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Abstract:

The paper deals with robust discrete controller design using new effective approach based on the
reflection vectors techniques. We assume that the controller structure consists of feed-forward and
feedback parts. Developed robust algorithms were tested on the case study examples for different
dynamical processes stable, unstable and oscillating type. Simulations were realized in MATLAB-
Simulink. Obtained numerical and simulation results confirm applicability of the theoretical principles
for robust control of processes subject to parametric model uncertainty.
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A Introduction

During last ten years, development of robust control elementary principles and evolution of
new robust control methods for different model uncertainty types are visible. Progress in new
techniques and theories in control of processes with model uncertainty is necessary because of
performance requirements on control of complex processes containing large number of loops,
activities coordination of a many agents in hybrid and stochastic control of systems containing large
plant model uncertainties. Based on theoretical assumptions, modeling and simulation methods, an
effective approach to the control of processes with strong and undefined uncertainties is designed.
Such uncertainties are typical for biotechnology processes, chemical plants, automobile industry,
aviation etc. For such processes is necessary to design robust and practical algorithms which ensures
the high performance and robust stability using proposed mathematical techniques with respect the
parametric and unmodelled uncertainties. Solution to such problems is possible using robust
predictive methods and ,,soft-techniques® which include fuzzy sets, neuron networks and genetic
algorithms.

Robust control is used to guarantee stability of plants with parameter changes. The robust
controller design consists of two steps [1], [2]:

« analysis of parameter changes and their influence for closed-loop stability,
* robust control synthesis.

In hybrid control structures that combine the discrete controller and continuous plant, it is
difficult to assess the closed-loop stability. One possibility is transformation of the controller and the
continuous plant to the discrete-time region and specifying requirements for the discrete controller
design. The problem of the robust controller design can be solved as:

« time-optimal robust controller design,
« design of the robust controller based on the pole-placement.

In both parts of the robust controller design it is possible to evolve from the solution of
Diophantine equations.
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A 1 Problem Formulation

Consider the robust control synthesis of a scalar discrete-time control loop. Transfer function
of the original continuous-time system is described by the transfer function:

Gp (S) = @e_m =
As)

_ Bm Sm +6m—1 Smil +...+60 e,DS

ans"+an1s"t+...+ao 1)
Transfer function of (1) can be converted to its discrete-time counterpart

-1 -n
GP(Z_l):bo+blz +...+byz ,-d

l+az t+...+a,z" ?)
For the plant (2) a discrete-time controller is to be designed in form
1

G (Z)ZQO+QlZ_ +..+q,27" :Q(Z)
Y gt wP(2)
P1Z  +...+ P2

3
The corresponding closed-loop characteristic equation is ©
1+Gp(z 1)Gr(z71)=0 4)
Substituting (3) and (2) in (4) after a simple manipulation yield the characteristic equation
1+GpGpg =
=(1+pz i+ .+ puz YA+az a2 M)+
+(do+agz t 440,270 )bzt 4. +byz M)z 4 =0 (5)

Unknown coefficients of the discrete controller can be designed using various methods. In
this paper robust controller design method based on reflection vectors is used.

The pole assignment problem is as follows: find a controller GR(Z) such that C(z)=e(z) where
e(2) is a given (target) polynomial of degree k. It is known [8] that when # =" -1 , the above problem
has a solution for arbitrary e(z) whenever the plant has no common pole-zero pairs. In general for

H <=1 gyact attainment of a desired target polynomial e(z) is impossible.
Let us relax the requirement of attaining the target polynomial e(z) exactly and enlarge the

target region to a polytope V in the polynomial space containing the point e representing the desired

closed-loop characteristic polynomial. Without any restriction we can assume that 3 =Po =1 5pq

deal with monic polynomials C(z), i.e. % =1

Let us introduce the stability measure as p = ¢' ¢, where
c=s"lc (6)
and S is a matrix of dimensions (n + u + 1) x (n + u + 1) representing vertices of the target
polytope V. For monic polynomials holds

k+1

ZCi =1

i=1 ()
where k£ = n + p. If all coefficients are positive, ie. ¢i>0,i=1,., k+ 1, then the point

C is placed inside the polytope V.
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The minimum p is attained if

Ck+1 (8)
Then the point C is placed in centre of the polytope V.
In matrix form we have
C=Gx 9)
where G is the Sylvester matrix of the plant with dimensions (n+p+d+Dx(u+0+2) gnq

is the (44 0+2)_vector of controller parameters: X~ (PP ] .

