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Abstract  
 

 The paper presents applications of portfolio techniques including proposed 

modification of the Black-Litterman approach for pension funds’ performance 

evaluation on the Slovak private pension funds markets and deals with: how effec-

tive are the investment strategies of companies on the market of specific pension 

funds; if the investment strategies outcomes match the companies' officially de-

clared fund strategy type in a risk-return space; and if the legislative changes on 

the pension market segment impact those funds strategies. Relative positions of 

single funds are identified by constructing efficient frontiers in various spaces. As 

a result, the investment strategies create clusters for conservative, balanced, and 

index funds, while the growth funds have higher strategies variance. It is shown 

that the legislative changes concerning mainly more risky funds have an important 

influence on the second pillar growth funds investment strategies. The results show 

high interactions between legislative changes and investment decisions.  
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Introduction 
 

 The paper focuses on the efficient frontiers’ construction in two different 
risk-return spaces and exhibits the outcomes of the portfolio managers’ decisions 
under various government regulations. The dataset captures the whole officially 
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disposable data timespan of the existence of the Slovak private pension system 
market, hence the analysis based on the data and a unique methodology presented 
in this paper provides a complex evaluation of the investment strategies in various 
funds and environments. The paper presents a complex analysis of the Slovak pri-
vate pension funds market and provides answers to three fundamental questions.  

1. The first part of the research focuses on the efficiency of the private Slovak 
pension funds market on which the second and third pillars are analyzed together. 
How effective is the company strategy of its single pension fund in various envi-
ronments? There are generated efficient frontiers for risk-return measures and 
the position of each fund is analyzed. 

2. Do the companies’ investment strategies outcomes match the declared 
types of four strategies – conservative, balanced, growth, and indexed? 

3. How do the legislative changes impact the company’s pension investment 
funds strategies? Is there a change in the efficient frontier dependent on the legis-
lative changes? 
 Historical overview of the pension system in Slovakia: In the past, Slovakia ran 
only an unfunded pay-as-you-go mandatory pension system based on Bismarck’s 
Germany model of the 19th century, in which average life expectancy did not sub-
stantially exceed the retirement age. The demographic crisis and high rate of un-
employment caused, that the system was not able to finance promises it gave to 
former contributors and raised a need for reform. Three pillar pension system was 
created in January 2005. The first pillar is the previous, but reformed pay-as-you-go 
mandatory un-funded system run by the state; second fully funded pillar based on 
the principle of savings, mandatory/voluntary in time, run by private pension com-
panies (hereinafter referred to as DSS); and third voluntary pillar consisting of 
various forms pension and life insurance run by private pension companies (here-
inafter referred to as DDS). At the beginning of the pension reform, all citizens in 
productive age will have to decide whether to begin saving on their pension accounts 
or stay in the reformed first pillar. Young people first entering the labor market 
and self-employees were obliged to enter the second pillar. Others, once entering 
the second pillar there was no way back. Each pension company was obliged 
to create and manage three pension funds with different portfolio: conservative, 
balanced, and growth fund with exact investment limits (conservative: 80% bonds 
and 20% stocks, balanced 50% bonds and 50% stocks, growth 20% bonds, and 
80% stocks). For the time being, the regulations for entering or exit the second 
pillar and pension funds investment strategies changed by legislative regulation.   
 The structure of this paper is as follows: The second chapter provides a com-
prehensive literature review, the third deals with the mathematical backgrounds 
and the methodology developed for the private pension funds efficiency analysis 
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in selected periods. The fourth chapter presents the data used and the legislative 
changes influencing the pension companies’ strategies. The fifth chapter contains 
the results and is divided into two main parts: in the first part the questions 1 and 2 
related to pension funds’ performance are answered together and in the second 
part the impacts of the legislative changes are examined. The conclusion part 
summarizes the findings of the paper.  
 
