE) begins 
a strategy to improve the road safety (RS STRATEGY), 
which should be developed within the current Polish 
transport policy. Formulating a vision and road safety policy 
is always a conditio sine qua non for the construction 
of a road safety program and basically every process 
and system of road safety management starts from that. 
A factor that initiates creation of a vision, then the road 
safety strategy is the political will to improve road safety 
in the country (political will RS). It appears when the 
„threshold conditions”, associated with the socio-economic 
environment (context), are exceeded. As an example of 
the „threshold condition”, a popular interpretation of the „ 
Smeed’s right” can be quoted: „the number of deaths in any 
country is the number the country is willing to tolerate” 
[12].

This interpretation has been confirmed a few times: 
each country has achieved its “Smeed’s point” at some 
moment of development. So it was in Poland after a critical 
1991 year - the „critical mass” of road accidents was 
reached. And a few years later, GAMBIT was developed, the 
first national program to improve the road safety in Poland.

The road safety strategy enforces construction of the 
road safety management system (RSMS). According to  the 
concept RSMS, presented here, the model can be described 
by:
• Road risks management model (RRMM);
• Road safety management model (RSMM); 
• Module evaluate the effectiveness of road safety 

management (MEERSM).
A diagram of the proposed safety management 

system is shown in Figure 1. Into the RSMS should enter 
The following elements of knowledge and practice of 

Figure 1 The concept of road safety management system in Poland
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improvement of the fatalities and serious road accidents 
reduction process. This philosophy should also set the goal 
for a future Polish road safety management system.

In the LTSA model there are three levels of the road 
safety management, Figure 2:
• Management by institutional management functions 

(IMF), which have run specific interventions to improve 
road safety.

• Managing through the road safety interventions (RSI) 
- that is actions improving results of the road safety.
Managing through evaluation of intermediate and final 

outcomes.
What is needed is a Polish version of the LTSA model. 

A preliminary description of the Polish version of the IMF 
is shown in [3]. For example, in terms of the IMF1 it is 
proposed to include:
• The term national and regional objectives of improving 

the road safety by the year 2020 and beyond based, 
inter alia, on the results of the research programs 
GAMBIT (2005) and ZEUS (2009-2010); see [15].

• Development of Polish versions of road safety 
indicators by the National Road Safety Council.

• To determine the value of the maximum individual/
personal risk of death in traffic at 5.2·10-5 [1/year], by 
2020, which means about 2000 deaths, that is a reduction 
of about 50% in comparison to the year 2011.

• To determine the acceptable social risk of death in 
traffic in accordance with the criteria of the EU.
The specification of the „Polish” institutional 

management functions, proposed in works by Szymanek [3, 
16], will be helpful to the inventory of „holes” in the RSMS.

Adaptive treatments also require the „road safety 
interventions” as the second-level components of the 
management model of the LTSA. Such interventions are 
the result of implementation of the IMF and will depend on 

thus that means modifications of the RSMS, which must of 
be a recursion type (Figure 1). 

It comes to cyclical improvement of the RSMS, that 
is, efficiency improvement of the road safety. Information 
about the SPI values, arising from MEERSM module, 
should cause positive feedbacks, continuously improving 
the working RSMS system, Figure 1.

4	 LTSA	model	as	the	basis	for	the	construction		
of	a	system	for	the	road	safety	management		
in	Poland

The road safety management model in Poland must be 
built on the modern methodology foundation - conformity 
with the guidelines of the EU transport policy. These 
conditions meet the New Zealand Land Transport Safety 
Authority, which has been adapted by the European Safety 
Transport Council and is recommended by the World Bank. 

It should be noted that the concept of the road 
safety management described in the LTSA model found its 
reflection in the standard ISO 39001. It has a double and 
important meanings:
• Meanings that the LTSA philosophy of the road safety 

management has been recognized by ISO experts in the 
right direction for the construction of the road safety 
management systems.

• Meanings that the Polish model of the road safety 
management, described here, is a part of the latest 
international trends in this area.
According to the LTSA, the road safety management 

should be seen as a 3-level process, in which the „product” 
is the „road safety”. This „processing of road safety” has to 
rely on the continued improvement of the intermediate and 
the final results of the road safety. The idea is a continuous 

Figure 2 LTSA model of the traffic safety management [13]
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These ingredients of the Polish road safety management 
system will be distinguished from other such systems. 
Conclusion: the risk management processes in different 
technological systems have similar “general topology 
of process”, but at the same time have a “variety of the 
process superstructures”.
An essential ingredient of the road safety management 

concept, presented here, is the general scheme of the 
risk management process. It is the result of an analysis 
of several risk management standards and it has many 
borrowings from the standard AS/NZS ISO 31000. The risk 
management scheme is concurrent with the concept of the 
Enterprise Risk Management.

5.1	 The	concept	of	“three	levels”	of	the	road	risks	
management

In transport, there are different risks; some of them 
generate a starting „accident sequence”, which may or may 
not end in a transport accident. These risks appear in three 
„places” of the road transport system: 
• The structure of the transport system, 
• Work processes of transport system and
• Behaviour of the transport system.

It is the main idea of the “three levels” model [11]. It 
shows three interpretations of any general system:
1. Interpretation of the definition of “structure” (internal 

construction system).
2. Interpretation of the definition of “function” system, 

which are identified by the work processes changing 
ownership.

3. Interpretation that defines the “behaviour” of the 
system.
The structural interpretation of the system refers 

to definition of L. von Bertalanffy, according to which 
the system is a “collection of items remaining in their 
relations” [22]. Definitions of this type describe the 
system by means of: a collection of components; 
a collection of relationships between elements and 
objective - as a system relationship.

Interpretation system is derived from the functional 
definition by M. Mesarovic: “the system is a set of 
relationships between its characteristics” [23]. By studying 
these relationships one can determine whether the system 
is abnormal or not. Each system has certain characteristics 
and changing one or more characteristics is the event. 
A string of such events determines the functioning of the 
system and its effects (here: road accidents).

Here is a working thesis of the „three levels” model of 
the risk management: risk management takes place on three 
levels of road safety management system:
1. At the level of structure by managing interactions of 

structure elements,
2. At the level of processes, through the management of 

work processes in the road traffic and
3. At the level of “behaviours” through risk management, 

to minimize the negative effects of transport (NET).

the circumstances of the Polish RSMS system. That is why 
their specification should be the subject of wider discussion 
among people dealing with the road safety research in 
Poland. Reference material is contained in results of 
GAMBIT (2005) [17].

The third management level “road safety effects” - these 
include results of the intermediate and final road safety. The 
final road safety outcomes show final performance built and 
implemented road safety management system (RSMS). The 
LTSA management Safety Performance Indicators apply to 
the effectiveness rate, SPI, in the third stage. In the next 
Polish RSMS the SPI indicators developed in the EU project 
SafetyNet and saved in the “Handbook of SPI”, should be 
used [18-19].

In SafetyNet project, the SPI methodology is developed 
for the seven key problem areas of the road safety: 1) 
alcohol, medicines, drugs; 2) speed; 3) protective systems 
(passive); 4) the use of headlights during the day; 5) 
vehicles; 6) roads; 7) management of trauma.

Areas 1 and 2 relate to behavior of the road users and 
are the direct causes of traffic accidents.  Areas 3 and 4 
relate to prevention of accidents and their consequences, 
which relate to the reduction of the risk of accidents. 
Areas 5 and 6 are related to design and technical safety 
interventions. Area 7 relates to the road accident care and 
rescue systems.

In the report of the 2005 SafetyNet, the construction 
schemes and calculations of these seven key indicators of 
the SPI are provided [20].

It is also proposed to adopt the main EU macro-factors 
of exposure, risk and consequences of the road accidents. 
They are a tool for reliable and readable information on 
the impact of the various measures and remedial action 
on the level of road safety. The basis for discussions about 
the future of the Polish macro-indicators of the road safety 
should be a wide list of indicators of this kind adopted in 
EU road transport security policy [3, 21].

5	 General	model	of	the	road	risk	management	in	
Poland

The road risk management has specific characteristics, 
but does not differ essentially from the risk management of 
other systems. This issue concerns the working thesis No. 4 
posted earlier. It follows that the risk management process 
model in Poland should be supported on two pillars:
1. The overall risk management process formula technique 

- adaptation of the latest formulas, “the overall risk 
management process” from the standard [1, 14].

2. “Superstructure” risk management process, which 
is the specificity of the road safety in Poland. The 
superstructure components that form the LTSA, thus 
the IMF, interventions and the results of road safety. 
In addition, the “superstructure” components will 
be measurable components of the risk management 
process, as the risk indicators, indicators of risk 
exposure and the macro-parameters of the road safety. 
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the logical conjunction operator (traditionally denoted 
by a symbol / ). Then the total number of structural 
interactions NSI in the system is the sum of combinations 
without repetition - rows 1 to 5, namely:

!
!
!

NSI
i i
1
5
5 31

i 1

5

$=
-

=
= ^ h| . (1)

Equation (1) above gives a theoretical number of 
structural types of risks in the system, in which it identified 
the five main groups of risk factors. To the structural risk 
factors here concerned one needs to add five others that are 
defined by implications of the same arguments. The general 
classification of 33 structural categories of the risk factors 
is presented in [3, 11]; here is shown a small portion of it, 
Table 1.

The author cannot name aggregate risks R16-R33. One 
can only say that these risks are the result of a greater 
number of aggregated risk factors. So, these risks are more 
and more “systemic”. 

Functional	 risks	FR.	Structural risks can transform 
into danger of the „2nd level”. It’s about the risks of such 
changes of ownership of a road system that the system and 
environment can be losses generated. Risks associated with 
changes in these properties is „functional risk” - that is, 
the risk of undesirable changes important for safety of the 
working processes in the system. 

