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Abstract: The subject of this study is an oligopolistic market in which three firms operate in an
environment of quantitative competition known as the Cournot oligopoly model. Firms and their
production are differentiated, which brings the theoretical model closer to real market conditions. The
main objective was to expand the Cournot duopoly and add another firm, resulting in an oligopolistic
market structure assuming a partially differentiated production and coalition strategy between two
firms. This article contains an oligopolistic model specifically designed for three different types of
expectations, and has been applied to find and verify the stability of the net equilibrium of oligopolists.
The market of telecommunication operators in Slovakia was selected as a real market case with
accessible data on an oligopoly with three companies and partial differentiation. There are studies in
which the authors limit their considerations to a certain number of repetitions of oligopolistic games.
An infinite time interval is considered here. Three types of future expectations were considered: a
simple dynamic model (or naïve expectations) in which the oligopolist assumes that its competitors
will behave in the future based on their response functions, an adaptive expectations model in which
the oligopolist considers a weighted average of the quantities offered by its competitors, and real
expectations in which firms behave as rational players and do not have complete information about
demand and offer output based on expected marginal profit. While the presented model proved
to be stable under naïve and adaptive expectations, no stable equilibrium was found under real
expectations and further results indicate a chaotic behavior.

Keywords: Cournot; equilibrium; oligopoly; expectations; differentiation; substitutes; games; cartel

1. Introduction

Microeconomic theory recognizes two extreme cases of market structures, namely
the market structure of monopoly and the market structure of perfect competition. A
duopolistic and then oligopolistic market can be considered as the initial stage of transition
from a monopoly to a market with perfect competition. The analytical expression of
oligopoly is more complex than the market extremes mentioned above. This complexity
arises from the fact that a firm operating in an oligopolistic market must take into account
not only the behavior of consumers, as reflected in the market demand curve, but also the
behavior of its competitors, including their response to any significant actions that affect
their market position.

The subject of this study is an oligopolistic market in which three firms operate in
an environment of quantitative competition known as the Cournot oligopoly model. The
firms and their production are differentiated, i.e., each of the firms uses its own production
processes and technologies (resulting in different cost functions), and production is not ho-
mogeneous. This assumption brings the theoretical model closer to real market conditions,
since there are rarely firms whose output is completely homogeneous, i.e., whose products
are perfect substitutes. Simultaneously, it was assumed that the products are not perfectly
complementary, but also not perfectly independent.
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The assumptions of the classical Cournot model can be considered unrealistic under
today’s market conditions. It assumes that players set their quantity independently. Since
there are only a limited number of players, they would usually react very strongly to the
strategies of their competitors. Under real market conditions, competition is not only based
on quantity and price, but also on differentiation. The models presented in this article
eliminate these shortcomings of the original Cournot model to a considerable extent.

The main objective is to extend the well-known model of duopoly—the Cournot
duopoly—by another firm leading to an oligopolistic market structure under the assump-
tion of a partially differentiated production and coalition strategy between two firms, which
could bring the theoretical model even closer to real market conditions and show new
perspectives for oligopolistic market strategies.

As firms adjust their decisions over time based on different expectations of future
performance, the goal is to find and verify the stability of the oligopolists’ net equilibrium.
The Slovak mobile network operators (MNO) market was chosen to demonstrate the appli-
cation of the developed models. The presented models consider three types of expectations,
i.e., naïve, adaptive, and real expectations.

This article has the following structure. The introduction contains the identification
and description of the research subject, the underlying theory and general assumptions,
the description of the Cournot oligopoly model and the possibilities of oligopolists to adapt
over time. The subsection on the underlying theory also contains the derivation of the
inverse demand functions and general assumptions regarding the model variables that
were further applied. The second subsection of the introduction presents the Cournot
oligopoly model as a basis for further modifications. The last subsection of the introduction
describes the firm’s adaptation to new market situations, including naïve, adaptive, and
real expectations of firms. The second section is entitled Proposed model modifications
and presents proposed extensions and modifications of the basic oligopoly model, aimed
at incorporating differentiation of output and firms, cartelization of the oligopoly by two
players and entry of a new firm. It involves the derivation of static quantities and prices
of the oligopolists and the adjustment of firm decisions by defining and applying naïve,
adaptive, and real expectations about the future market situation. We show the dynamic
map for each type of expectation and also eight fixed points of the dynamic map for real
expectations. In the Results section, we present the numerical solution of the proposed
model for the case of the Slovak mobile operators’ market. This section starts with the naïve
expectations, where the results are the same as for the static model, then continues with the
results for the adaptive expectations, where a stable solution was found, and finally with
the results for the real expectations, where only one of the fixed points gives a non-negative
quantity for all three firms. The discussion section discusses the stability of the equilibria
found under all three types of expectations when the exogenous parameters change. The
conclusion summarizes the results presented and points the way for future research.

1.1. Underlying Theory and General Assumptions

Since equilibrium in an oligopolistic market depends on multiple decisions of several
firms, the optimal strategy is obtained by solving a system of equations. If one considers
the time factor and assumes an equilibrium that changes in the course of time, this system
of equations is described and solved as a dynamic system. Verhulst [1] explains that a
dynamic system is based on the evolution of “something” over time. In creating a dynamic
system, it is necessary to decide what is “something” that evolves over time and what is the
rule that describes how it behaves over time. Thus, the dynamic system could be defined
as a model that describes the evolution of the system over time. The first step in creating a
dynamic system is to decide which developments to track over time. For this purpose, the
variables that affect the model and describe the state of the system at each point in time
should be defined. The variables that describe the state of the system are called the state
variables, and the set of all possible values of these variables is called the state space. The
next step in creating a dynamic system is to define the rules for how the system will evolve
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over time. These rules must be defined in such a way that the state variables completely
describe the state of the system, i.e., the value of state variable at a certain point in time
must completely describe the development of all future states.