 
1.  Literature Review 
 
 The fundamental matter of the second and third pillars’ management is based 
on the portfolio selection problem. There are some well-known approaches to the 
portfolio selection problem, including the Markowitz (1952) and Black-Literman 
(BL) (Black and Litterman, 1991) models used in this paper. The Markowitz 
portfolio selection problem is being extended in many directions. At least two of 
them are useful for our purposes. The first one is using various risk measures 
(Konno, Waki and Yukki, 2002), (Rockafellar and Uryasev, 2000) as a reaction 
to the unattainability of the assumption of the normal distribution asset returns. It 
is also well known that one of the limitations of the mean-variance approach 
(Markowitz, 1952) is that its recommended asset allocations are highly sensitive 
to small changes in inputs and, therefore, to estimation error, mainly in expected 
returns, see i.e. Michaud (1989), Chopra (1993) and Hurley and Brimberg (2015). 
The second direction used in this paper, the Black-Literman approach (Black and 
Litterman, 1991) as an attempt to solve problems connected to possible errors in 
expected returns estimation, this approach is widely used in pension funds asset 
allocation, see Da Silva, Lee and Pornrojnangkool (2009), Jones, Lim and Zangari 
(2007), Cheung (2010). Kolm, Tutuncu and Fabozzi (2014) provides a compre-
hensive overview of models and trends in portfolio optimization and places the 
BL model among them. For the empirical evidence of the use of the BL model, 
see e.g. Bessler, Opfer and Wolff (2017) who prove that BL optimized portfolios 
outperform naïve-diversified portfolios, mean-variance, Bayes-Stein, and minimum-
variance strategies; Platanakis and Sutcliffe (2017) used it for asset-liability mo-
deling and pension schemes on over 144 samples reaching a remarkably stable 
asset allocation supported by six robustness checks. Oikonomou, Platanakis and 
Sutcliffe (2018) proves by six different approaches that socially responsible invest-
ment portfolios based on „formal“ optimization approaches (including BL) have 
superior risk-return rates than portfolios based on more simplistic approaches. 
Martin and Sankaran (2019) on six years dataset of partially correct opinions of 
small-cap and emerging market stocks show a high correlation of the BL expected 
returns for large-cap US stocks with their future five-year returns. Jayeola et al. 