Now we can formulate the following control design problem: find a discrete controller GR(Z)
such that the closed-loop characteristic polynomial C(z) is placed:

a. In a stable target polytope V, C(z)ev (to guarantee stability)

e(z)eV

b. As close as possible to a target polynomial e(z), (to guarantee performance).

0 0 0 0 bnﬂx—u bn+,ufu+1 0 0
o 0.0 0 b,,, Bb,, .. 0 0
0 0 O n+p-v-d+1 bn+y—r)7d+2 0 0
an 0 0 0 bnw—ufd bn+pfu—d+1 0 0
an—l an 0 0 bnuzfufdfl bnurwfd 0 0
a‘l aZ a;x awl bp—u—d~l bu—u—d+2 bu d bu—d+l
G=| 1 a a,, a, b, by vgur o gy By
0 L. a‘ufZ ayfl bufvfdfl b}l*l/*d . b/l*d*Z b/l*d*l
0 0 ad+1 ad+2 0 bl bZ
0 0 a Q. 0 0 b,
0 0 a4 0 0 0
00 .. 1 a4 0 0 w0 0
100 .. 0 1 0 0 w0 0 |
. - V.
Let the polytope V denote the (k+1)xN matrix composed of coefficient vectors '/,

j=1...N corresponding to vertices of the polytope V.
Then we can formulate the above controller design problem as an optimization task: Find x
that minimizes the cost function

Jp=minx'GTGx—2eT Gx = min||Gx—e||2
X X

(10)
subject to the linear constraints
Gx=VWwW(x), (11)
wj(x)>0, j=1...N, (12)
2 wi(x)=1.
i (13)

Here w(x) is the vector of weights of the polytope V vertices to obtain the point C = G x.
Fulfillment of the latter two constraints (12), (13) guarantees that the point C is indeed located inside
the polytope V.
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Then, finding the robust pole-placement controller coefficients represents an optimization
problem that can be solved using the Matlab Toolbox OPTIM (quadprog) with constraints [9].

Generally J; is a kind of distance to the centre of the target polytope V. Is it better to use
another criterion J,, which measures the distance to the Schur polynomial E(z)

J2=(C-E)'(C~E)=(Gx~E) (Gx-E). (14)
It is possible to use the weighted combination of J; and J;
J=(1-a)l1+ady, 0<a<l (15)

and to solve the following quadratic programming task
J= min{xTGT l(l—oc)(SST )‘l +alk+1k;x —ZaETGX},
X

s~16x <0. (16)
Assume the discrete robust controller design task with parametrical uncertainties in system
description. Let us also assume that coefficients of the discrete-time system transfer functions ay, ...,

aiand by, ..., by are placed in polytope W with the vertices d’= [anJ ""alj*bnj""’bf]:
W =con{dj,j=1..M} (17)
As (9) is linear in system parameters, it is possible to claim that for arbitrary vector of the
controller coefficients x is the vector of the characteristic polynomial coefficients C(z) placed in
1 M

the polytope A with vertices a..a

A:conv{aj J=1..,M} (18)

where al =DJx and D ! is the Sylvester matrix of dimensions (n + g +d + 1) X (u + v + 2),
composed of vertices set d/, as in case of the exact model (9).

1.1 Problem Formulation

i j=1, .., M are placed inside a stable desired target polytope V.
This problem can be effectively solved using quadratic programming procedure. It is
necessary to find the controller x by minimization of the cost function
T L-a)1, ®6SH™M(, ®S) +| -
R {( @)(ly STy 87 +] 5
+al(k+1)M

—2aETl_)x}, S'DIx>0, j=1...M

’ (19)
T

N T T
where Iy is identity matrix of dimension M, ® s the Kronecker productand P = [Dl oD ]

1.2 Stable Region Computation via Reflection Coefficients
Polynomials are usually specified by their coefficients or roots. They can be characterized
also by their reflection coefficients using Schur-Cohn recursion.