Thus, the state space determines what values the state vector of a dynamic system
can take. A state vector consists of a set of variables which can take values from a certain
interval. A state space can be finite with a limited number of states in which a dynamic
system can be found, countable with an infinite but countable number of states, i.e., natural
numbers can be assigned to each state, or infinite with real numbers as state variables, i.e.,
it is not only infinite but also not computable [2].

Scheinerman [3] presents the mathematical formulation of a discrete dynamic system
as follows: a dynamic system is specified by a state vector xεRn and a function f : Rn → Rn ,
which describes how the system evolves over time. A discrete dynamic system can be
described by equations x(0) = x0 a x(t + 1) = f (x(t)). It follows that x(t) = f t(x0)
represent t-th application f to x0. For a given dynamic system x(t + 1) = f (x(t)) and the
initial condition x0, p and we want to find the value x(t) at all times t.

In the case of dynamic equilibrium for a number of entities larger than two, instability
of the obtained solution may occur [4]. In several studies [5,6], the authors state that it is
possible to divide consumers into groups based on their behavior, where it is possible to
create a so-called representative agent (consumer) who buys the products of the analyzed
oligopolists. The utility function of such a consumer could be expressed as

U(qi, I) =
n

∑
i=1

αiqi −
1
2

(
n

∑
i=1

q2
i + 2γ

n

∑
i=1

n

∑
j>i

qiqj

)
− I (1)

where
qi—quantity of purchased goods,
I = ∑n

i=1 piqi,
pi—price of the i-th product,
αi—coefficient measuring the quality of the i-th consumed product, and
γ—coefficient measuring the degree of product differentiation.
This study considers an oligopoly model with three firms whose inverse demand

functions (price–sales) are linear and can be expressed in the following form:

pk = αk − qk − γ ∑3
l 6=k ql , k = 1, 2, 3 (2)

where
pk—the production price of the k-th company,
qk—the production volume of the k-th company, and
αk—coefficient measuring the quality of production of the k-th company.

Assumption 1.

|γ| < 1 the products of oligopolists are neither perfect substitutes nor complements,
γ 6= 0 the production of oligopolists is interdependent, and
Note: If γ = 1 or γ = −1, products of oligopolists are perfect substitutes, complements.

If Equation (2) is modified for three firms, the production of each oligopolist can be
derived and thus the demand functions for oligopoly products can be obtained.

q1 = (α1−p1)(1+γ)−γ[(α2−p2)+(α3−p3)]
(1−γ)(1+2γ)

q2 = (α2−p2)(1+γ)−γ[(α1−p1)+(α3−p3)]
(1−γ)(1+2γ)

q3 = (α3−p3)(1+γ)−γ[(α1−p1)+(α2−p2)]
(1−γ)(1+2γ)

(3)
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The demand Function (3) should be set as non-negative, i.e., consumers do not buy
negative quantities of oligopolist output. Therefore, both the numerator and denominator
must be positive or negative. Under Assumption 1, the denominator is always positive.
To ensure that the demand functions are not negative, the following are placed on the
parameter values:

α1(1 + γ)− γ(α2 + α3) > 0

α2(1 + γ)− γ(α1 + α3) > 0

α3(1 + γ)− γ(α1 + α2) > 0,

We can rewrite these rules in a more common notation as min
i=1,2,3

{
αi

∑j 6=i αj

}
> γ

1+γ . From

this notation, we can see that for:
γ < 0 the right side of this inequality is negative, so that the condition holds for all

values of α for three firms,
γ > 0 the right sight is positive and increasing in γ, and
γ = 1 the right-hand side is equal γ

1+γ = 1
2 , what means for γ < 1 we have γ

1+γ < 1
2 .

From the above, it is clear that if the products are identical in terms of product quality
(case α1 = α2 = α3), the left-hand side of the inequality min

i=1,2,3

{
αi

∑j 6=i αj

}
> γ

1+γ is equal to 1
2 ,

so the condition holds for all values of γ < 1. However, if there are differences in products
quality (there are differences in the values of α’s), the left-hand side is less than 1

2 . In this
case, the condition will not be satisfied for sufficiently large values of γ.

For satisfying Assumption 1:

- The three products are not too different from each other in terms of quality and/or
- The products are not extremely substitutable for each other.

Assumption 2. Firms have linear cost functions with a zero constant, i.e., their marginal costs
(MCk, k = 1, 2, 3) are constant for any quantity of output. To exclude negative output, rule
MCk > 0 and αk −MCk > 0, k = 1, 2, 3 was applied. The second inequality represents the net
quality of the firm’s output [7].

1.2. Cournot Oligopoly Model

The equilibrium, as described by Cournot [8], represents the initial basis for the Nash
equilibrium [9]. Friedman [10] states that Cournot was the predecessor of Nash. He claims
that “Cournot vaguely perceived the Nash equilibrium but did not quite see it” [10] p. 39.
The Nash equilibrium is most applicable to a game with complete information without
repetition. When firms compete in the market repeatedly, over a long period of time, or
have incomplete information, the basic Nash equilibrium must be reformulated [11].