607 

(2017; 2018) use the BL model to prove that the efficient portfolio cannot be 
constructed without diversification of assets to riskless (treasury bill) and risky 
(gold, silver, platinum, oil) assets together and evaluated that investment in gold acts 
as safe during an economic recession. Jakubik, Melichercik and Sevcovic (2009) 
discusses the sensitivity of stock proportion in Slovak pension funds’ portfolios 
to the savings level and prove its linearity with respect to the contribution rate. 
 The Black-Litterman approach was further extended and modified, e.g. by 
Martellini and Ziemann (2007) who extended it by non-trivial preferences about 
higher moments of asset return distribution; further Bertsimas, Gupta and Pascha-
lidis (2012) replaced the statistical base of the model with ideas from arbitrage 
pricing theory and volatility uncertainty; Lejeune (2011) constructs fund-of-funds 
based on a probabilistic integer, non-convex optimization problem. Kara, Ulucan 
and Atici (2019) used GARCH modeling to predict indicators for the stocks and 
transformed them to return forecasts through Support Vector Regression to get 
investor views vector incorporated into the BL model. Pang and Karan (2018) 
replaced the multi-variate normal distribution with multi-variate elliptical distri-
butions in the risk measure and derived a closed-form solution in the BL model. 
Rodrigues and Lleo (2018) combined standard and behavioral portfolio theories; 
Gnedenko and Yelnik (2016) used a geometric interpretation of quadratic pro-
gramming: using tracking error as a distance of measure included the optimal 
unconstrained factor portfolio to all feasible portfolios to get an optimal solution. 
Jia and Gao (2016) used the inverse optimization technique to extend the BL 
approach by the variance of the stock, the updated estimation of the expected 
return and covariance matrix was found by solving a semidefinite programming 
problem. Vyrost and Lyocsa (2014) used co-exceedance and mean-variance dis-
tances between assets instead of usual correlations. Zhou (2009) uses Bayesian 
learning to exploit all available information as market views, proprietary investor 
views, and the data. 
 An extensive review of computable general and partial equilibrium models 
dealing with a pension, aging, and social security issues is provided by Fehr 
(2009; 2016) provides the reviews of CGE models dealing with social security. 
Makarski, Hagemejer and Tyrowicz (2017) compares the welfare effects and fiscal 
costs of replacing the pay-as-you-go defined benefit system by contribution system 
and found that funding the pension system gap with public debt allows an inter-
generational redistribution. With the intergenerational fairness of pension schemes 
deals Kryger (2011) in his paper Fairness versus efficiency of pension schemes. 
Adema, Meijdam and Verbon (2009) explores by a two-country two-period 
overlapping-generations model benefits and costs of countries with a PAYG and 
funded pension systems under Pareto efficiency condition in European countries. 
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Guardiancich (2011) examined the vision towards a single occupational pension 
market of European Union’s countries proposed by the European Commission’s 
Institutions for Occupational Retirement Provision Directive. Casarico (1998) uses 
a two-period overlapping generations model with investments in human capital 
and capital market imperfections to study the effects of a pension reform on life-
time opportunities and output. The same methodology was used in Artus (2000). 
Bian, Li and Yao (2018) propose an equilibrium investment strategy for a de-
fined-contribution pension plan under various conditions. Kotesovcova (2011) 
provides the evaluation of pension funds by the investment performance of pen-
sion systems in 23 countries. Table 1 summarizes the literature review for the 
portfolio optimization methodology applied to pension funds efficiency. 
 
T a b l e  1  

Literature Review 

Authors Country Timespan Method 

Fehr, 1999 Germany Simulation Auerbach-Kotlikoff  
simulation model 

Kilianova et al., 2006 Slovakia Jan 1996 – June 2002 NA 
Barros and Garcia, 2007 Portugal 1994 – 2003  Cobb-Douglas stochastic 

cost frontier model 
Mitkova et al., 2007 Slovakia 2005 – 2007 Promethee methods, 

Black-Litterman approach  
Garcia, 2010 Portugal 1994 – 2007  DEA-Malmquist index 
Angelidis and 
Tessaromatis, 2010 

Greece 2005 NA 

Gokgoz, 2010 Turkey 2006 – 2007  DEA 
Marti-Ballester and 
Prior-Jimenez, 2010 

Spain NA DEA, additive frontier 
models 

Serbanescu and Pele, 
2011 

Poland 2002 – 2009  Binary logistic regression 

López and Walker, 2021 Italy 1989 – 2006  Econometric estimation 
Gokcen and Yalcin, 
2015 

Turkey 2004 – 2011  Sharpe model 

Mavlutova et al., 2016 Latvia 2009 – 2015 NA 
Foo and Witkowska, 
2016 

Poland, Germany, UK, 
Europe, USA 

2002 – 2013  Sharpe model 

Uyen, 2016 Argentina, Bolivia, 
Colombia, Chile, Costa 
Rica, Dominican  
Republic, Mexico, Peru, 
El Salvador, Uruguay 

2005 – 2015  DEA method 

Kompa and Witkowska, 
2016 

Poland 1999 – 2013  Sharpe model,  
Treynor ratios 

Mlynarovic, 2016 Slovakia Apr 2005 – Aug 2015  Black-Litterman approach 
Matic and Cobovic, 2017 Croatia NA Comparative analysis 
Sun, 2017 China NA Partial equilibrium analysis 
De la Torre-Torres et al., 
2019 

Mexico Jan 2005 – July 2018 Two-regime  
Markov-switching analysis 

Witkowska et al., 2019 Poland 2009 – 2015  Sharpe model (CAPM) 
Bottazzi et al., 2011 Chile 2003 – 2017 Sharpe model 