Let Cy(z'!) be a monic polynomial of degree k with real coefficients ¢;€R, i =0, ..., k,
CzY)=1+cizt+..+czk (20)

26



Robust Controller Methods Design and Applications [

w1 -1
Reciprocal polynomialCk @) of the polynomial G2 7) is defined in [11] as follows
Ci(z V)=cy +oggz T rogz XL 47K (21)
-1
Reflection coefficients ri, i = 1, ..., k, can be obtained from the polynomial G (2 7) using
backward Levinson recursion [12]
_ - 1 _ *,_—
Gz )= G -neia )
1
(22)
i = —C; Ci - .. C.(z’l) . ..
where 'l I and “'is the last coefficient of ~i of degree i. From (22) we obtain in a
straightforward way:
o1y _ 1A, -1 L -1
Ci(z77)=2"Ci_1(z ") +nCi_1(z 7). (23)

EX| 1 I ici Cifl(zil) Ci(zil) 1
pressions for polynomial coefficients and result from equations (22) and
(23):
Ci1(2_1)=lz{lz%(ci,krlrici,ijl)z_j )}
17‘ri ‘ j=0 (24)
1 .
Ci(z71)= Z(Ci—l,j—l+riCi—l,i—j—1)Z_J-
j=0 (25)
The reflection coefficients r; are also known as Schur-Szegé parameters [11], partial
correlation coefficients [6] or k-parameters [13]. Presented forms and structures were effectively used
in many applications of signal processing [13] and system identification [6]. A complete
characterization and classification of polynomials using their reflection coefficients instead of roots
(zeros) of polynomials is given in [11].
The main advantage of using reflection coefficients is that the transformation from reflection
to polynomial coefficients is very simple. Indeed, according to (23) and (25), polynomial coefficients

ci depend multilinearly on the reflection coefficients r;. If the coefficients G eR are real, then also

the reflection coefficients " € R are real.

Transformation from reflection coefficients r;, i =1, ..,k to polynomial coefficients ¢;, i
=1, ..., k, isas follows

6 =cl)cf =y

o) —cli-1) rici(i_-l) : . .
J J I i=1,..k j=1,..i-1 (26)
or in the matrix form

C=R(re, o1 k1

o) {OT c(t-1)
Re(rt) @7)
where
C=lek..cad]",

T
C(t) = [O,Ct(t),...,C:(Lt),l} )
c© _foa
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R(r)=Ry( ){OT } {OT }
r)= n ,
AR 1] TR

Rj(rj)=1jt1-rjEjs1,

Ec=|. ..

T .
1.0 and O is a row vector of zeros.

where l is a k x k identity matrix,
Lemma 1. A linear discrete-time dynamic system is stable if its characteristic polynomial is
Schur stable, i.e., if all its poles lie inside the unit circle.

The stability criterion in terms of reflection coefficients is as follows [11].

Lemma 2. A polynomial C(z?) has all its roots inside the unit disk if and only if Inf<1, i=

1, ..,k

A polynomial C(z?) lies on the stability boundary if some =+l = 1, ..., k. For monic

Schur polynomials there is a one-to-one correspondence between C=[oc....c] and "= LA
Stability region in the reflection coefficient space is simply the k-dimensional unit hypercube

R=1f e(-11),i :1"“"‘}'. The stability region in the polynomial coefficient space can be found
starting from the hypercube R.

1.3 Stable Polytope of Reflection Vectors

It will be shown that for a family of polynomials the linear cover of the so-called reflection
vectors is Schur stable.

Definition 1. The reflection vectors of a Schur stable monic polynomial C(z?) are defined as
the points on stability boundary in polynomial coefficient space generated by changing a single

reflection coefficient i of the polynomial C(z1).

vir(C)=(clr =1)i=1,

Let us denote the positive reflection vectors of C(z!) as K and the

negative reflection vectors of C(z1) as Vi (©)=(Clr =-t)i=1..k.