To find the Nash equilibrium, Gibbons [12] assumed the existence of n firms in the
market, each of which chooses its strategy ai from a set of feasible strategies Ai. The strategy
may be a single variable (price, quantity, or investment in research and development), or a
vector of variables. Let us assume that the payoff function represents the profit of the firm
πi as a function of the strategies of other firms πi = πi(a1, a2 · · · an). The payoff function
encompasses the market environment in which the firm finds itself and contains all the
important information about demand, costs, and other variables. The Nash equilibrium
in such a market occurs when each firm chooses its optimal strategy, while knowing the
strategies of other firms. The Nash equilibrium could be described using an n-dimensional
vector of strategies

(
a∗1 , a∗2 , · · · , a∗n

)
, where each firm i earns the maximum profit given by

the strategies of the other n-1 firms a∗−i, while a∗−i is a vector of other strategies of n-1 firms.
This means that πi

(
a∗i , a∗−i

)
≥ πi

(
ai, a∗−i

)
applies for each firm for all feasible strategies

ai ∈ Ai. The Nash equilibrium is often described by response functions.
The Nash equilibrium is such a solution where if one of the players does not adhere

to his optimal strategy while his opponent does, his profit is reduced (in the best case
it remains the same), i.e., whoever deviates from the optimal strategy cannot achieve a
higher profit.
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In formulating the Nash equilibrium for a recurrent decision situation, we discuss
the so-called subgame perfect equilibrium. The subgame perfect equilibrium represents
the formulation of the Nash equilibrium in dynamic games. In such games, firms choose
ait strategies at each point in time t = 1, 2, · · · , T. The players’ strategy is the subgame
perfect equilibrium, which represents the Nash equilibrium in the subgame of the original
game. The subgame formulation used in oligopolistic models was used in [13], and several
other authors have used it in their work.

In the case of subgame perfect equilibrium, the firm makes decision ait at each time
t based on the market trends in the past ht, which includes information about all past
decisions made by other firms in the market. The firm’s strategy in the case of a repeated
game is then the rule σi, applied to the choice of decisions ait at each point in time based on
the previous market behavior, which can be written as ait = σi(ht). Applying the standard
Nash equilibrium approach, an equilibrium in the repeated game is simply n strategies(
σ∗1 , σ∗2 , · · · σ∗n

)
such that each firm´s strategy σ∗i is optimal given the strategies σ∗−i of the

other firms, i.e., no firm can improve its profit by choosing a different strategy, given the
strategies of the other firms [11].

The main criticism of using the standard Nash equilibrium in repeated games is that
it allows firms to make “threats” that are not credible, in the sense that it would not be in
their interest to carry out the threat. Subgame perfection was formulated to restrict firms to
credible strategies. The basic idea of subgame perfection according to Dixon [11] is quite
simple. In a Nash equilibrium, the firm chooses its strategy σi “once and for all” at the
beginning of the game and remains committed to it throughout the game. To eliminate
non-credible threats in a subgame-perfect equilibrium, firms choose their strategy at each
point for the rest of the game. The “subgame” at any time t is simply the remainder of the
game from t until the last period T. Subgame perfection requires that the strategies chosen
in each subgame are Nash equilibria. This rules out non-credible threats, since a firm must
choose its strategy optimally at each stage of the game.

When we consider incomplete information in the search for an optimal oligopoly strategy,
we look for what is so-called a sequential equilibrium. This equilibrium represents the Nash
equilibrium for an extensive form of the game. The sequential equilibrium specifies not only
specify the strategy of the players, but also their estimates of the moves of other players [14].
The firms do not know the exact form of the other players’ payment functions in this type
of game; they can only estimate them based on the available information (e.g., they do not
have information about the other firms’ costs or objectives). In the first phase of the game—at
the beginning—the firms have some initial ideas about the behavior of the other firms, which
they can adjust as the game progresses. It means that firms can “learn” something about their
competitors based on their past decisions. In this case, for example, a firm can strengthen its
position by making decisions that are different from those made by other firms. Milgrom and
Roberts [15] note that lower-cost incumbents can differentiate themselves from higher-cost
incumbents through a low-cost strategy, which is inefficient, sometimes even liquidating,
for high-cost firms. In this equilibrium, low-cost firms sacrifice their immediate profits for
higher future profits—they expect high-cost firms to exit the market. In another way, de
Frutos, Gatón, and Novo [16] study a discrete-time semidiscretization of a non-cooperative
differential game with infinite time horizon for N-players.

The Nash equilibrium is used in oligopoly theory for several reasons. One is that if
firms make their own decisions, they have no reason to deviate from the equilibrium. The
second reason is that firms that anticipate the Nash equilibrium choose a strategy based on
that equilibrium because that decision is their best response to the anticipated strategies
of the other firms [11]. As we have already noted with the Cournot equilibrium, the Nash
equilibrium does not always exist, or we can find multiple equilibrium points.

To clarify the relationship between the Cournot equilibrium (formulated in 1838) [11]
and the Nash equilibrium (formulated in 1951) [11], both of which are used in oligopoly
models, we use the idea of R.B. Myerson: “We can speak of Cournot as the founder of
oligopolistic theory, but attributing the discovery of the fundamental concept of solving the
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theory of non-cooperative games to him would be a replacement of the method application
with its general formulation.” [11]. This means that Cournot and later Nash had the same
ideas. However, Cournot did not try to formulate a general solution beyond the model he
considered, which Nash did in his work. Moreover, the formulation of oligopoly through
game theory is more appropriate. Based on the same idea, some authors refer to the
equilibrium of non-cooperative oligopolies as Nash–Cournot or Cournot–Nash equilibrium
(e.g., [11] and later other authors).