Source: Authors. 
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2.  Mathematical Backgrounds 
 

 A decision-able tool for efficiency analysis in a selected segment of financial 
markets is an efficient frontier of the segment in a selected risk-return space. The 
Markowitz portfolio selection problem (Markowitz, 1952; 1959) can be gene-
ralized as a multiple criteria optimization problem written as: 
 

 ( ) ( ){ }1 2,eff f f W∈w w w        (2.1) 

where 

 ( ){ }*
* 11, 0,n T

W R E f E= ∈ = ≥ ≤ ≤w e w w w           (2.2) 

and 
 f1(w) – a return measure scalar function, 

 f2(w) – a risk measure scalar function, 

 w   – the vector of portfolio weights, 
 n   – the number of assets on the selected segment,  
  e     – the vector which elements equal 1, 
 
while 

 ( )* 1E f= w
*

and ( )* *
1E f= w       (2.3) 

 

 ( ){ }* 2 1, 0T
argmin f= = ≥w w e w w     (2.4) 

( ){ }*
1 1, 0T

argmax f= = ≥w w e w w  
 
and a constrained method (Steuer, 1989), (Mavrotas, 2009) is used to solve the 
problem (2.1).  
 In the analysis of the efficiency on the market of the private Slovak pension 
funds, it is assumed that 
 

 ( )1
Tf =w E w             (2.5) 

 

 ( ) ( ) ( ) ( ) ( )2

1
,

1
f CVaR E r r VaRβ ββ

β
 = = − − ≥ −

w w w w w  (2.6) 

 
where 
 r(w) – the portfolio return, 
 E – the vector of expected pension funds returns,  
  β – the confidence level, 0 < β < 1. 
 
 Conditional value at risk (CVaR) is used as a measure of risk because it main-
tains advantages of value at risk (VaR) and (2.1) becomes an LP-computable 
problem (Konno, Waki and Yukki, 2002). Black and Litterman (1991) develop-
ed a quantitative approach to deal with the problem of estimation error. The goal 
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of this model is to create stable, mean-variance efficient portfolios, which over-
comes the problem of input sensitivity. The Black-Litterman model uses „equi-
librium” returns as a neutral starting point. Equilibrium returns are calculated 
using either Capital Asset Pricing Model (CAPM) or reverse optimization method 
in which the vector of implied expected equilibrium returns P is extracted from 
known information and  
 

 δ=P Cw          (2.7) 
 
where 
 w – in this case the vector of market capitalization weights,  
 C  – the covariance matrix, n× n, where n is the number of assets, 
 δ – the risk-aversion coefficient, which represents the market average risk tolerance. 
 
 In general, the Black-Litterman approach consists of the following steps: 

1. Define equilibrium market weights and covariance matrix for all asset 
classes. 

2. Calculate the expected return implied from the market equilibrium portfolio. 
3. Express market views and confidence for each view. 
4. Calculate the view adjusted market equilibrium returns. 
5. Run mean-variance optimization. 

 Following (Mitkova, Mlynarovic and Tus, 2007) the approach without market 
views expressions is used to describe the efficient frontier of the Slovak pension 
funds market in the following way. Let vector wc describe the capitalization on 
the market of the funds and Ec is the corresponding return of the weighted mar-
ket competition for the current period. The risk-adjusted return (R_A_R) can be 
written in the form 
 

 T
c c cE δ− w Cw             (2.8) 

 
and it is assumed that this return is for the weighted market competition zero. 
So, we have 
 

 c
c T

c c

Eδ =
w Cw

           (2.9) 

and finally, the vector 
 c c cδ=P Cw         (2.10) 

is used in  
 ( )1

T
cf =w P w           (2.11) 

together with  

 ( )2
Tf =w w Cw             (2.12) 

 
in the resulting second version of the problem (2.1). 
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3.  The Data and Legislative Changes 
 