Therefore, the interpretation „of the process approach 
to transport system” is used. According to it transport 
activity consists of three basic processes: 
1. Process of shaping the transport infrastructure: a. 

planning of infrastructure; b. implementation of 
infrastructure; c. the operation of the infrastructure.

2. The process of providing a transport service aimed at 
the flow of people, goods and information. This process 

From the above arguments three levels transport risks 
are due: 
• The 1st level - “structural risk” (SR); therefore a need 

arises of a logical classification of risks. Helpful is 
here the classification proposed in [11].

• The 2nd level - “functional risks” (FR) - generated by 
unwanted changes in traffic, traffic control processes 
and load processes.

• The 3rd level - “behavioral risks” (BR) - those are 
the risks of emergence of the “negative effects of 
transport” (NET), i.e. transport accidents, traffic 
congestion, environmental degradation.
Structural	 risks	 -	 SR.	 At a structural approach 

to interpretation of the road transport system (basically 
any system) can be considered risks at the level of „the 
structure of the system”. They are conventionally called the 
„structural risks” and defined as follows: structural risks 
come from the risks which are the effects of such changes 
in the interactions between the elements of the system, that 
can generate losses in the system and environment. Sources 
of structural risks are undesirable operating transport 
infrastructures and means of transport, as well as dangerous 
errors and infringements, in those places of the system 
where there is a cooperation with a man (human factor is 
also an element of the structure of the transport system).

Need arises for classification of risks. A method that 
relies on a review of the logical implications is proposed in 
[11]:  risk	factor	(RF)	accident	(A).

Consider the five main groups of risk factors present 
in the road transport system: HF - the human factor; MRT - 
means of road transport; TI - transport infrastructure; CRE 
- close road environment; N	- standard, norms.

Each of these risk factors may occur either alone or 
jointly with others, which conventionally can be saved by 

Table 1 Possible structural risks in the road transport. Fragment of theoretical classification 

risk type interaction of risk factors structural risk factor

1-argument mathemat. relations

R1 HF → A faults and dangerous behaviors of traffic participants 

R2 MRT → A damage means of road transport

R3 TI  → A defect/damage of transport infrastructure

R4 CRE  → A influence of natural environment factors 

R5 N → A wrong norms, bad rules

2-argument mathemat. relations

R6 HF ˄  MRT  →  A wrong fit of means of transport to human-operator

R7 HF ˄  TI  →  A wrong reading of transport infrastructure elements

R8 HF ˄  CRE → A influence of natural environment on human operator 

R9 HF ˄  N → A wrong norms, bad rules

R10 MRT ˄  TI → A effects at: means of transport - transport infrastructure, e.g. aquaplaning effect

R11 MRT ˄  CRE → A influence of natural environment on mean of transport 

R12 MRT ˄  N → A norms of reliability and safe for means of transport

R13 TI ˄  CRE → A influence of natural environment on transport infrastructure

R14 TI ˄  N → A norms of designing and IT exploitation

R15 CRE ˄  N → A rules of environmental conditions of transport safety 
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1) active faults (failures); 2) latent conditions. Reason 
postulated the need to study such loopholes as major 
causes of accidents. This model was used, inter alia, in 
investigation of traffic accidents [26].

In this model is the interpretation is the following: an 
accident may occur as a result of imposition of dangerous 
behavior and actions of the driver, road management 
problems, the vicious traffic and surveillance and the 
so-called latent conditions, that is „holes” in the Swiss 
cheese. If at some point of time and the point of the road 
network „holes” (sometimes called the „windows way”) 
would be simultaneous - it would cause a traffic accident. 

Within the deep defense safety strategy there 
are integral safety barriers, which play a big role in 
understanding and prevention of accidents. The standard 
IEC 61511-1 defines a protective layer: “any independent 
mechanism that reduces the risk by the control, prevention, 
and weakness” [26]. The main message of the barrier 
analysis is the password: „hold the threat away from the 
target.”

The deep defense strategy can be interpreted by the 
blunt-sharp-end model. It specifies the next phases to 
prevent activation of remote threats (closer to the „blunt 
end”) and stopping local threats („here and now”) on the 
„sharp end”. This can be implemented in the next layers of 
defense that correspond to the levels of safety management. 
Impact on the risk of an accident is remote in time („blunt 
end”) and the nearby at the time („sharp end”). The strategy 
of „deep defense” is avoiding errors and use of defense - as 
soon as possible, from the blunt end.

In the road transport, one can specify the following 
levels of the road safety management [3]:
1. Creation of a high safety culture - reducing the social 

consent for high risk of the road accidents,
2. Safety policy planning - development and 

implementation of vision and improving programs of 
the safety transport,

3. Management of the road safety at the level of regional 
and local authorities and road administrations,

4. Safety management work of transport operators,
5. Risk management of road accidents and 
6. Reducing the effects of road accidents.

5.3	 The	concept	of	the	analysis	methods	selection	
for	the	functional	and	structural	risks

The risk analysis methods describe identification of 
probabilities and consequences/losses associated with the 
adverse events in the considered system. 

For analysis of risks in a particular road transport 
system crucial is reliable, that is complete and accurate 
identification of potential threats. Choosing the right 
method for the hazard identification and risk analysis is 
a critical moment in the procedure for risk assessment. 
Success depends on relevancy of this selection. There 
is no one criterion for selection of methods. Which of 
the methods one would choose depends on the purpose 

includes organizational, regulatory and administrative 
elements.

3. Process of creation of the transport policy - is a process 
of management that ensures the integration and 
coordination of all elements of the transport system.
Functional risks in transport system may be classified 

as follows:
• FR1 - the risk of faulty infrastructure formation: 
• FR1

1
: the risk of faulty planning of infrastructure 

- depend on: an incorrect location; erroneous 
predictions; disadvantages of financing plans; 

• FR1
2
: the risk of poor implementation of infrastructure 

- dependent on such risks as: wrong selection of 
contractors; defective construction work; errors in 
works monitoring;

• FR1
3
: the risk of incorrect operation of the transport 

infrastructure - dependent on: faulty repairs and 
modernization; erroneous analysis of investment 
effects. 

• FR2 - the risk of faulty transport services - dependent 
on:

• FR2
1
 - the risk of faulty organization of the transport 

process;
• FR2

2
 - executive risk in the transport process;

• FR2
3
 - administrative risk in the transport process;

• FR2
4
 - risk cargo in transport process;

• FR2
5
 - the risk of traffic (road, rail, sea, air).

• FR3 - the risk of erroneous transport policy - depends 
on:

• FR3
1
 - the risk of erroneous macro-forecasts of 

transport development;
• FR3

2
 - faulty risk management (the impact of state 

public-law bodies on transport users). 
Behavioral	 risks	 BR. Functional threats initiate 

unwanted behavior of transport and these, in turn, can 
result in appearance of the negative effects of transport 
(NET); these are primarily accidents and collisions, but one 
can also consider other road traffic systems. The NET-s are 
on the 3rd floor of the related behavioral risks. They can 
be applied in road safety policy of the EU, through the SPI.

5.2	 Defense-depth	strategy	in	the	road	safety	
management

Management of safety in transport is a management 
of „loss avoidance” that can occur at any level and in any 
place of the specific transport system. Such a management 
requires methodology of multiple levels of security, in all 
of the identified critical points of the transport system and 
at all the levels of the management of such a system. It is 
a methodology consistent with the strategy of deep defense 
[24].

To the concept of „defense-in-depth” connect Reason’s 
Swiss cheese model - accidents are effects of gaps in the 
management of the system [25]. In this model, the crucial 
importance have layers of protection („cheese slices”) with 
differently situated „holes”, which is the two-fold gaps: 
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- external factors (floods, terrorist acts) was considered, 
as well.

Layers of the transport system: CA - central authorities; 
RLA - regional and local authorities; TB - transport boards; 
C - carriers; PCT - producing companies for transport.

6		 Conclusions

The main interest in this work was to answer the 
question: what should be the program “sequence of actions 
to improve the status of road safety” in Poland?  Attempt 
to answer to question is contained in the work [3]. In this 
text, a “sequence” in summary form version is shown, but 
as newer and essentially enriched.

Any project for the road safety improvement is located 
in the wider project - a project to improve quality of the 
road transport. In order to realize that, it is necessary to 
ensure: 1. Minimum nuisance for the natural environment. 
2. The maximum level of safety.

and scope of the risk analysis, as well as the preferences 
of a team undertaking an analysis, its experience and 
availability of similar analysis objects (sometimes called as 
referred objects).

There is no „the best” method assigned to specific 
applications. It is therefore entitled to declare: the selection 
of an appropriate method of risk analysis is more art than 
science. 

Guided by the above criteria, very preliminary proposals 
for selection of the analysis methods for the functional and 
structural risks for road transport were developed. Table 2 
was published in the papers [11, 25].

Selection of methods of risk analysis in the road 
transport system depends on the conventional “areas of 
risk” and “layers of management in the road transport 
system”. Those areas are identified by the five main groups 
of risk factors present in the road transport system, 
described in this article: HF - the human factor; MT - means 
of transport; TI - the transport infrastructure; NE - natural 
environment; N - standard, norms. In addition, the area: EF 

Table 2 The concept of the risk analysis methods selection for the structural and functional risks in the road transport

methods

areas of risk layers of management in the road transport system

HF MT TI NE N EF CA RLA TB C PCT

structural risks functional risks

FR1

the risk of faulty 
infrastructure 

formation

FR2

the risk of faulty transport 
services

FR3

the risk of 
erroneous 
transport 

policy

1
1

1
2

1
3

2
1

2
2

2
3

2
4

2
5

3
1

3
2

what -if analysis x x x x x x x x x x

checklist x x x x x x

risk score x x x x

relative ranking x x x x

preliminary 
hazard analysis

x x

HAZOP

FMEA

PRA/OSA/PSA x x x x x

FTA x x x x

ETA x x x x

CCA x

human reliability 
analysis

x: risks: R1, R6-9, R16-21, R26-27, 
R31-R32

barrier analysis x x x x x x

black spot 
analysis

x x x x x x x x

bow-tie analysis x x x x

brainstorming x x x x x x x x

change analysis x x x x

swiss cheese 
model

x x x x x x x

x - is a possible method to apply
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active management errors; based on the Reason’s 
theory;

2. Continue work on selection criteria and methods of risk 
analysis, the most useful for transport systems and traffic;

3. Interpretation and adaptation to the conditions of 
Institutional Management Features IMF known from 
the LTSA model road safety management;

4. Development of model “3-levels of road risks 
management”; the excerpt is shown in this article;

5. Adaptation of the “deep defence strategy” for the road 
safety management.

Realization of the above objectives means the need 
of implementation of the 5E methodology (Education-
Engineering-Enforcement-Encouragement-Evaluation).