1.3. Adaptation Possibilities of Oligopolists over Time

Currently, there is increasing research on how oligopolists adapt to new circumstances.
In this article, we will address adaptation models in the case of the Cournot oligopoly
model, but nevertheless provide at least a brief overview of the authors who have studied
the oligopoly adaptation model.

For example, Ahmed and Agiza study adaptive expectations in their model [11], where
oligopolists express their expectations of future developments based on past developments
(previous states of the system), considering a dynamic system for n firms and studying
the stability of the equilibrium found. Agiza, Bischi and Kopel [11] later reported the
stability of an oligopoly model with three homogeneous firms. Huang [11] notes that
there has been much recent pressure to use chaos theory in economic models. Although
chaos models are used in science and engineering, their application to economic models
is complex. For this reason, he recommends adaptation models as an effective tool for
stabilizing chaotic processes.

Authors relying on the Kopel model [17] assumed homogeneous expectations of firms
and showed a space for model parameters and initial assumptions in which the model
converges to the Nash equilibrium.

Agiza and Elsadany [18] consider the mixed expectations of duopolists, who assume
that one firm has so-called naive expectations and the second is the so-called rational firm.
For this case, they show that the model generates more chaotic trajectories than in the case
of the model with homogeneous rational expectations of both firms.

The concept of adaptive rational equilibrium was introduced by Brock and Hommes [19].
In this equilibrium, firms base their decisions on predictions about the future values of
endogenous variables, whose present values are determined by equilibrium equations.
The predictions are based on the selection from a finite set, P, of so-called predictors or
expectations containing information about past developments. In their decision making,
firms use a discrete decision model according to [20,21] for the selection of the expectation
function from the set P, where the deterministic part of the predictor utility is a measure of
performance. Such a result represents the dynamics of the predictor selection (expectation
function) associated with the dynamic equilibrium of the endogenous model variables.

Another type of oligopolist response is a chaos-based response [22], where firms do not
use an autoregressive rule in their selection but select coefficients that satisfy the basic rules of
chaos dynamics. One part of the dynamics of oligopolistic models has not yet been mentioned
is the transition from an oligopolistic market structure to a monopoly and vice versa. This
idea was introduced by Bain [23], who states that in any sector there can be a critical level of
concentration where a qualitative change means the formation of cartels or natural monopolies.
For business managers, it is a matter of finding and identifying the possibilities of competitors’
behavior and the point at which a qualitative shift no longer occurs.

2. Proposed Model Modifications

When oligopolistic firms search the market for a volume of output that maximizes
their profits, we speak of the so-called Cournot equilibrium. Firms solve the following
maximization problem under otherwise unchanged conditions [24]:

πk = (pk −MCk)qk → max

pk = αk − qk − γ ∑3
l 6=k ql k = 1, 2, 3.

(4)
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The necessary first-order condition for the existence of an extreme of the profit function
for the three oligopolists has the following form

dπ1
dq1

= 0→ α1 − 2q1 − γ(q2 + q3)−MC1 = 0→ q1 = α1−MC1−γ(q2+q3)
2

dπ2
dq2

= 0→ α2 − 2q2 − γ(q1 + q3)−MC2 = 0→ q2 = α2−MC2−γ(q1+q3)
2

dπ3
dq3

= 0→ α3 − 2q3 − γ(q1 + q2)−MC3 = 0→ q3 = α3−MC3−γ(q1+q2)
2 .

(5)

The necessary condition of the second order for the existence of the extreme of

the function is satisfied for all the companies d2πk
dq2

k
< 0, k = 1, 2, 3. Function (5)

form the oligopolists’ response functions, which can also be written as q1 = r1(q2, q3),
q2 = r2(q1, q3), q3 = r3(q1, q2).

We obtain the optimal volume of production that firms will offer in the market in
the case of a Cournot equilibrium by simultaneously solving Equation (5). We obtain the
optimal production volume in the case of a Cournot equilibrium by solving these equations
for qi.

qC
1 = (α1−MC1)(2+γ)

(2−γ)(2+2γ)
− γ[(α2−MC2)+(α3−MC3)]

(2−γ)(2+2γ)

qC
2 = (α2−MC2)(2+γ)

(2−γ)(2+2γ)
− γ[(α1−MC1)+(α3−MC3)]

(2−γ)(2+2γ)

qC
3 = (α3−MC3)(2+γ)

(2−γ)(2+2γ)
− γ[(α1−MC1)+(α2−MC2)]

(2−γ)(2+2γ)
,

(6)

where index C represents the basic Cournot model. The price at which the oligopolists offer
their output on the market is then

pC
1 = (α1+MC1)(2+γ)−2MC1γ2

(2−γ)(2+2γ)
− γ[(α2−MC2)+(α3−MC3)]

(2−γ)(2+2γ)

pC
2 = (α2+MC2)(2+γ)−2MC2γ2

(2−γ)(2+2γ)
− γ[(α1−MC1)+(α3−MC3)]

(2−γ)(2+2γ)

pC
3 = (α3+MC3)(2+γ)−2MC3γ2

(2−γ)(2+2γ)
− γ[(α1−MC1)+(α2−MC2)]

(2−γ)(2+2γ)
.