 The analysis is based on data of the Slovak National Bank reported daily for 
the second pillar (from April 1st, 2005) and for the third pillar (from July 1st, 
2009) consists of funds income units and net assets values. The structure of the 
funds is described in Table 2. For the identification of the funds in this paper, the 
following structure of the funds’ name is used: NAME_PILLAR_TYPE, where 
NAME consists of AEGON,2 Allianz, AXA, NN, PB, STB, VUB; PILLAR con-
sists of DSS – second pillar, DDS – third pillar; and TYPE consists of C – con-
servative, B – balanced, G – growth, and I – index. There are included ten con-
servative funds, five balanced funds, and ten growth funds for the whole period. 
Also, five index funds for a shorter time, from April 2013 to June 2019. The 
value of the β in this analysis was 0.98. 
 
T a b l e  2  
Pillars Notation 

Pillar/type Conservative Balanced Growth Index3 

DSS 
(II. pillar) 

AEGON 
Allianz 
AXA 
PB 
NN 
VUB 

NN 
VUB 

Aegon 
Allianz 
AXA 
PB 
NN 
VUB 

Aegon 
AXA 
PB 
NN 
VUB 

DDS 
(III. pillar) 

AXA 
STB 
PB 
NN 

AXA 
STB 
NN 

AXA 
STB 
PB 
NN 

 

Source: Authors. 
 

 The legislative changes of the pension system of the Slovak Republic were 
analyzed on the conservative and growth pension funds operating during the 
complete period. Table 3 summarizes the legislative changes related to the pension 
funds in the second pillar. The changes are related to management companies on 
the one hand and savers on the other. 
 This part of the paper extends the research of Mlynarovic (2016). Three periods 
were set according to two main legislative changes, which, in our opinion, sig-
nificantly influence the investment strategies of private pension funds and their 
positions on the efficient frontiers of the Slovak pension funds market. The first 
one on July 3, 2009, when the pension companies had to launch a guarantee fund 
for each of their pension investment funds, where flew all the yields. The yields 
were compared with a benchmark after six months with possible penalization of 
a pension company.  

                                                 
 2 From October 2019 included to NN (out of observed timespan).  
 3 Data only for April 2013 to June 2019. 
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T a b l e  3  

Legislative Changes of Slovak Pension System Review 

With 
effect 
from 

Reward  
to a pension 
management 

company 

Entrance Exit Investment funds 

I/2007 0.065%       
I/2008  Possibility to enter  

the second pillar till 
june 30, 2008 

Possibility to exit  
to the first pillar  

 

    Voluntary enter  
for first-savers 

    

XI/2008   Possibility to enter  
the second pillar till 
june 30, 2009 

Possibility to exit  
to the first pillar till 
june 30, 2009 

  

I/2009       Reappraisal of limits and restrictions 
for property disposals and reappraisal 
of risk distribution rules  

VII/2009 0.025%   Guarantee fund  
  The reward  

for property 
appraisal max 
5.6% 

      

IV/2012 High water 
mark 

Automatic entry to  
the second pillar for 
first-savers (possible 
exit within 2 years) 

 Mixed and stock funds:  
end of property guarantees 
Bond funds: a new form for  
the guarantees 

 Reward lowers 
the value of  
the pension unit 

  Mixed and stock funds: possibility  
to invest into premium bonds for 
precious metals, max 20% 

    Stock funds: max 80% bonds  
and money investments share  
of the net value of property 

    Possibility to choose a fund  
    Funds rename: conservative → bond; 

balanced → mixed; growth → equity; 
and new index 

        Reference value – pension funds 
yields and benchmark comparison 

IX/2012   Possibility to enter  
the second pillar till 
january 31, 2013 

Possibility to exit  
to the first pillar till 
january 31, 2013 

Contribution rate to pension savings 
4% (9% before)  

I/2013 Max 0.3% Voluntary enter to  
the second pillar till 
35 years of age  
(no exit option) 