Construction of projects to improve the road safety 
(widely: the road transport safety) in Poland must be 
supported by scientific research. That research is defficient 
or even unknown in Poland. Here is a brief list of suggestions 
in this regard:
1. Development of a Polish methodology of identification 

of gaps in the traffic management system. It is about 
latent failure conditions in the management and 
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This paper deals with importance of executing maintenance activities of 
rolling stocks by the example of the electric multiple unit EN96 series and with 
influence of repairing rolling stocks on the transport safety. It also discusses 
Poland’s Supreme Audit Office report for the 2017 year that concerns the 
condition of safety of the rail transport in Poland. It describes the way in which 
the maintenance operations are performed with a division of the maintenance 
levels that depend of time of utilization and distance travelled by a vehicle.
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the part of the maintenance plan and applied maintenance 
level. The maintenance plan is a plan of projects and 
intensions of such elements as [1]:
• a range and types of inspections and services of rolling 

stocks;
• a range and frequency of operations that are connected 

with a preventive maintenance process, whose mainly 
purpose is to diminish probability of occurring a failure;

• a range and frequency of activities that are connected 
with a repairing process after declaration of inability 
of the whole rail vehicle or just its part to operate as 
intended;

• operations that result from specific maintenance 
conditions;

• the maintenance level of rolling stocks.
The main purpose of the paper is to present 

a description of maintenance operations of rolling stocks 
with the emphasis on safety of these operations, based 
on the previously created technological process for the 
EN96 series electric multiple unit. The article presents 
a comprehensive overview of the maintenance of rolling 
stocks in Poland. The proper performance of such 
operations is one of the factors for increasing safety in the 
rail transport. 

1	 Introduction

The physical condition of rolling stocks is a very 
important factor that affects the railway traffic safety. The 
necessity of performing regular maintenance operations 
comes from the reason that technical objects are subjected 
to inevitable wear processes. To prevent malfunctions that 
can lead to accidents on the railroad, periodic inspections are 
carried out. In the case of the electric multiple units, such as 
EN96 series vehicles, requirements of these inspections are 
included in the Ordinance of the Minister of Infrastructure 
of October 12, 2005 On general technical conditions 
for the use of railway vehicles. It also includes a list of 
other documents that describes term of technological and 
organizational conditions about exploitation of rolling 
stocks (for example relevant technical specifications and 
standardization documents, The Regulation concerning 
the International Carriage of Dangerous Goods by Rail 
- RID, Regulations concerning the International Haulage 
of private owner’s wagons by Rail - RIP). The concept of 
operational maintenance of the rolling stocks is defined as 
organizational and technical activities that are designed to 
provide safe and economical utilization of technical objects 
as a part of a given transport service organization, as well as 
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infrastructure managers, railway stations and 23 biggest 
rail carriers in Poland, shows the following conclusions [2]:
• the Number of railway accidents has decreased from 

638 in 2015 to 581 in 2016, as well as the number of 
death tolls from 228 in 2015 to 169 in 2016;

• the number of individuals hit by the rolling stock who 
passed through the railroad in unauthorized places has 
decreased; 

• in the years 2012 - 2016 there was a decrease in crimes 
committed inside the rolling stocks or in the rail area, 
such as stealing packages (by 16%), stealing other 
people’s property (by 64.5%), extortion and robberies 
(by 57%) and beatings (by 72%).
The report discovered improprieties in 23 railway track 

development and construction units that are responsible for 
the railway lines in Poland. This led to a significant decline 
in the safety level of the railway traffic. The reason of this 
incongruities was, among others, unreliable performance 
of the line infrastructure maintenance tasks, as well as 
maintenance of the rail traffic control and monitoring 
equipment, which is a crucial factor to safety (in the 2017 
year 1044.6 km of rail lines were in operation). Another 
reason was a lack of the radio-stop system encryption. This 
system is used to prevent the rail accidents. Encryption 
of this system should be introduced in 2023. The average 
age of a rolling stock vehicle is also high - for freight 
carriages - 27 years, for passenger carriages - 26 years and 
for locomotives - 32 years [2]. 

Many unused rolling stock vehicles limit utilization 
possibility of the railroad tracks for maneuvering purposes. 
Another factor that decreases safety is a lack of the formal 
settlement of obligations related to passenger carriage, 
electric rolling stock vehicles maintenance processes 

2	 Railway	traffic	safety	in	Poland

Technical efficiency of the rolling stocks is one of the 
basic components of railway safety. The other elements are 
technical efficiency of the point and line rail infrastructure, 
transport organization, staff competence and experience, as 
well as implementing of proper anti-accident legal acts. All 
the entities involved in the transport process should follow 
these rules. These entities can be as follows [2]:
• executive entities such as:

 ❑ railway infrastructure managers,
 ❑ railway siding users,
 ❑ railway carriers,
 ❑ plants and workshops dealing with the maintenance 
processes of the rolling stock vehicles,

• supervising and controlling entities:
 ❑ Office of Rail Transport,
 ❑ State Commission for the Investigation of Railway 
Accidents,

 ❑ Ministry of Infrastructure and Development.
The Supreme Audit Office report from 2017 shows 

that in comparison to 2014 significant improvement in the 
rail traffic safety did not occur. In the years 2010 - 2014, 
the railway safety level was very low in comparison to 
other Europe countries. It was determined not only by 
poor technical conditions of the rail infrastructure and 
rolling stock vehicles, but by multiple errors in a transport 
organization as well and by insufficient protection of 
transported commodities and passengers from criminal 
activities. However, the rail transport is still one of the 
safest means of the land transport with a constant decrease 
in number of serious accidents year by year. This report, 
which is concerned with the biggest national railway 

	Figure 1 Technical conditions of railway lines in 2016 [2]
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These are various types of collision-absorbing elements 
designed for wagons-tanks, which meet the regulations 
of UIC (fr. Union internationale des chemins de fer - The 
International Union of Railways) cards. Development of 
material engineering and modern construction methods 
has an increasing influence on the properties of these 
elements. However, authors also point out the economic 
aspect - introduction of modern materials and methods will 
be associated with increased costs.

The safety aspect of rolling stocks also involves 
adapting the infrastructure to modern high-speed rails. 
Authors of [6] describe the technological process of 
adopting the main track and track-bed by using modern 
machines. On the CMK (Central Railway Main Line in 
Poland) lines, which are part of European high-speed 
rails, vehicles will be able to travel up to 250 km/h. 
Therefore, that imposes the high quality requirements for 
infrastructure preparation.

Another aspect of the railway traffic safety is an 
adequate control system. With development of the railway, 
those systems have improved technical solutions. Devices 
of the system are [7]:
• stationary equipment,
• rail locking systems,
• rail-road crossing protection systems.

When the physical conditions of such systems worsens 
excessively, they need to be renewed. Otherwise, damage 
will occur, which may cause a significant breach of their 
structure and result in a safety hazard. Due to the need to 
maintain an appropriate level of the railway traffic safety 
in Poland, systematic inspections of the physical condition 
of used railway traffic control devices are carried out. 
Authors of paper [7] point out that in most cases during 
the inspection in 2016 the conditions of these devices were 
unsatisfactory.

The rail transport is one of the safest modes of 
passenger transport. In the paper [8] the author, draws 
attention to the statistics of the rail accident mortality. In 
relation to train-kilometers, Poland is at the second place 
among countries with the highest mortality risk in the EU. 
It amounts to 1.5 fatalities per million train-kilometers, 
when the European average is 0.31. In relation to passenger-
kilometers, Poland is at the 8th place with mortality rate 
of 0.5 victims per million train-kilometers. The European 
average is 0.16.

The paper [9] assesses the general physical conditions 
of rolling stock vehicles in Poland. It was stated that 
despite its constant improvement (which is the result of 
EU funds and projects implemented in cooperation with 
them) there are still many problems affecting safety of 
the rail transport in Poland. The author mentions, among 
other things, problems with obsolete rolling stock vehicles 
(30-40-year-old locomotives and wagons not meeting safety 
requirements). He also compares the physical condition of 
rolling stock vehicles in Western countries and mentions 
the difficult access of the new carriers to rolling stock in 
Poland, as well as the lack of an appropriate purchasing 
strategy for the new rolling stock vehicles.

similar to one that regulate freight carriages - MMS System 
an EMC system. Another problem is a great diversity of 
types and series of carriages that are in possession in the 
biggest carriers. This makes difficult for unification and 
specialization of vehicles maintenance processes. The lack 
of relevant permissions for the Railway Protection Service 
to perform tasks included in the Polish Railway Transport 
Act from 2003, in the case of an event that requires 
intervention, also causes the low safety level of the rail 
traffic. Moreover, the railway stations are not considered 
as a part of the linear infrastructure in the Polish Railway 
Transport Act, which means that they are not included in 
the railway Safety Management System (SMS). Another 
root of the problem is that the PKP PLK S.A. (Polskie Koleje 
Panstwowe Polskie Linie Kolejowe) still uses the railway 
lines in a bad condition status and many of the railway 
platforms are not adjusted to the EU Regulation [3] in the 
terms of the height and distance of the platform edge from 
the railway line axis. More than 15% of used railway lines 
are classified for replacement (Figure 1). This has a major 
impact on the travel time of rolling stocks. The Supreme 
Audit Office requested PKP PLK S.A. to develop and 
implement a program to modernize these railway lines as 
a part of the company’s own supervision [2].