(7)

Subtracting Equation (7) from Equation (6), we obtain pC
k − qC

k = MCk, k = 1, 2, 3,
after adjustment pC

k −MCk = qC
k , k = 1, 2, 3, and substituting the profit function of the

oligopolists, we obtain their maximum profit at the optimal output level πC
1 =

(
qC

1
)2,

πC
2 =

(
qC

2
)2, πC

3 =
(
qC

3
)2.

The above model is well known and generally accepted. In the following subsections,
the version of the model presented above is modified and extended by assuming a situation
in which two firms form a coalition against a new firm entering the market (Section 2.1)
and by considering the types of future expectations that determine firms’ decision making,
i.e., naïve, adaptive and real expectations (Section 2.2).

2.1. Cartel Oligopoly Model

There are several authors who focus their research on coalitional or cartel-oligopoly
equilibria. For example, [25] has analyzed cartelization in Cournot competition with
asymmetric costs. Bimonte, Romano and Russolillo [26] used Cournot competition as an
incentive in a circular economy. Cartelization as a two-stage simultaneous game can be
found in [27]. Kupies and Olaizola [28] addressed cartelization from a dynamic perspective.
They also made a literature review on cartel stability and showed that the dynamic process
converges to a strongly stable cartel when one exists. Later, in [29], the authors revisited the
problem of cartel stability in a linear symmetric Cournot oligopoly by assuming that any
coalition of firms defecting from a cartel can choose its quantity before the remaining firms.
The cartel and its stability in an open and closed loop equilibrium is presented in [30].

In this article, we consider an oligopoly model with three firms, as described in the
previous section. We assume a situation, where two firms form a coalition (πc = π1 + π2)
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against the last firm. For this model, we later assume naïve, adaptive, and real expectations
of the oligopolists.

This model could be formulated as follows:

πc = ∑k
1(pk −MCk)qk → max

pk = αk − qk − γ
2
∑

l 6=k
ql k = 1, 2

π3 = (p3 −MC3)q3 → max

p3 = α3 − q3 − γ(q1 + q2)

(8)

From the necessary first-order condition for the existence of an extreme of the profit
function, the response function for all firms could be derived in the form

q1 = r1(q2, q3) =
α1−MC1−γ(2q2+q3)

2

q2 = r2(q1, q3) =
α2−MC2−γ(2q1+q3)

2

q3 = r3(q1, q2) =
α3−MC3−γ(q1+q2)

2 .

(9)

2.2. Naïve, Adaptive, and Real Expectations

It is possible to assess whether the equilibrium reached in an oligopolistic model
is stable over time. From the dynamics point of view, it is necessary to introduce the
future expectations of the oligopolists into the static equilibrium already considered—the
assumption of future competitive behavior. There are studies in which the authors restrict
their considerations to a certain number of repetitions of oligopolistic games [31,32], but
in our analysis, an infinite time interval is considered, i.e., the number of games is not
limited. We consider three types of future expectations for the Cournot model. The first
is a simple dynamic model (or naïve expectations) in which the oligopolist assumes that
its competitors will behave in the future based on their response functions [33,34]. The
second dynamic Cournot model is an adaptive expectations model, where we assume that
the oligopolist will consider in the future a weighted average of the quantities offered by
its competitors in the previous period based on their response functions [4]. In the last
model, we assume the so-called real expectations, where firms behave as rational players
and do not have complete information about the market demand function and offer output
quantity based on the expected marginal profit ( ∂πi

∂qi
) [29].

2.2.1. Naïve Expectations

In studying the dynamics of firms’ response to a change in a competitor’s quantity
or price, a simplifying assumption must be made, namely, that firms do not respond to a
change in output or price, i.e., that their quantities offered remain the same as in the case of
static equilibrium. This is called a naïve expectation. In the case of simultaneous decision
making, this assumption is accepted by all firms and their dynamic response functions
represent a system of dynamic linear equations—a dynamic map.

TNE


q1(t + 1) = α1−MC1

2 − γ
2 (2q2(t) + q3(t))

q2(t + 1) = α2−MC2
2 − γ

2 (2q1(t) + q3(t))

q3(t + 1) = α3−MC3
2 − γ

2 (q1(t) + q2(t))

. (10)

Equation (10) represents a dynamic mapping of the system (8). By analyzing their
dynamic properties, we obtain information about the long-term behavior of the heteroge-
neous firms. Each of the firms has a different production technology represented by a linear
cost function and constant marginal cost, and is therefore called a heterogeneous firm. The
solution of the system (10) is contained in the iterations of the three-dimensional map T:
(q1(t), q2(t), q3(t))→ q1(t + 1), q2(t + 1), q3(t + 1) , starting from the initial condition in
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the form (q1(0), q2(0), q3(0)) =
(
q10 , q20 , q30

)
and the individual iterations of the solu-

tion of Equation (11) produce a trajectory of the states of the firms’ production quantities
(q1(t), q2(t), q3(t)) = Tt(q10 , q20 , q30

)
; t = 0, 1, 2, . . . The fixed point of the dynamic map

(11) results from the non-negative solution of the equation system

0 = α1 −MC1 − 2γq1 − 2γq2 − γq3

0 = α2 −MC2 − 2γq1 − 2γq2 − γq3

0 = α3 −MC3 − γq1 − γq2 − 2γq3

(11)

This is obtained by substituting qi(t + 1) = qi(t) = qi into Equation (10). The
equilibrium variables of this system are the same as in the static model and are shown
in Equation (12).

q1 =
−(α1−MC1)(γ2−4)+(α2−MC2)γ(γ−4)+(α3−MC3)2γ(γ−1)