 Guaranteed bond pension fund 
(money and bond investments)  
Non-guaranteed stock pension fund 
(investment strategies related to  
a wide variety of tolls including stocks) 

 The reward  
for property  
Appraisal max 
10% of  
appraisal value 

   

  The reward for 
pension account 
management 
max 1% 

      

I/2017       Contribution rate to pension savings 
4.25% (4% before) 

I/2018 – 
I/2024  

      Contribution rate to pension savings 
rises by 0.25% 

Source: Own compilation based on information from National Bank of Slovakia.  
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 The conservative funds of the second pillar were under strict regulation with 
similar effects before 2009. It was analyzed whether the introduction of a guarantee 
account lowers the fund returns at a lower risk rate resulting in effective frontier 
movement closer to the origin in the equilibrium risk-return space. The second 
main change was on April 5, 2012, when pension management companies are 
obliged to administer two types of funds, a guaranteed conservative fund (now 
named bond fund) and an unguaranteed growth fund (now named equity fund). 
They can also run other types of guaranteed or unguaranteed funds (e.g. mixed). 
It means that guarantees for the other funds than conservative funds were can-
celed. The further analysis examines expected shifts of the effective frontiers 
toward the higher returns at higher risk. The notation of the funds is slightly 
changed to PERIOD_NAME_PILLAR_TYPE, where Period 0 tags March 22, 
2006, till July 3, 2009, Period 1 tags July 3, 2009, till April 5, 2012, and Period 2 
tags April 5, 2012, till June 28, 2019. 
 
 
4.  The Results 
 
 The conservative, balanced, and growth funds from the second and third pil-
lars together were used to generate the effective frontier in CVaR-return space in 
Figure 1. This frontier is based on twenty-five pension funds’ performance in the 
whole period as mentioned before. The return is measured by yearly moving 
average return and the risk by conditional value at risk. The graph depicts also 
indexed funds not included in the frontier generation since there are data availa-
ble only for a shorter period.  
 
F i g u r e  1 

Effective Frontier in CVaR-return Space 

 
Source: Authors. 



614 

 To analyze the first question, just look at the position of each fund consider-
ing the effective frontier in Figure 1. Five pension funds are lying on the frontier: 
the conservative funds of Allianz and Aegon in the second pillar with low risk 
and return performance and three growth funds in the second pillar: AXA, VUB, 
and Allianz. Two growth funds of NN (second pillar), and AXA (third pillar) 
have a very close position to the frontier, and one balanced fund of VUB in the 
third pillar. Five out of ten examined conservative funds reach return below the 
effective frontier. The growth fund of STB in the third pillar achieves extremely 
low return along with a high risk rate.  
 The second question asks whether the outcomes of the investment strategies 
match the declared types. Figure 1 shows distinct clusters of three types of funds 
based on different investment strategies. The conservative funds perform with 
low return (0 – 2.5%) and risk rates (0 – 3%), as expected, and form a small 
compact cluster. The cluster of balanced funds shows higher diversity in risk 
(2 – 7.5%) with two funds close to the frontier and two funds with relatively low 
(below minimal accepted) return (0 – 4%). This set is almost completely a part 
of the growth funds cluster showing that the growth funds’ cluster has nearly the 
same returns (1 – 5%) with the highest spread in risk (with several „outsiders“: 
AXA and PB in the second pillar. The picture also captures the indexed funds’ 
cluster, separate from the previous three.  
 Next, the same analysis was performed in a shorter time span, where the re-
turns for index funds are available. The effective frontier in return – CVaR was 
generated for thirty pension funds from April 25, 2013, till June 28, 2019. Figure 2 
proves the results of the previous part of the research. Moreover, the index funds 
create a separate cluster with the highest return and comparable risk rate of 
growth funds, with performance near the effective frontier. 
 The effect of legislative changes was examined by using the model (2.11 – 
2.12) and corresponding efficient frontiers are constructed under the condition of 
existence of two fictive funds (MC_sa) using simple average returns and (MC_wa) 
using weighted average returns. The risk, equilibrium return, market weights, 
risk-adjusted return (R_A_R), and equilibrium return/risk ratio are calculated for 
the second pillar conservative (Table 4) and growth funds (Table 5) including 
two fictive funds. The R_A_R for weighted market competition (MC_wa) is by 
definition (2.8) equal to zero which allows separating the funds on a given market 
on relatively „good“ with a positive value and relatively „bad“ with a negative 
value. The equilibrium return/risk ratio value allows outranking the funds as 
well. Figure 3 depicts the effective frontiers in expected equilibrium risk-return 
measured by standard deviation space for conservative funds in base Period 0, 
Period 1, and Period 2. Figure 4 shows the same for the growth funds. 
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F i g u r e  2  