The following assertions hold:

1. every Schur polynomial has 2k reflection vectors Vi'(C)gng Vi (C)i=1..k;

Vv _ -
2. all reflection vectors lie on the stability boundary (5" =+1);

+ _
3. the line segments between reflection vectors Vi (C)and Vi (©) are Schur stable.
In the following theorem a family of stable polynomials is defined such that the polytope
generated by reflection vectors of these polynomials is stable.

Cc(- c c c

Theorem 1. Consider X e(-11). 1 e(-11) and "2 = ="“1=0 Then the inner points of

the polytope V(C) generated by the reflection vectors of the point C
V(C)zconv{vii(c:),i:1,...,k} 28)

are Schur stable.
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1.4 Roots of Reflection Vectors

In this section we study the root placement of reflection vectors. It is useful for selecting a
stable target simplex to solve the robust output control problem.

By definition, at least one root of a reflection vector Vi(C)(i.e. root of

i(C
Vi(Z_l)=[z‘k...z‘1l]B'( )}
) must lie on the unit circle, and the number of unit circle roots is

determined by the number i of the reflection vector Vi(C) and the character of the roots (real or

v
complex) is determined from the sign of the boundary reflection coefficient (" =+1).

1.5 Robust Controller Design

A robust controller is to be designed such that the closed-loop characteristic polynomial is
placed in the stable polytope (linear cover) of reflection vectors. It means that the following problems
have to be solved:

1. choice of initial polynomial C(z-1) for generating the polytope V(C),

2. choice of k + 1 most suitable vertices of V(C) to build a target simplex S,

3. choice of a target polynomial E(z-1).

In the following section some “thumb rules” are given for choosing a stable target simplex S.

To choose k + 1 vertices of the target simplex S we use the well known fact that poles with
positive real parts are preferred to those with negative ones [1]. The positive reflection vectors

+ _
Vi (C)With i odd and negative reflection vectors Vi (©)with i even are chosen yielding k vertices.
The (k+1)th vertex of the target simplex S is chosen as the mean of the remaining reflection vectors.

The target polynomial E(z?) of order k is reasonable to be chosen inside the stable polytope
of reflection vectors V(C). A common choice is E(z1)=C(z}).

For higher-order polynomials the size of the target simplex S is considerably less than the
volume of the polytope of reflection vectors V. That is why the above quadratic programming method
with a preselected target simplex S works only if uncertainties are sufficiently small. ~ Otherwise
it is reasonable to use some search procedure to find a robust controller such that the polytope of
closed-loop characteristic polynomial is placed inside the stable polytope of reflection vectors V(C).

A 2 lllustrative Examples
Consider a system described by the second order transfer function

GP(S)Z%GDS _ b0 est

82 +ai;S+3ay (29)
with individual coefficients varying within uncertainty intervals
by €(34).a, €(-0.8,-04)a, (0.6;1,D=0.6 (30)
After some modification of (29) we obtain
1 _ 1 -
Ge(s)= isz+ﬁs+@e ”= ay' s’ +a;' s+a a
b b by (31)

with individual coefficients varying within uncertainty intervals
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a,'e EE L9’ —i;—i ,8,'€ il ,D=0.6
43 15 10 20 (32)

To assess stability, four continuous-time Charitonov transfer functions are consideredThey
have been converted to the discrete region with sampling period T=0.6s:
-2 -3 -2 -3
G+7(z’1) 0.5661z“ + 0.6013z ++( ,1) 0.629z7° +0.73862z

1-2.022z71+1.197z272 1-2.4117+1.616272
-2 -3 -2 -3
G,+(z*1)= 0.8648z7 l+1.o73z 2 Gﬁ(z,l)_ 0.75z7% +0.8135z
1-2.25771 +1.8962"

C1-1.7527+1.2717°2 (33)