The paper [4] describes the conditions and development 
of a safety criterion to prevent derailment of rolling stocks. 
The problem of preventing vehicle derailment should be 
considered as early as it is possible - at the design stage. 
Both during the testing and during operation, this is an 
essential factor for qualifying a vehicle for operation. If it 
is not met, there is no need for other tests (such as brake 
tests, strength tests of individual rolling stock components 
and dynamic tests). The safety criterion against derailment 
was introduced in 1908 as Nadal’s formula and it is still used 
today to assess the safety of rolling stocks. An assessment 
of the vehicle’s safety against derailment is determined 
from Equation (1) for the maximum ratio of the leading 
force Y to the vertical force Q. These forces take variable 
values when the vehicle is moving. The formula for the 
safety ratio is as follows:

Q
Y

tg
tg
1 #n c
c n

= +
-

, (1)

where: 
γ - angle of inclination of the wheel flange,
μ - friction coefficient between wheel and rail.

After many tedious calculations, focused on selection 
of the optimal wheel profile, it was assumed that the angle 
of inclination of the wheel flange for the majority of rolling 
stocks should be 70 degrees. With a coefficient of friction 
of 0.36, the safety factor can be calculated - it should not 
exceed the value of 1.2. In summary, the author of the paper 
points out that too strict requirements result in a significant 
increase in vehicle manufacturing costs, high maintenance 
costs of railway infrastructure and low competitiveness of 
rail in relation to other modes of transport [4].

In [5] authors presented selected constructions of 
devices designed to increase passive safety of a rolling stock. 



F14  K A L I N O W S K I  e t  a l .

C O M M U N I C A T I O N S    1 / 2 0 2 1  V O L U M E  2 3

workstations, a list of relevant personnel competence and 
skills and required safety precautions. There is also the 
rule that during the performed maintenance activities from 
higher level, activities from lower levels should be executed 
as well.

Moreover, it is required to perform seasonal inspections 
twice a year. They are designed to prepare the vehicle and 
all its assemblies and components for changed weather 
conditions. In the event of malfunction during the normal 
exploitation, the vehicle should be delivered for repair 
outside the normal maintenance cycle. The main purpose of 
this repairment is to reinstate the physical conditions before 
the malfunctioning. During this repair, documentation and 
procedures from maintenance level P4 and P5 should be 
applied. 

4	 EN96	series	electric	multiple	unit

An electric multiple unit is a railway rolling stock 
vehicle designed to transport passengers. It consists of:
• assemblies,
• subassemblies,
• elements that can be connected into circuits and 

systems.

3	 Rolling	stocks	maintenance	levels

According to the guidelines included in the Ordinance 
of the Minister of October 12, 2005 on general physical 
conditions for the operation of railway vehicles, five levels 
of the rolling stocks maintenance can be distinguished 
[1]. They differ in time of performing tasks and in degree 
of their complexity. Although 15 years have passed since 
the guidelines were introduced, they are up to date and 
there is no need to amend them, as they are universal. 
Table 1 presents maintenance levels of rolling stock and 
description of maintenance operations that are covered in 
this Ordinance [1].

Paragraph 2 of [1] defines maintenance levels as a list 
of maintenance operations performed for a given rolling 
stock. Realization of this task requires proper technical 
equipment of the rolling stock maintenance point, relevant 
employees’ qualifications and the proper certification range. 
Performing particular maintenance level depends on the 
distance travelled or the service life of the rolling stock. 
For each of them a technological process is created in 
which a list of performed maintenance tasks are included. 
It also contains a list of documents involved, a list of all 
the tasks that are outsourced to other workshops, a sketch 
of the rolling stock maintenance point, a list of specialized 

Table 1 Rolling stocks maintenance levels

maintenance  
level

tasks 
characteristic

protocol
execution 
frequency

P1

checking or monitoring 
actions performed before 
the rolling stock goes on 
the line, after leaving it or 
while driving. most of the 
activities can be performed 
by employees of the carrier

1. assessment of the condition of main assemblies, subassemblies 
and other systems that have impact on driving safety

2. provision of the rolling stock spare parts

3. replacement of the fast-wearing assemblies and parts during 
operation

3000 km  
or 4 days

P2

actions to prevent exceeding 
wear limits

they are performed in 
specialized workstations 
during the technical breaks 
between planned utilizations

1. detailed evaluation of the rolling stock physical condition by 
inspection of its circuits, examination of components without 
dismantling and diagnostic tests described in documentation

2. repairs performed by replacing standard components

30 000 km  
or 60 days 

P3

actions to prevent wear 
limits from being exceeded

they are performed in 
specialized workstations 
and with excluding the 
vehicle

from intended exploitation

1. detailed evaluation of the rolling stock technical condition 
by inspection of its circuits, examination of components with 
dismantling and diagnostic tests described in documentation

2. planned subassembly replacements and small functional 
assembly repairs that are performed in specialized workstations

210 000 km  
or 13 months 

P4
repair maintenance 
operations performed in 
specialized workstations

1. detailed physical condition verification of assemblies and 
subassemblies included in technical documentations, combined 
with their dismantling

2. planned replacement of assemblies and subassemblies

3. planned repairments of assemblies and subassemblies performed 
in specialized workshops

1 100 000 km  
or 5 years

P5
actions that improve the 
rolling stock conditions

1. dismantling of assemblies and subassemblies from the rolling 
stock and their replacement with new or regenerated parts

2. modifications to body of the rolling stocks and gearbox systems

3 300 000 km 
or 15 years
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• direct-acting electro-pneumatic brake, functioning 
as the vehicle’s main brake, used during its normal 
utilization. Braking power is regulated from the driver’s 
desk and it depends on the actual operating conditions.  
Electrodynamic brake is supported by a pneumatic 
brake or all the braking power could be transferred to 
the electro pneumatic brake.
The vehicle is equipped by automatic coupling and 

spring devices for dampening. Powder fire extinguishers are 
located in the driver’s cab and in passenger compartments. 
The fire protection meets the requirements of the Polish 
Standards and UIC cards. The vehicle is presented in Figure 2. 

5	 Safety	of	maintenance	operations	performed	
during	technological	process	on	the	example		
of	electrical	multiple	unit	EN96

Paragraph 6 of [1] contains information that the 
maintenance of a vehicle should be performed by entities 
with qualified staff and by using of relevant technical 
infrastructure. It is important to provide organizational 
conditions that guarantee the correct performance of the 
tasks specified in the maintenance system documentation. 
Article 14a of [12] describes that each vehicle, before 
being released to utilization, must be assigned to an entity 
responsible for its maintenance. According to [13] it could 
be a railway enterprise, owner or an infrastructure manager. 
Its objective is to provide the safe vehicle transport by using 
the maintenance systems. To that purpose, this entity uses 
own workshops or other with whom it has a contract. 
Vehicle maintenance is executed according to:
• documentation, which contains maintenance processes 

for each vehicle,
• requirements that are in force such as maintenance 

standards and TSL (Transport-Spedition-Logistics) 
provisions.
Degree of complication and advance of maintenance 

activities in technical processes depends of individual 

EN96 series 34WE vehicles are the two-part vehicles 
manufactured and constructed by PESA Bydgoszcz S.A. 
in 2011. The EN96 is a railway literal code and 34WE is 
a construction code. Those vehicles were constructed 
on behalf of the Marshal’s Office of the Swietokrzyskie 
Voivodship in the amount of 4 units. Each of the vehicles 
has an assigned number EN96-001, EN96-002, EN96-003 
or EN96-004. All the units were painted to white-grey. 
They are called ELFs (ELF - Electric Low Floor) and 
they are operated by Przewozy Regionalne sp. z o.o. 
Swietokrzyskie Department with headquarters in Kielce 
[10]. The EN96 series vehicles were designed to operating 
in a local passenger transport between big urban areas 
and in a suburban passenger transport. Their construction 
was adjusted to high and low rail stations (in the range of 
300-960 mm). The vehicle consists of two parts - A and B, 
it was adapted to operate by two workers and its operating 
speed is 160 km/h. It could be powered with direct current 
1.5 kV/3 kV as well as 15 kV/25 kV AC. The vehicle has 
two drive bogies and one rolling bogie. A modular body 
allows to freely arranging the multifunctional spaces - for 
example a bar corner, space for transport bicycles, bigger 
luggage [11]. It has 107 standing places and 123 sitting 
places. Driver’s cabs are equipped with ergonomic remote 
panels and driver’s assistant seats, fire extinguishers and 
air conditioning. Cabins are separated by doors from the 
passenger compartment. The passenger compartment is 
equipped with vandal-proof, permanent seats, luggage racks 
above the seats and handrails. Each part of the vehicle is 
heated by the floor convection heaters mounted under the 
seats in special covers. The heat is supplied by two heating 
and air conditioning units. There is one pair of entrance 
doors. The vehicle is powered by four asynchronous 
electric motors with a total active power of 1600 kW. The 
vehicle has two pneumatic braking systems [10]:
• indirect action pneumatic brake functioning as an 

emergency brake - it is a classic pneumatic brake, 
controlled by distributor valves by changing the 
pressure in the brake cylinders;

Figure 2 EN96 during course
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5. Workstation for checking the vehicle axis geometry 
and for grinding the vehicle,

6. Workstation for repairing mechanical speedometers,
7. Workstation for air conditioning repair and 

maintenance,
8. Workstation for repairing electric and electronic 

devices,
9. Workstation for analyzing saved vehicle’s operational 

parameters from electronic recorders,
10. Workstation for performing welding operations on 

vehicles,
11. Workstation for washing and cleaning the rolling 

stocks,
12. Trackside dead-man’s vigilance device checking 

workstation,
13. Workstation for lifting the rolling stock boxes,
14. Workstation for regulating lighting of the vehicle front,
15. Workstation for washing bogies and other components,
16. Workstation for testing safety valves, pneumatic and 

electro-pneumatic devices,
17. Battery charging station.
18. Workstation for repairment of current collectors and 

electric machines,
19. Locksmith’s workstation,
20. Workstation for on-board monitoring recording 

analysis and
21. IT and control workstation.