Efficient Frontier in CVaR-return Space in a Shorter Time 

 
Source: Authors. 

 
F i g u r e  3  

Efficient Frontiers for Conservative Funds in Three Periods 

 
Source: Authors. 
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 It was expected that the introduction of a guarantee account in July 2009 lowers 
the fund returns at a lower risk rate resulting in effective frontier movement 
closer to the origin in the equilibrium risk-return space. The arrangement in 
April 2012 was expected to relax the risk rate, hence shift the effective frontier 
toward higher returns at higher risk. Figure 3 shows the effective frontier shifts 
from the base Period 0. The first significant legislative change in July 2009 re-
sulted in the upper-left movement of the effective frontier for conservative funds 
toward higher expected returns at lower risk rates. The second substantial change 
in pension funds legislative in April 2012 caused down-right movement of the 
effective frontier, even further as at the initial conditions.  
 
F i g u r e  4  

Efficient Frontiers for Growth Funds in Three Periods 

 
Source: Authors. 

 
 For the growth funds, the effective frontier of Period 1 substantially increased 
the expected equilibrium returns at lower risk rates. The guarantees regulation 
release in the second period resulted in an effective frontier shift to higher returns 
and higher risk rates compared to the situation before any government regulation.   
 The third non-compulsory pillar is not subject to such rigorous government 
regulations and legislative changes. The motivation for reviewing this sector of 
the pension funds market is the comparison of the portfolio managers’ decisions 
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not underlying the legislative changes for the second pillar. The same analysis 
was conducted for the third pillar funds where four conservative funds and sub-
sequently four growth funds were included in this analysis. Period 1 and Period 2 
were examined for the complete dataset of the third pillar.  
 Table 6 and Figure 5 are related to the conservative funds and depict the effec-
tive frontier movement towards lower expected equilibrium returns at a higher 
risk rate in Period 2. The shift of the effective frontier for the third pillar tracks 
the shift of the second pillar direction.  
 
F i g u r e  5 

Effective Frontier of the Conservative Funds of the Third Pillar 

 
Source: Authors. 

 
 Table 6 shows that the highest equilibrium return among conservative funds 
in the third pillar had STB, it was accompanied with the highest risk in both pe-
riods, and the fund was evaluated as the only relatively „bad“ fund in Period 2. 
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The AXA had an even negative equilibrium return in the first period. The risk 
aversion substantially decreased in the second period.  
 
T a b l e  6  

Third Pillar Conservative Funds Characteristics  

Period Company 
1_AXA_ 
DDS_C 

1_TB_ 
DDS_C 

1_NN_ 
DDS_C 

1_STB_ 
DDS_C 

1_MC_wa 1_MC_sa 
 

1 

Risk, p.a. 0.36% 0.22% 0.21% 0.59% 0.30% 0.20% Risk aversion 
Equillibrium return, p.a. –0.87% 1.19% 0.94% 3.38% 1.83% 1.16% 2,099.49 