4γ3−12γ2+8

q2 =
(α1−MC1)γ(γ−4)−(α2−MC2)(γ2−4)+(α3−MC3)2γ(γ−1)

4γ3−12γ2+8

q3 = (α1−MC1+α2−MC2)γ−(α3−MC3)2(γ−1)
2γ2−4γ−4

(12)

2.2.2. Adaptive Expectations

In the preceding consideration, it was assumed that the change in quantity offered
by oligopolists is based on the response functions of the preceding period. However, in
most economic phenomena this assumption is not fulfilled. The increase in production
is usually accompanied by the acquisition of new technologies, hiring of new employees,
etc. These changes take time. Therefore, it is useful to consider the case where these
changes are gradual and firms do not adjust the offer of their output only on the basis
of the response functions from the previous period, but gradually change the volume
of output and gradually approach the required level of output in the future. If the new
output is a weighted average of the current output and the output that changes due to the
response functions from the previous period, then the resulting process of adjusting the
optimal output is called adaptive dynamics or adaptive expectations model. The model of
a non-linear duopoly with adaptive expectations was studied together with its dynamics
in [35]. Theocharis [34] studied the stability of the local equilibrium of the linear oligopoly
model. This equilibrium was further developed and generalized in [36,37].

The production volume offered by oligopolists is described by the following equations
in the case of adaptive system dynamics—dynamic map

TAE


q1(t + 1) = (1− µ1)q1(t) + µ1

[
α1−MC1

2 − γ
2 (2q2(t) + q3(t))

]
q2(t + 1) = (1− µ2)q2(t) + µ2

[
α2−MC2

2 − γ
2 (2q1(t) + q3(t))

]
q3(t + 1) = (1− µ3)q3(t) + µ3

[
α3−MC3

2 − γ
2 (q1(t) + q2(t))

] , (13)

where µk is a matching coefficient that applies an optimal production, 0 < µk < 1.

2.2.3. Real Expectation

When firms are rational, they do not have complete information about the demand-
market function and create the strategy for the future based on the expected marginal profit
( ∂πi

∂qi
) [38,39]. If the firm expects a positive (negative) marginal profit, the firm will increase

(decrease) the offered production volume in the future period. According to the above
stated expectations, the future production volume of firms could be expressed as follows.

qi(t + 1) = qi(t) + µiqi(t)
∂πi
∂qi

, t = 1, 2, 3, . . . (14)
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where µ1 is a positive parameter describing the adaption rate of a rational player.
Then, the dynamic map describing the dynamic game of three players (firms) is formed

by the following system of three equations.

TRE


q1(t + 1) = q1(t) + µ1q1(t)[(α1 −MC1)− 2q1(t)− γ(2q2(t) + q3(t))]

q2(t + 1) = q2(t) + µ2q2(t)[(α2 −MC2)− 2q2(t)− γ(2q1(t) + q3(t))]

q3(t + 1) = q3(t) + µ3q3(t)[(α3 −MC3)− 2q3(t)− γ(q1(t) + q2(t))]

(15)

The dynamical system (15) is a three-dimensional system that depends on seven
parameters (µ1, µ2, µ3, α1, α2, α3, γ) and three state variables (q1, q2, q3). The dynamic
map (15) has the following eight fixed points:

E1 = [0; 0; 0]

E2 =
[

α1−MC1
2 ; 0; 0

]
E3 =

[
0; α2−MC2

2 ; 0
]

E4 =
[
0; 0; α3−MC3

2

]
E5 =

[
−(α1−MC1)+(α2−MC2)γ

2(γ2−1) ; (α1−MC1)γ−(α2−MC2)
2(γ2−1) ; 0

]
E6 =

[
−2(α1−MC1)+(α3−MC3)γ

(γ2−4) ; 0; (α1−MC1)γ−2(α3−MC3)
(γ2−4)

]
E7 =

[
0; −2(α2−MC2)+(α3−MC3)γ

(γ2−4) ; (α2−MC2)γ−2(α3−MC3)
(γ2−4)

]

E8 =


−(α1−MC1)(γ2−4)+(α2−MC2)γ(γ−4)+(α3−MC3)2γ(γ−1)

4(γ3−3γ2+2) ;

(α1−MC1)γ(γ−4)−(α2−MC2)(γ2−4)+(α3−MC3)2γ(γ−1)
4(γ3−3γ2+2) ;

−(α1−MC1+α2−MC2)γ−(α3−MC3)2(γ+1)
2(γ2−2γ−2)



(16)

If a non-zero firm production is assumed, only the last fixed point at which all firms
offer a non-zero quantity needs to be examined.

3. Results

In the following analysis, the focus is on the qualitative changes and the long-run
dynamics of the system. The models were examined using fixed points and the effects of
parameter changes on the fixed points of the systems. Let us show the application of the
presented Cournot model with examination of the stability condition. The Slovak market
of mobile operators in 2013 was chosen for the application. At that time, there were three
mobile operators on the Slovak market (Orange Slovakia, Slovak Telecom and O2), so the
model could be applied. In this case, the exogenous variables are based on data published
in the annual reports of the mobile operators Slovak Telecom [40], O2 [41], and in the case
of Orange are based on data published in Finstat [42].

The services offered by mobile operators were assumed to be substitute products.
The mobile call or mobile data transmission is the same for all three operators but is
not considered a perfect substitute, as there may be differences in signal coverage, data
transmission speed, additional services for customers, or customer loyalty.