In order to perform the maintenance operations 
safely, the rules contained in the technological process for 
a given vehicle must be strictly observed. All the necessary 
precautions are listed, as well as special equipment and 
relevant repair workstations, according to which all the 
processes should be carried out. Not all of the maintenance 
activities are performed at the particular rolling stock 
maintenance point. Some assemblies and subassemblies 
require specialized equipment and devices that maintenance 
points do not have either for economic reasons or for need 

maintenance process. In the case of the P3 level assemblies 
and subassemblies that should be reviewed as follows [10]:
• complete electrical multiple unit - this applies to 

maintenance operations related to the general condition 
of the vehicle,

• rolling stock frame,
• body and internal equipment;
• bogies,
• traction motor,
• automated coupling,
• rolling and drive wheelsets,
• brake and pneumatic systems,
• axial gear,
• heating,
• air conditioning for the passenger compartment and 

for the driver’s compartment,
• drive system,
• cooling system of traction motors,
• pantograph,
• doors,
• sanitary equipment and water installation,
• batteries,
• electrical multiple unit systems.

In addition, the auxiliary equipment such 
as transport trolleys, pullers for dismantling the axle 
boxes and multimeters, are used. In the case of the 
P3 maintenance level list of tests are shown in  
Table 2.

The EN96 vehicle maintenance activities of the P3 level 
are carried out at a given rolling stock maintenance point at 
the following workstations [10]:
1. Brake tests workstation,
2. Repair and inspection workstation of rolling stocks in 

the tent hall.
3. Assembly and disassembly track with an inspection 

channel,
4. ABP equipment workstation.

Table 2 List of tests performed in accordance to the P3 maintenance level

no. test name

1. pneumatic system tightness test

2. the main, auxiliary and parking brake tests

3. anti-slip traction control test

4. rail current collector test

5. air conditioning system test

6. heating system test

7. lighting system test

8. vehicle control systems test

9. dead-man’s vigilance device test

10. radiotelephone and radiostop test

11. drive system test

12. static break and pneumatic system tests

13. leak tightness test

14. test drive
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• situational sketch of the rolling stock maintenance 
point, 

• list of specialized workstations, 
• list of personnel, 
• performed maintenance activities,
• list of outsourced operations, 
• process of acceptance of performed maintenance 

activities, 
• required safety precautions.

Introduction and guidelines for creation of the 
technological process describe the basic requirements of 
the technological process. The change sheet should be 
filled in each case of change to the process. List of related 
documents contains a list of all the documents that are 
related to the technological process. Another element of 
the technological process is a situational sketch of the 
rolling stock maintenance point. In the case of Przewozy 
Regionalne sp. z o.o. Swietokrzyskie Department, the rolling 
stock maintenance point is located in Skarzysko-Kamienna. 
The sketch contains the workstation layout and a diagram 
of the track system. The next item in documentation is a list 
of tools and equipment that are used in the process. The 
other item is a list of specialized stations with a detailed 
description of each of them. The list of employees should 
include the necessary competences of employees and 
the required number of them that are involved in the 
maintenance process. The most important element is a list 
of performed maintenance activities. Then, there is a list 
of outsourced operations, the process of acceptance of 
performed operations and required safety precautions.  
Execution of maintenance process of the rolling stock 
vehicles is performed in accordance with specific chains 
of action, known as algorithms or procedures. Each 
process starts with a description of a specific vehicle, an 
identification of assemblies and components and possible 
damages or malfunctions that are not involved in the 
specific maintenance level process. Maintenance activities 
start with cleaning assemblies and components, carrying 
out diagnostic tests, verifying and inspection of the parts 
concerned, as well as issuing the work instructions. Issuing 
of instructions concerns the repair of individual components 
and assemblies, regeneration of certain elements, as well 
as installing new parts in case of scrapping up the old 
ones. Once assemblies and components are installed, 
they must be tested to assess their proper functioning. 
If the inspection was negative, the repair cycle should 
be repeated; in the case of a positive inspection, the 
components should be mounted on a vehicle and a running 
test should be carried out. Then, if not no additional 
malfunctions occur, the vehicle is put into service. In each 
step, the proper documentation should be filled out. Figure 
3 presents an example algorithm that describes in general 
the technological P3 process. This algorithm was prepared 
according to the EN96 documentation and [10].

The process is carried out every 210 000 km or 13 
months of exploitation. This ensures that the technical 
efficiency of a vehicle is maintained. Its proper performance 
is crucial for operation safety and, from a practical point 

for the special staff qualifications. Hence, these activities are 
outsourced to external entities and documents concerning 
this operation are included in the maintenance process. 
Test reports are also included in this documentation and 
the entire process should be carried out in accordance with 
them. During the inspection-repairing operations, the staff 
are obligated to [10]:
• use the personal protection equipment,
• abide by rules of Occupational Health and Safety.

Inspection and repair tasks should be preceded by 
securing the vehicle from the uncontrolled rolling and in 
the case of operating on pneumatic systems, pressure in 
these systems must be reduced to the atmospheric level. 
Regulation of brakes should be performed after completion 
of work on the chassis and tests of vehicle systems must not 
be performed until other inspection were not be finished. 
During the operation, the rolling stock workers should 
pay particular attention to equipment and devices that are 
essential to traffic safety. An important aspect that greatly 
affects safety is monitoring the state of wear of given 
parts, assemblies and subassemblies in order to determine 
whether the maximum wear limit has not been exceeded.  
Parts that are especially prone to exceed the wear limit 
are [10]:
• rolling surfaces of wheelsets,
• pneumatic systems, their tightness,
• brake blocks,
• bumper suspension devices.

In documentation, provided with the vehicle, there is 
also a list of subassemblies that are under special technical 
supervision performed by the Office of Technical Inspection. 
Those are elements such as air tanks, safety valves etc. 
The basic requirements for performing maintenance 
operations by the personnel is a good knowledge of the 
technical documentation and maintenance systems, as 
well as a proper training for operation and maintenance of 
a given rolling stock. These maintenance operations must 
be carried out by qualified staff e.g. welding tasks should 
be performed by workshops that are certified according to 
the Polish Norm PN-M-69009 and employees performing 
the non-destructive testing should have at least the level 2 
qualification in accordance with the PN-EN 473:2002 [10].

6	 Technological	process	P3	of	EN96

The technological process for a rolling stock should 
be performed in accordance with the maintenance system 
documentation. For the EN96 series vehicles, documentation 
is provided for employees of the headquarters of Przewozy 
Regionalne sp. z o.o. and for employees of the rolling stock 
workshops. The technological process based on design, 
whose author is Przewozy Regionalne sp. z o.o., consists of 
the following elements: 
• introduction, 
• guidelines for the technological process creating, 
• change sheet, 
• list of related documents, 
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sufficient and that there are many problems that must be 
eliminated. The most important problem is not the quality 
of performed maintenance operations but a poor rail 
line infrastructure conditions and a high age of utilized 
vehicles. Electrical multiple units of the EN96 series, 
that have been produced by PESA Bydgoszcz SA, are not 
worn out in comparison to other rolling stocks in Poland 
- there were first inspection and repair activities of the 
P4 level conducted, as well as many operational services 
that were designed to improve the vehicle’s use safety. 
The P3 maintenance level, discussed in this paper, is 
a comprehensive vehicle inspection that contains a detailed 
check of its technical conditions and planned replacements 
of important vehicle components affecting its operational 
safety. Result of this paper is a design of an algorithm of the 
P3 technological process for the rolling stock maintenance. 
It shows the complexity of performing the maintenance 
operations that are crucial for safety of the rail transport.

of view, prevents expensive consequences of unexpected 
malfunctions. The rolling stocks transport heavy and large 
loads, which means that their reliability is very important. 
Breakdowns of these vehicles are not frequent. However, 
their results can be severe.

7	 Conclusions

Safety of the rail transport mainly depends of the 
physical condition of vehicles and the rail infrastructure 
conditions. Maintenance activities are performed to reduce 
the risk of a vehicle malfunction, which directly impacts 
the operational and rail transport safety, to a minimum. 
It is crucial to perform those operations in accordance 
with instructions included in the individual technological 
processes. The 2017 Supreme Audit Office’s report states 
that the level of the rail transport safety in Poland is not 
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Resume
Despite the very important role of primary arteries and transportation network 
in providing relief for regions affected by an earthquake and black spots, they 
have received less attention. Therefore, in the current study, at first, the status 
quo of the traffic black spots and safe regions was identified to predict the 
movement direction, evacuation of residents from their habitat and temporary 
residence using the region zoning. The trips were assigned to the network based 
on the trip distribution matrix and their relevant travel times both related to the 
crisis state. The results indicated that out of 94 traffic regions, located in the area 
under investigation, 7 regions were put in the very low risk or safe regions group 
and 10 traffic regions were put in a very high-risk group. Additionally, the results 
indicated that out of 794 links, located in the area under investigation, about 32 
links will have a very undesirable status following an earthquake.
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to pass through the traffic following an earthquake is 
highlighted. Goretti et al. [3] took note of the importance 
of the post-earthquake safety assessments by the European 
Union Civil Protection Team (EUCPT) after the Ecuadorian 
7.8Mw earthquake on April 16, 2016. Helderop and Grubesic 
[4] explored the implications of network disturbance in 
their study to provide vulnerability analysis and emergency 
response in the event of an exacerbation of an alternative 
network that maintains important information in the 
network. Extensive research with simulation software has 
been used to model drivers’ traffic behavior, for example, 
in assessing the capacity of urban roads according to the 
Slovak standard of simulations in PTV VISSIM and other 
software, [5].