2.1 Robust pole-placement algorithm

Consider the nominal continuous-time transfer function (29) with by =3.5,8; =0.6,89 =0.8

converted to the discrete-time with the sampling period T=0.6s:
G,o(2)= 0.6956z7 +0.7851z"°
nom 1-2.095z " +1.433z22 (34)
One possible way how to design a stable controller is to design it for the nominal plant model
and apply it in all other plant models.
Based on the solution of the Diophantine equation the following controller was designed for

the continuous-time transfer function Gron (S):
G ( ,1): Q(z™h _ 2.1-272"+0.012z2
k8 P(z')  1+23z'+15z7° (35)
with the corresponding control law:
u,(k)=-2.3u,(k —1)-1.5u,(k — 2)+
+2.1y(k) -2.7y(k -1) + 0.012y(k — 2) (36)
The target closed-loop characteristic polynomial according to previous consideration is:
C(z) =(1+0.372")(1+0.35271)(1+0.35z7%)
(1-0.4521)(1-0.45z7") (37)
Closed-loop step responses under the discrete-time feedback controller (35) and feed-forward

1
G (zt)=SEY)IPEY) =
controllers 364 in case of G, (s) and G.i(s) transfer functions,
1
G (z’l):—
respectively, and i 4.75 in case of G. (5) and G (5) transfer functions are illustrated in

(Fig.1).

2.2 Controller Design via Reflection Coefficients

Consider the nominal continuous-time transfer function (29) with by =358, =06,3p =038
converted to the discrete-time with the sampling period T=0.6s (34). The task is to design a discrete-
time controller (3), v=u=2.

From the transfer function (34) and matrix form of (9) results:
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0 0 0 0781 0 0 Thp,]
1.433 0 0 0.6956 0.7851 0 P,
co -2.095 1433 0 0 06956 0.7851 1
1 -209% 1433 0 0 06956 | q,
0 1 -209%5 0 0 0 |aq
| 0 0 1 0 0 0 |G|
Let us choose the initial polynomial C(z1) for generating the polytope V(C) as follows
C(z) =[1-(0.3+0.2i)z "][1- 0.2z "|[1- 0.3z *][1-0.4z""] (38)

with reflection coefficients : =15 1, =—0.93, 1, =0.297, r, =-0.0482, r, =0.00312

Now we can find the reflection vectors “i (©) of the initial polynomial C(z1) leading to the
matrix form of the target simplex S (vertex polynomial coefficients)

0 0 0 -03 05 06]
0 0 -03 05 0 0
s_| 0 0305 0 0 0
1-03 05 0 0 0 0
05 1 0 0 -03 0
1 1 1 1 1 1

The discrete-time controller design task for the nominal transfer function (34) has been solved
via quadratic programming taking a=0.1 in the cost function J (16).
For the selected target simplex S we have obtained the following discrete-time feedback
controller
G ( _1)2 Qz™) _ 1.926-2.7372" +0.3513z 2
ke P(z?) 1+2.032z7* +1.22377 (39)
with the control law
u,(k)=-2.032u,(k —1)-1.223u, (k - 2)+
+1.926y(k) —2.727y(k —1) + 0.3513y(k — 2) (40)
Corresponding closed-loop step responses under the feedback controller (39) and feed-
-1 -1 -1 1
Gerle) =50 /1P (") - 239 in case of G+ (8) ang C.. (s) transfer functions,

forward controller

FF(Z&) :

respectively, and 444 in case of G. (s)and G (S) transfer functions are in (Fig.2).

A Conclusion

The paper deals with the development of robust methods based on reflection vectors
methodology for computation of control law coefficients guaranteeing stability, robustness and high
performance with respect to parameter uncertainties. Theoretical results were verified on the
examples. Proposed methods were tested for both stable and unstable processes.

The paper proposes theoretical principles and design methodology of robust discrete-time
controllers for systems with parametric uncertainties.

Two illustrative examples were solved using quadratic programming for suitably defined cost
function. Simulation results prove applicability of the proposed robust controller design theory for
systems with parametric uncertainty.
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Fig.1. Closed-loop step responses under robust controller.
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Fig.2. Closed-loop step responses under robust controller.
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