The quality of the firm’s output αi was measured by the ARPU (Average Revenue Per
User). Other exogenous parameters of the model are the firm’s marginal costs (MCi). We
can determine the constant marginal cost as the ratio between the firm’s operating cost and
the number of active SIM (Subscriber Identity Module) cards. The operating costs of each
firm were obtained from their annual reports and financial data published in the Register
of Financial Statements. The coefficient γ = 0.6 was set due to the fact that the services
offered by each mobile operator can be considered substitutes rather than independent.
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The core attributes of the services are similar, but the marketing approach applied by the
competitors is different, resulting in different market positions and consumer perceptions.
However, it should be noted that the applied value of γ is close to the largest value of γ for
which min

i=1,2,3

{
αi

∑j 6=i αj

}
> γ

1+γ for the chosen values of α1 = α2 = α3 (for these α values, this

condition is violated for γ > 0.613). Thus, the above condition is satisfied.
In the model presented, the 1st and 2nd firm form a coalition against a new mobile

operator—the 3rd firm. The following table shows the exogenous variables of the model.
Moreover, the stability of the presented model under naïve, adaptive, and real expec-

tations is analyzed.

3.1. Naïve Expectations

Let us study the stability of the simple Cournot dynamics. Using the dynamic map for
naïve expectations (10) and Equation (11), the Jacobian matrix for naïve expectations has
the following form:

JNE =

 0 −γ − γ
2

−γ 0 − γ
2

− γ
2 − γ

2 0

. (17)

The characteristic equation for this Jacobian has a form:

det(JNE − λI) = −λ3 +
3γ

2
λ− γ3

2
= 0 (18)

.

The Jacobian matrix JNE has three eigenvalues λ =

[
− (
√

3+3)
10 ; (

√
3+3)
10 ; γ

]
, in the

presented case λ = [−0.82; 0.22; 0.6]. According to Arrowsmith and Place [43], if the
eigenvalues of the matrix are less than one, the dynamic system is stable; if the roots are
greater than one, the dynamic system is unstable. Accordingly, the presented system of the
three firms is stable under naïve expectations. Figure 1 shows that the variables converge
to the stable point q1 = 5.672, q2 = 2.033, q3 = 3.086 after circa 30 time periods.
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3.2. Adaptive Expectations

With adaptive dynamics, the dynamic Jacobian of the dynamic map TAE (13) has
the form:

JAE =

1− µ1 −γµ1 − γµ1
2

−γµ2 1− µ2 − γµ2
2

− γµ3
2 − γµ3

2 1− µ3

. (19)

The characteristic equation of the dynamic Jacobian has the form:

det(JAE − λI) = −λ3 − Aλ2 + Bλ + C = 0

, where
A = µ1 + µ2 + µ3 − 3

B = (µ1 + µ2)
[
µ3

(
γ2

4 − 1
)
+ 2
]
+ µ1µ2

(
γ2 − 1

)
− 3

C = (µ1µ2µ3)
(
− γ2

2 + 3γ2

2 − 1
)
− µ3

(
γ2

4 − 1
)
(µ1 + µ2)− µ1µ2

(
γ2 − 1

)
(20)

In the presented case, the characteristic equation has the form det(JAE − λI) = −λ3 +
2.45λ2 − 1.9829λ + 0.529492 = 0, which has three eigenvalues within the unit circle
λ = [0.6698; 0.8482; 0.93202]. Thus, it was confirmed that the presented model is stable
even in the case of adaptive expectations. This situation is also shown in Figure 2, where
the quantities converge very quickly to the stable point q1 = 6.008, q2 = 2.452, q3 = 1.069.
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3.3. Real Expectations

In the last phase, the properties of the dynamic map for real expectations of oligopolies
TRE (15) were studied. The Jacobian for this dynamic map (15) has the form:

JRE =


1 + µ1D −2γµ1q1 −γµ1q1

−2γµ2q2 1 + µ2E −γµ2q2

−γµ3q3 −γµ3q3 1 + µ3F


, where

D = α1 −MC1 − 4q1 − γ(2q2 + q3)

E = α2 −MC2 − 4q2 − γ(2q1 + q3)

F = α3 −MC3 − 4q3 − γ(q1 + q2)

(21)
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In the presented case, the Jacobian for real expectations has the following form:

JRE =

 G −0.24q1 −0.12q1

−0.18q2 H −0.09q2

−0.12q3 −0.12q3 I


, where

G = 4.13− 0.8q1 − 0.24q2 − 0.12q3

H = 2.91− 0.18q1 − 0.64q2 − 0.09q3

I = 3.16− 0.12q1 − 0.12q2 − 0.8q3

(22)

Eight fixed points of the dynamic map of real expectations (16) were found. However,
only one of them was non-negative for all firms. The characteristic equation for this fixed
point has the following form:

det(JRE − λI) = −λ3 − 7.16λ2 − 9.6λ + 0.98 = 0 (23)

The eigenvalues of this characteristic equation are λ = [−1.93;−5.32; 0.095]; therefore,
the equilibrium quantities are not stable. This situation is illustrated in Figure 3, where the
equilibrium quantities do not converge to a stable point.
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4. Discussion

In the analyzed model, stable equilibrium quantities could be found under naïve and
adaptive expectations. A legitimate question is whether these equilibria remain stable when
some exogenous parameters change. This can be analyzed by the maximum Lyapunov
exponent [44,45] and the bifurcation diagram [46,47]. To answer this question, the set of
data from Table 1 was further analyzed after changing all exogenous parameters.