Various views have been expressed on the vulnerability 
of the road network and the disruption of traffic after 
the crisis [6]. In order to find the best possible network, 
optimal methods for comparing failure scenarios have 
been used [7]. Result of identifying the critical situations 
is the approach used to evaluate the different possibilities 
of degradation of a network in an event [6]. The critical 
positions of a traffic area in a network are said to be the 
most effective on the network access flow [8]. In the 
present study, a vulnerability zoning map related to the 
transport network risk is obtained and with it, the network 
reliability, the traffic volume, the risk of each link and 
its serviceability are calculated. Bell et al. [9] conducted 

1		 Introduction

The occurrence of severe earthquakes, especially in 
large cities, can lead to widespread human loss. The 
transportation network is essential for saving lives of 
injured and providing them with quick medical care. In order 
to reduce the possible human damages in an earthquake in 
any city or region, it would be necessary to assess the 
performance of the transportation network in response to 
demands to provide relief to travels following an earthquake. 
One of the issues, which most cities in the world are facing, 
is natural disasters [1]. These disasters have already killed 
three million people during the last 25 years and have 
imposed $23 billion costs in financial damages. Meanwhile, 
earthquake is one of the most common disasters worldwide 
and in 2001 was reported as the deadliest event in the 
world. In Iran, from 1955 to 1995, more than 150,000 people 
have lost their lives due to earthquakes. The majority of 
new technologies allow the user to select the best route 
depending on numerous factors, including road length, 
grade and speed [2]. Today, as the density of big cities 
grows and the city’s outskirts expand, a dangerous situation 
occurs in the event of a crisis. The main part of the reaction 
operation in an earthquake event is relief effort and its main 
purpose is to reduce casualties during the first hours after 
the earthquake. In previous earthquakes, the importance of 
speeding and reducing the time required for relief vehicles 
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surrounding streets. If the serviceability of the streets were 
close to zero, it means that the buildings around are not in 
the good condition and would fall due to an earthquake and 
due to street blockage the traffic flow on the street would be 
reduced to zero. This coefficient is calculated by:

serviceability = 1 - vulnerability. (1)

Due to the fact that an earthquake of magnitude 5 
Richter does not destroy the buildings of medium risk, low 
risk and very low risk, the vulnerability is calculated as:

.ln
ln sin

vu erability
total of the surrounding cells

he number of cellswith very

vu erability around the cros g

t

=   (2)

In order to calculate the serviceability of links, located 
along the paths between the origin-destination pairs, the 
post-crisis network simulation methods were used in the 
following steps.

The transportation network of Isfahan was modeled in 
TransCad software using 2015 census information.

 Using a questionnaire based survey, the amount of 
travel demand after the earthquake and the impact of the 
local discharges on the traffic network, the magnitude of 
traffic crisis was calculated.

Traffic flows on the network links were estimated using 
the trip production and attraction data values obtained for 
15 areas of Isfahan using the TransCad software.

Based on the location of the network links on the city’s 
vulnerability map, the serviceability index for each link was 
determined.

Using the effect of serviceability on the travel time, the 
critical travel time was calculated for each network link.

Using the critical travel time for each link, the optimal 
routes for relief vehicles to reach the high-risk areas, which 
were identified by the TransCad software.

Based on the results, the network traffic shortcomings 
under current conditions were evaluated and discussed.

Regarding the innovation of this study, it can be said 
that so far no similar study has been carried out for Isfahan 
and no TransCad software has been used in previous 
studies.

2	 Research	method

2.1	An	overview	of	the	city	of	Isfahan

Isfahan Province with a total area of 107045 square 
kilometers, accounts for 6.25% of the total area of Iran. 
This province is located between 30 to 34 degrees and 30 
minutes’ north latitude and 49 degrees and 36 minutes to 55 
degrees and 32 minutes’ east longitude in the center of Iran. 
According to the 2015 census, the population of the city of 
Isfahan has reached around 2 million. The central district 
of Isfahan has the highest population density in comparison 
to the other districts in the city. Most of the traffic passes 
through the central district that represents the old city 

extensive research on network reliability. In addition, 
Gunnec and Salman [10] conducted a network reliability 
review study and defined reliability as the ability of the 
network to continue service in degradation conditions. 
Reliability of the travel time was first introduced to account 
for the reduction in capacity resulting from the road failures 
and as a function of the travel times ratio is expressed in 
abnormal (faulty) and normal modes [10]. When this ratio 
is close to one, the link operates in an ideal capacity and if 
it approaches infinity, the destination is not accessible due 
to the severity of congestion on some links. The sudden 
demand on the network, with the aim of uncertain travel, 
especially in times of crisis, is also a matter in considering 
the travel time reliability, but less attention has been paid 
to it [11]. Generally, the travel-time reliability criterion is 
useful for evaluation of the network performance based 
on the quality of service that should be maintained in 
daily traffic performance. In 2004, Yao et al. [12] studied 
the vital arteries functions in earthquake conditions and 
interaction of the vital arteries Poorzahedy and Shetab 
Bushehri calculated reliability of a small network and 
provided a criterion for the importance of links, based on 
the surplus of the user’s interest in the simple deterministic 
route selection models or the non-deterministic (random) 
balance of the user [13-14]. Khademi et al. studied a post-
earthquake response and determined the optimum route for 
cars in the network [15].

Lu et al. (2016) planned to rebuild the urban road 
network caused by rain, snow and other adverse weather 
conditions, traffic accidents and the daily urban network 
conditions. They used greedy algorithm to retrieve the 
network after the crisis. The results have shown that this 
method is the most effective solution for identifying the 
critical links on the network [16].

The above review indicates that in previous studies, 
only one of the following two methods has been used 
for computation of the network reliability, i.e. either the 
hazard zonation maps have been used or the traffic flow 
on the road network has been analyzed. However, it 
seems to be more appropriate to use a combination of 
both methods and therefore, this innovative approach was 
adopted in this study. Thus, both network zoning maps and 
the traffic flow on the road network, obtained from a trip 
assignment processes, based on the links travel times in 
crisis situations, have been adopted in this study. As a case 
study, the performance of the street network of the city 
of Isfahan has been investigated against a hypothetical 
earthquake. This street network comprises all the major 
and minor arterial streets and a number of local access 
streets in general, the network conditions were considered 
as close as possible to reality to produce reliable results.

In this study, serviceability is defined as a combination 
of the street network vulnerability and the zoning map, 
using criteria such as the height of the buildings - the life 
period of the buildings, which is a number between zero 
and one for each rig. In the serviceability index or SC, 
the higher the vulnerability of the surrounding buildings, 
i.e. closer to one, the lower the serviceability of their 
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probability of the link obstruction was applied as 
a coefficient in the travel time function to calculate the 
critical travel time. After allocating traffic, each bow is 
affected by the traffic from the adjacent links obstruction, 
based on the same link obstruction probability [17]. After 
loading the network, the optimal route has been obtained 
for any desired source-destination: 

.C t xi ii

n
0 1

)=
=

|  (3)

In this case t
i
 is the travel time of each link in normal 

mode and x
i
 is the flow rate per link in normal mode and 

C
0
 are the link costs in the normal mode. Therefore, the 

greater the flow of traffic or the travel time, the greater the 
costs of travel on the link:
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In this case, ti
e  is the travel time of the link in the 

event that one of the network links is interrupted and xi
e

xi e is the traffic flow on the link in the event that one of 
the network links is cut off and Ce0  are the costs of the link 
travel in the event that one of the network links is deleted.

Due to the linkage obstruction, the travel time of all 
links increases. As a result, the friction of the traffic of each 
link increases [17]. On the other hand, travel time links 
depends on link service capabilities. Therefore, the lower 
the link functionality is, the higher travel time or travel 
costs are:

t sc
t

critical
0= , (5)

where sc is a service function and shows that the less 
service the link is, the higher its free travel time. In fact, in 
links with the serviceability close to zero, the travel time 
has increased significantly and when allocating traffic that 
link was removed from the competition and the traffic 
was not allocated, i.e. the link was actually blocked. In 
the links for which the serviceability is close to 1, the 
buildings around the streets have no effect on changing the 
link conditions and the traffic allocation in those links are 
behaving like normal.

In order to calculate the link failure, the information 
was obtained from the seismic zonation of the city of 
Isfahan. In these calculations, assumptions were made to 
simplify and rationalize the process of calculations, which 
are as follows:
• Only the failure of the buildings located adjacent to 

the street links would affect the damage caused by the 
link tissue.

• Another failure of the link is the inability to withstand 
the link traffic load due to adjacent arcing obstruction.

• The probability of destruction of buildings in each area 
for all the links is equal to the percentage of buildings 
damaged in links.

• It was assumed that the network was affected by 
a magnitude 5 earthquake and its focal point was in the 
center of Isfahan, with major disruptions in the regions 

and majority of historic sites are located in this district. 
Moreover, about 70% of the city’s relief centers are located 
in this area. Therefore, the purpose of this area selection 
was to reduce human casualties due to the high population 
density and risk assessment of urban roads. The research 
method is a combination of documentary, descriptive and 
analytical research methods. The study area is main streets 
(major distributors, minor collectors and local access 
streets) in the central area of Isfahan City. This information 
is obtained through detailed results of the general population 
and housing census, a 1.2000 map of Isfahan, detailed 
plans of the city of Isfahan as well as through documents 
and journals and related books. The results of this study 
have been obtained through the ArcGIS, Transcad, Excel 
software, as well as AHP and Expert Choice software for 
weight measurement and determination of vulnerability 
and efficiency of roads and vital transport routes. According 
to the vulnerability coefficient of each link in the ArcGIS 
software and importing into the TransCad software, the 
serviceability of each link for the central area of Isfahan, 
has finally been identified as the optimal route for any 
relief vehicle to reach the accident areas. Using the ArcGIS 
software, land use maps, building density, population 
density, building life, distance from fault, type of building, 
number of construction floors and degree of enclosure were 
modeled. The vulnerability map is then generated in three 
steps. At the first stage, the main maps that are effective in 
the destruction of the earthquake are ranked and scored in 
importance and are also ranked according to the criteria for 
each major criterion. In the second stage, these criteria are 
gathered in the ArcGis software using the Raster Composite 
Computation Function. In the third step, according to the 
scores of each map, the maps are merged with the ArcGis 
software using the weighted sum of orders. In the following, 
the map is divided into 5 codes from the very low risk to 
high risk. Since in the magnitude 5 earthquake, the high-
risk buildings have a high probability of falling, by division 
of the area of building code 5 into the total area of the 
surrounding buildings, the coefficient of vulnerability of 
each link is calculated as a link failure probability.