After comparing and contrasting the results for the cases of adaptive expectations
(corresponding to Figure 2) and naïve expectations (corresponding to Figure 1), we can
conclude that in the case of adaptive expectation q1 > q2 > q3, while in the case of naïve
expectation q1 > q3 > q2. We can say that under adaptive expectation the two firms in the
coalition produce the two highest levels of output, while, under naïve expectation the firm
in the coalition with the lower quality produces the lowest output of all three firms, even
though its quality is higher than that of the firm that is not in the coalition.
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Table 1. Exogenous variables.

Company ARPU
(αi)

Marginal Cost
(MCi)

Coefficient of
Adjustment

(µi)

1st company (Orange Slovakia) 15.80 0.166 0.20
2nd company (Slovak Telecom) 12.90 0.177 0.15
3rd company (02) 10.90 0.106 0.20

Under naïve expectations, the presented model proved to be stable for any value of γ
and for the exogenous parameters αi, MCi. Matsumoto and Szidarovszky [33] concluded
that heterogeneity affects the stability of the positive Cournot equilibrium by shifting the
zero-production line as long as it does not affect the stability of the equilibrium quantity.
They also concluded that heterogeneity of firms affects the equilibrium point only when the
products of the oligopoly are substitutes. Despite the results of these authors and the fact
that the products selected for this study are partially substitutable (γ = 0.6), the model is
always stable under naïve expectations if the parameters of the model meet the conditions
defined in our study.

The model with adaptive expectations is stable under all exogenous variables except
γ. In the case presented, oligopoly production substitution was assumed. However, if this
assumption is omitted and the products are also defined as complementary, the model
with adaptive expectations would be unstable even for γ = (−0.978;−0.711), as shown in
Figure 4 with maximum Lyapunov exponent.
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types of the firm’s expectations. We can find naïve and adaptive dynamics in [17,35,48,49], 
and heterogeneous (mixed) expectations of firms, involving real expectations in [50]. The 

Figure 4. Maximum Lyapunov exponent for adaptive expectations and γ = (−0.978;−0.711).

In the model with real expectations, no stable equilibrium was found, but the quantities
oscillated around the points qi = (5.76; 2.07; 3.13). Thus, the question arises whether
this system could have a chaotic behavior. To illustrate this behavior, the maximum
Lyapunov exponent and the bifurcation diagram are shown in Figure 5, where the matching
coefficient of the 3rd firm changes along with the change in the quantity of the 1st firm
(when µ3 changes).

Figure 5a shows that the maximum Lyapunov exponent for µ3 is sometimes positive in
the selected interval. This may indicate the chaotic behavior of the system. Figure 5b shows
that the quantity of the 1st firm starts to behave chaotically when µ3 is approximately 0.34.

If we focus only on quantity, without regard to the profit function or stability, the 3rd
firm, new to the market, would achieve a higher market share than the 2nd firm (q3 > q2),
which is part of the coalition, under adaptive and real expectations, resulting in a potential
advantage for the 3rd firm under real market conditions.
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As mentioned in the previous text, the assumptions of the classical Cournot model can
be considered unrealistic under today’s market conditions. Later, several studies have been
carried out separately on the differentiation of production [4,24] and on the differentiation
of firms [5,6,33,39]. However, studying these phenomena in isolation does not lead to a
sufficiently complex representation of reality. Other studies dealt with different types of the
firm’s expectations. We can find naïve and adaptive dynamics in [17,35,48,49], and hetero-
geneous (mixed) expectations of firms, involving real expectations in [50]. The stability of
equilibria is very often discussed together with the types of expectations [34,37,51]. Some
authors present the cartel extension of the basic Cournot model, the cartelization, or the sta-
bility of the cartel equilibrium [28–30]. These studies did not consider the coalition against
other firms in the market. The research presented in this article does not examine isolated
phenomena but combines and integrates them to bring the model closer to reality. The
proposed modifications of the basic Cournot model include production differentiation, firm
differentiation, coalition strategies, different expectations, and equilibrium stability analysis.
Therefore, the results and conclusions of this study contribute to the complex modelling
and understanding of oligopolistic firms’ decision making under real market conditions.

5. Conclusions

The subject of this study was an oligopolistic market in which three firms operate in an
environment of quantitative competition, the so-called Cournot oligopoly model. The firms
and their production were partially differentiated, which brought the theoretical model
closer to real market conditions. The main objective was to extend the Cournot duopoly
and add another firm, resulting in an oligopolistic market structure assuming partially
differentiated production and a coalition strategy between two firms.

This paper presents an oligopolistic model specifically designed for three different
types of expectations. It was applied to find and verify the stability of the net equilibrium
of oligopolists in the market of telecommunication operators in Slovakia. An indefinite
time interval and three types of future expectations were considered: a simple dynamic
model with naïve expectations, a model with adaptive expectations and a model with
real expectations.

The dynamic system of three companies under naïve expectations proved to be stable,
as the eigenvalues of the matrix were less than one and the variables converged to a stable
point after approximately 30 time periods. The presented model also proved stable in the
case of adaptive expectations, as the quantities converged to a stable point very quickly.
In contrast, equilibrium quantities under real expectations were not stable and did not
converge to a stable point.
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Further analysis proved that the presented model under naïve expectations was stable
for any value of γ and for the exogenous parameters αi, MCi, while the model under
adaptive expectations was stable under all exogenous variables except γ. The model under
real expectations was not only unstable, but there was further evidence of the chaotic
behavior of the system.
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