After zoning the studied area, vulnerable buildings 
were identified in each section and the probability of 
blockage of each link was calculated. The links that were 
able to handle high traffic (serviceability less than 25%) 
were removed from the network links. After reviewing 
the opinion of the experts, since the travel time increases 
with reduction of serviceability, it tends to infinity and with 
the close availability of service, there is no change in the 
number of free travel time. Therefore, in general, one can 
consider three hypotheses for free service life and free 
travel time as follows: a) inverse relation of degree 2, b) 
logarithmic relationship, c) linear inverse relationship.

2.2	Principles	and	method	of	research

Assuming the inverse relationship between the free 
travel time and the probability of the link obstruction, 
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the building components in the traffic areas of the central 
area of the city of Isfahan against an earthquake, including 
the quality of buildings, population density, construction 
density, land use risk, distance from fault, building life, as 
well as vulnerabilities in network paths including degree of 
confidentiality, building quality, building life, fault separation 
by traffic areas and network links, were investigated. In 
each study, the selected criteria should be proportional to 
the purpose of the study and be selected with the opinion 
of the experts. In this study, the main goal is to relieve and 
reduce casualties after earthquakes. Therefore, the criteria 
such as construction density and population density are 
of a great importance, as well as distance from faults and 
building life. Moreover, the type of building is the most 

1 and 3 and part of other areas and percentage of the 
damaged buildings that caused the link obstruction 
were considered with this assumption. Therefore, 
buildings outside the study area are not affected by 
this earthquake.

3	 Data	and	analysis

In order to investigate the role of communication 
networks and vulnerability of the building components 
in traffic areas, it is necessary to examine factors such as 
population and construction densities, land use, quality of 
buildings, etc. Thus, the effective index of vulnerability of 

Table 1 Weighting results of one of the AHP selective criteria

criteria building type weight factor

building quality 

concrete-steel 0.49

metal-brick 0.13

brick- adobe 0.22

wooden- adobe 0.25

adobe 0.32

building age

0-10 0.10

10-20 0.16

20-30 0.31

>30 0.42

population density

<50 0.02

50-100 0.06

100-150 0.09

150-200 0.13

200-250 0.16

250-300 0.24

>300 0.29

building density

15-50 0.06

50-75 0.08

75-100 0.13

100-150 0.138

150-250 0.24

250-300 0.31

land use

very low risk 0.04

low risk 0.10

medium risk 0.16

high risk 0.29

very high risk 0.41

distance from fault (m)

<1000 0.06

1000-2000 0.08

2000-4000 0.13

4000-6000 0.138

6000-8000 0.24

8000-10000 0.31
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The criteria for weighting factors are based on 
a combination of Resource Criteria 15, 16 and 17. The 
method considered in this paper for weighing risk factors 
is the analytic hierarchy process (AHP) method. That 
is a structured technique for organizing and analyzing 
complex decisions, based on mathematics and psychology. 
It was developed by Taylor, M. I. Page 6 - t represents an 

important criterion for vulnerability studies, which is also 
shown in Table 1 [17-18]. On the other hand, the criterion 
of degree of confinement (elevation to the width of the 
passageway) and land use is a good indicator for identifying 
high-risk passages, which has been used in most studies in 
the field of this indicator. Figures 1-4 show the steps that 
were described.

Figure 1 Density GIS map indicators for the risk assessment

Figure 2 Zoned map of the study area divided by the traffic areas
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Figure 3 Earthquake vulnerability zoning map of the investigation area

Figure 4 Sample GIS map indicators for the risk assessment [18]
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23-123 are very vulnerable. Table 2 shows the vulnerability 
of the safe areas and high-risk areas of traffic units in terms 
of pixel units.

Based on results of the proposed criteria, it is predicted 
that after the earthquake, the traffic area No 75 of the 
Isfahan Municipality is at risk of being in a very low risk and 
has higher safety than other traffic areas. The traffic area 
No 23 does not have a good status and after earthquakes, 
there would be a lot of damages. Regarding the role of the 
body of communication networks in the area, streets with 
sufficient width to provide better access to relief centers 

accurate approach for quantifying the weights of decision 
criteria. Individual experts’ experiences are utilized to 
estimate the relative magnitudes of factors through pair-
wise comparisons [19].

4		 Results	and	discussion

Using the map analysis, it can be seen that the traffic 
areas 1-12 are based on criteria that are considered good, 
that is, the vulnerability in these areas is very low and areas 

Table 2 An example of the vulnerability situation of secure traffic areas for temporary and post-discharge risk per unit pixel 

(1m*1m)

row
traffic area 

number
very low risk low risk medium risk risky very risky sum

vulnerability status of secure traffic areas for temporary accommodation

1
1 13093 133004 8967 46927 30 202021

Area (%) 6.48 65.84 4.44 23.23 0.01 100

2
12 26201 19835 18535 20078 6478 91127

Area (%) 28.75 21.77 20.34 22.03 7.11 100

3
46 18776 150103 77604 68951 2092 317526

Area (%) 5.91 47.27 24.44 21.72 0.66 100

vulnerability status of hazardous traffic areas

4
23 23085 7749 65142 87752 75011 258739

Area (%) 8.92 2.99 25.18 33.92 28.99 100

5
118 10044 25294 20216 61621 126749 243924

Area (%) 4.12 10.37 8.29 25.26 51.96 100

6

119 46911 14124 47705 55778 109626 274144

Area (%) 17.11 5.15 17.40 20.35 39.99 100

Table 3 An example of the serviceability of links with high vulnerability (relation 2) after an earthquake

link code
very low 

risk
low 
risk

medium 
risk

risky
very 
risky

sum
link failure 
probability 
(percent)

serviceability 
(percent)

6823039 0 0 0 141 2420 2561 94.49 5.51

10411042 0 0 0 2 30 32 93.75 6.25

10426994 0 0 0 18 1658 1676 98.93 1.07

10591061 2336 1129 9 1188 20295 24957 81.32 18.68

11126266 0 4 0 0 6623 6627 99.94 0.06

12071208 4 2451 0 2 10110 12567 80.45 19.55

12321233 0 0 0 1 114 115 99.13 0.87

12621263 0 0 0 0 845 845 100.0 0.00

12731266 0 7 0 8 2813 2828 99.47 0.53

14561457 1615 0 0 143 7235 8993 80.45 19.55

15151553 236 0 0 0 1248 1484 84.10 15.90

15321545 719 1695 454 2708 32503 38079 85.36 14.64

23387019 7 0 0 1 315 323 97.52 2.48
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assuming an inverse relationship between serviceability 
and free travel time, the critical travel time during the 
earthquake is calculated as:

t sc
t

critical
0= , (7)

where: 
t

critical
: Critical free travel time in minutes,

t
0
:  initial free travel time in minutes,

sc:  Serviceability between zero and one.
This relationship shows that the less service a link is, 

the higher its free travel time. In fact, for the links with 
serviceability close to zero, travel time have increased 
significantly. When allocating traffic, that link was eliminated 
from the competition and the traffic was not allocated, 
that is, the link is actually blocked. In links where their 
serviceability is close to 1, that is, the buildings around the 
traffic jams have no effect on change of the link conditions 
and the traffic allocation in that link behaves like normal.

Since the impact of the traffic demand outside the 
scope of the study cannot be considered, it is assumed 
that the earthquake is strong - magnitude 5 and its focal 
area is investigated in the center of the range. Therefore, 
the impact of the buildings around the street outside the 
studied area is negligible and the serviceability for these 
links is considered 1. Thus, the travel time in the crisis 
mode is calculated from: 

T t c
v1critical critical b= +
aa ` j k . (8)

In this case, the alpha value is 4 and the beta value is 
equal to 0.15
• The nodes of their priests end up in the traffic signal. 

The delay of the link is calculated from:

d v
ct s

v
ct g

s
g
v

2 1
32 51

2
2

=
-

-
+ +^ ^

` e a
h h

j k o , (9)

where: 
d

1
 (v): Average delay time for crossing the intersection in 

the desired street entrance to the intersection,
v:  The volume of the traffic flow at the intersection of the 

intended street entrance,
s:  discharge rate in saturation mode,
g:  The length of the green light in the direction of the 

desired street,
C

t
:  The period of the light at the intersection.

are in a better position in terms of vulnerability. In other 
words, these streets are ranked “too low” or “low” due 
to the division of the role of into 5 parts. In general, the 
existing trails in the north and center of the region are 
more vulnerable than the rest of the studied parts. Moving 
from south to north of the region increases the vulnerability 
(Table 3). This is due to the fact that the south of the region 
has a fairly large passageway and buildings of low ages.

According to the classification (Table 4), links with 
a vulnerability of less than 20% were very low vulnerable in 
the vulnerability category, links with between 20% and 40% 
in the low vulnerability category, links with a vulnerability 
of between 40% and 60% in the normal vulnerability, links 
whose vulnerability was between 60% and 80% in the 
high vulnerability group and links, whose vulnerability 
was higher than 80% were categorized in the very high 
vulnerable group.

The total number of links analyzed in the surveyed 
network was 794, since the number of these links and 
the segregation to the points are highly responsive and 
serviceable, so only links vulnerable to earthquakes in the 
high vulnerability category (vulnerability between 60 and 
80 percent) and very high (vulnerability between 80% and 
100%), so as to identify these links, measures will be taken 
to manage the pre-crisis situation.

In the normal network mode, regardless of the effect of 
the link failure caused by the seismicity, Equation (4) was 
used to calculate travel time per link and to find the shortest 
travel time between a destination-destination pairs:

T t c
v1t 0 b= +
aa ` j k , (6)

where: 
T

t
:  link travel time in minutes,

t
0
:  free travel time in minutes,

v:  Traffic volume at the link (in terms of vehicle equal to 
a car for 1 meter wide pass),

c:  link capacity.
In this case, the alpha value is equal to 4 and the beta 

value is equal to 0.15.
In this study, to evaluate the impact of an earthquake 

on the link failure, the post-earthquake serviceability for 
each link is specified. In addition to the overwhelming 
effect of breaking down the network links, due to collapse 
of the surrounding buildings, links to a network that did 
not suffer from the critical traffic load and with reduced 
capacity were revealed, as well. For this reason, by 

Table 4 Network link vulnerability status

number of links vulnerability status

438 very low risk

164 low risk

111 medium risk

48 risky

33 very risky

794 sum
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where: 
m:  number of permitted movements at the intersection 

(except bypassing),
a:  Delay coefficient.

In this part of the study, the traffic volume indicator 
and street capacity using the traffic model (V/C) (traffic to 
capacity ratio) have been used to determine the level of 
service and quality of traffic in the streets of Isfahan. The 
following describes the (V/C) coefficient and the quality of 
commuting.

Based on the standard classification (Table 5), the 
quality of the item is categorized into 6 classes based on 
different values. In this categorization, the quality of service 
at the service level A is in very favorable conditions and with 
increasing (V/C), this quality decreases to the service level F.

• The nodes, which their ancestors do not stop at the 
traffic signal, the link delay is calculated from:

.d v d
Q
v2 5 22 0

2

= +^ c ah k m , (10)

where: 
d

2
 (v): Average delay time for crossing the intersection,

Q:  Practical capacity of intersecting streets,
v:  The volume of traffic flow in the desired street inlet to 

the intersection,
d

0
:  Fixed coefficient of the delay time at an intersection 

without lights for streets entering the intersection.
In the above relation, the value of d

0
 is calculated as:

d
0
 = a × m, (11)

Table 5 Street transport quality index

quality level ratio(V/C) index

very favorable < 0.35 A

favorable 0.35-0.5 B

fairly favorable 0.5-0.75 C

unfavorable 0.75-0.9 D

very unfavorable 0.9-1 E

obstruction and congestion >1 F

Table 6 Number of fire stations in Isfahan city

number of fire and rescue stations median reach for the incident number of fire lanterns

22 6 minutes and 20 seconds 1375

Figure 5 Location map of the fire stations and high risk areas in GIS
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4.1	Application	of	the	proposed	model

After identifying the highly vulnerable areas and 
location of the fire stations to a radius of 1000 meters 
outside the scope of the study, it is necessary to determine 
the optimal route of these vehicles to reach the traffic areas 
(Figure 5). This path is determined by the final time travel 

In order to investigate the relief organizations in the 
area under study, they were surveyed in a radius of 1000 
meters outside the study area in Isfahan, as Table 6. The 
city of Isfahan now has 22 stations, which should serve the 
entire city. According to the available statistics, the average 
reach for the incident is 6 minutes and 20 seconds. The city 
of Isfahan now has 1375 firefighters.

Figure 6 Traffic density of access routes between the fire stations  
and the high-risk traffic areas in TransCad software

Table 7 Examples of links that have been blocked due to vulnerability

link name link code
vulnerability rate 

(percent)
serviceability 

(percent)
initial free travel time

 (	seconds)
critical free travel 

time (seconds)

Kamal Ismail 6823039 94.49 5.51 28 500

Taleghani 10411042 93.75 6.25 10 150

Flower garden 10426994 98.93 1.07 20 700

Flower garden 2 10591061 81.32 18.68 18 70

Kamal 11126266 99.94 0.06 8 5850

Khayyam is heading south 12071208 80.45 19.55 8 30

Khayyam moves north 12321233 99.13 0.87 12 950

Sheikh Baha’i 12621263 100.0 0.00 13 20000000

Saeb 12731266 99.47 0.53 12 1952

Ibn Sina 15321545 85.36 14.64 30 208

Dashtestan 23387019 97.52 2.48 15 325

Bozorgmehr 24012413 96.67 3.33 17 320

Bridge Bozorgmehr 24272630 100.0 0.00 20 29000000

Mofateh 24332432 82.80 17.2 28 152
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the crisis state to reduce losses and provide quicker relief 
by appropriate measures, according to Table 9.

Studies on the post-earthquake network serviceability 
so far have not addressed the exact vulnerability and traffic 
congestion separately, in fact, most of these investigations 
have addressed either tissue vulnerability or traffic 
congestion. Therefore, in this study, in addition to carefully 
examining the vulnerability of traffic areas and urban 
passages, providing a relationship of this capability has 
affected the free travel time.

5	 Conclusion

In this research, the ArcGIS software first determined 
the role of the traffic areas of the studied area as well as 
the vulnerability of each traffic area. Then, by providing 
the role of the ability to serve each link was identified. 
After applying the service capability to free travel time, the 
critical travel time was obtained for each link. Finally, using 
the TransCad software and considering the location of the 
fire and air stations in the study area, the shortest route for 
the relief vehicles to reach each high-risk area of traffic was 
identified for earthquake scenario.

- The traffic area’s physical quality is not enough to 
determine its vulnerability. Some other factors such as 
the construction and demolition densities, quality of the 
building and the building age are also very effective.

- The secure traffic areas are located in the north of 
the studied area, while the accidental traffic areas are 
situated in the south. After the earthquake, it is expected 
that a relatively large traffic wave would be created in the 
network for evacuation and temporary accommodation. 
This is the same result as the zoning of the Saidian study for 
District 3 of the municipality of Isfahan has been achieved 
and the accuracy of the study is acceptable.
• The high-risk traffic areas are located in close proximity, 

thus putting relief effortlessly.

function after allocation of the network in a critical state. 
In fact, according to the travel time, the shortest route is 
the optimal route.

As shown in Figure 6, the coverage radius of all the 
relief centers and fire stations is shown in the entire range. 
This coverage radius is partitioned based on the shortest 
travel time.

In this allocation, streets are divided into 5 categories 
according to the (V/C) ratio and are graphically plotted. 
Following the allocation of traffic, critical links were 
identified. Black links are the links, which have the capacity 
of crashing after the earthquake and disturb the network. 
Up to this point, links have been found to be critical and 
blocked due to the vulnerability of body parts, as well as 
links that have been identified due to the excessive traffic 
load of the network (both due to the people’s behavioral 
crisis and the traffic load of the adjacent links blocked by 
the destruction of the body parts).

Based on the time of the final critical journey (after 
allocation), it has begun to reroute the relief vehicles. That 
is, at each stage, an accidental traffic area is considered as 
the destination and all the relay stations are selected as the 
source of the trip. After the implementation of the program, 
the closest area to the traffic area is specified based on the 
shortest travel time.

In Table 8 the travel time of all the link of the network, 
which is covered by the traffic area has been calculated 
and the shortest path between the two points has been 
identified. The priority is shorter, but if the emergency 
station does not have the capacity for relief, it will be reset 
from the nearest station.

According to information in Tables 6 and 7, Station 20, 
located in Traffic Area 109, has a very good position to access 
the high-risk areas and can provide assistance to 40% of the 
total risk areas, but it may suffer from a lack of capacity as 
it should be sent to 4 traffic areas simultaneously. On the 
other hand, placing this station in the traffic area 109, which 
is shown in Figure 5 as a high-risk traffic area, should be 
considered to prevent the station from being deactivated in 

Table 8 The shortest path from the fire stations to the traffic area of the incident during the earthquake

fire station number risky traffic area
shortest path 

(seconds)
fire station number risky traffic area

shortest path 
(seconds)

5 23 560 20 118 95

5 122 3150 20 119 210

5 123 14250 20 121 621

1 133 625 20 132 535

1 138 1820 3 120 1812

Table 9 Important fire stations in the investigation range in the earthquake scenario

fire station number
the number of risky traffic areas 

covered
stage coverage radius (percent)

the status of the traffic area  
in which the station is located

20 4 40 very risky

5 3 30 risky

1 2 20 medium risk

3 1 10 medium risk
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• The wider the width of the tunnel, the lower the degree 
of confinement and eventually the link vulnerability 
decreases.
Applying the results of this study could also help 

managers and decision makers to prioritize, refine and 
strengthen the urban transport network links, so they 
would be able to make the better decisions.
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Notations

lists all the symbols the meaning of the explanatory symbols

SC the serviceability index 

t
i
 the travel time of each link in the normal mode 

x
i

the flow rate per link in the normal mode 

c
0

the link costs in the normal mode

t
i
 e the travel time of the link in the event that one of the network links is interrupted 

x
i
 e the traffic flow on the link in the event that one of the network links is cut off

C
0
 e the costs of the link travel in the event that one of the network links is deleted

T
t

the link travel time in minutes

t
0

the free travel time in minutes

v traffic volume at the link (in terms of vehicle equal to car for 1 meter wide pass)

C link capacity

t
tcritical

critical free travel time in minutes

d
2
 (v) average delay time for crossing the intersection

Q practical capacity of intersecting streets

d
0

fixed coefficient of delay time at an intersection without lights 

d
1
 (v) average delay time for crossing the intersection in the desired street entrance 

s the discharge rate in the saturation mode

g the length of the green light in the direction of the desired street

C
t

the period of the light at the intersection
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