Market  weights 0.35% 15.68% 48.74% 35.23%     Market return 
R_A_R –3.65% 0.22% –0.01% –3.97% 0.00% 0.29% 1.83% 
Equilibrium Return/Risk –2.3934 5.5440 4.4025 5.7104     6.1987     5.7062 

 

Company 
2_AXA_ 
DDS_C 

2_TB_ 
DDS_C 

2_NN_ 

DDS_C 

2_STB_ 

DDS_C 
2_MC_wa 2_MC_sa 

 

2 

Risk, p.a. 0.18% 0.59% 0.97% 2.54% 1.04% 0.99% Risk aversion 
Equillibrium return, p.a. 0.14% 0.67% 1.20% 2.85% 1.31% 1.22% 121.30 

Market weights 3.48% 10.87% 73.52% 12.13%     Market return 
R_A_R 0.10% 0.25% 0.06% –4.94% 0.00% 0.03% 1.31% 
Equilibrium Return/Risk   0.79  1.14  1.24  1.13      1.26     1.23   

Source: Own calculations. 
 

 Table 7 and Figure 6 are related to the growth funds of the third pillar. In 
Period 2, the effective frontier exhibits higher expected returns at almost the 
same risk rate as in Period 1. Compared to the second pillar evolution, the shift 
of the effective frontier for the third pillar hereby does not follow the second 
pillar direction. 
 
T a b l e  7  

Third Pillar Growth Funds Characteristics 

Period Company 
1_AXA_ 
DDS_G 

1_TB_ 

DDS_G 

1_NN_ 

DDS_G 

1_STB_ 

DDS_G 
1_MC_wa 1_MC_sa 

 

1 

Risk, p.a. 3.63% 3.91% 6.81% 4.16% 4.27% 4.39% Risk aversion 
Equillibrium return, p.a. 1.39% 1.52% 2.60% 1.21% 1.67% 1.68% 9.16 

Market  weights 16.25% 67.80% 15.67% 0.28%     Market return 
R_A_R 0.18% 0.12% –1.65% –0.37% 0.00% –0.09% 1.67% 
Equilibrium Return/Risk 0.3834 0.3889 0.3818 0.2922 0.3911 0.3830 

 

Company 
2_AXA_ 

DDS_G 

2_TB_ 

DDS_G 

2_NN_ 

DDS_G 

2_STB_ 

DDS_G 
2_MC_wa 2_MC_sa 

 

2 

Risk, p.a. 4.90% 4.64% 6.93% 6.09% 4.89% 5.10% Risk aversion 
Equillibrium return, p.a. 2.52% 2.64% 3.98% 3.19% 3.00% 3.08% 12.54 

Market  weights 22.97% 44.71% 26.14% 6.18%     Market return 
R_A_R –0.49% –0.06% –2.04% –1.46% 0.00% –0.18% 3.00% 
Equilibrium Return/Risk   0.51  0.57  0.57  0.52  0.61 0.60   

Source: Own calculations. 
 

 The risk aversion for growth funds does not differ considerably in the two 
periods. The equilibrium return/risk ratio grows in the second period for all 
funds, although all the funds are evaluated as relatively „bad”.  
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F i g u r e  6 

Effective Frontier of the Growth Funds of the Third Pillar 

 
Source: Authors. 

 
 
Conclusions 
 
 The private Slovak pension system market consists of the first pillar, the sec-
ond pillar, and the voluntary third pillar. The focus was on the second and third 
pillars in this analysis. In the first part of the research, the two main questions 
were answered. Two separate analyses were conducted to evaluate the efficiency 
of single pension funds in CVaR-return space, one for the whole time span – 
from March 22, 2006, till June 28, 2019, for twenty-five private pension funds of 
conservative, balanced, and growth strategies (the index funds not included to 
the frontier creation) and the second for the whole market on shorter timespan – 
from April 25, 2013, till June 28, 2019, for thirty private pension funds for the 
previous three strategies plus indexed funds. To answer the first question of how 
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effective the strategy of the single pension fund is; let’s find its position towards 
the effective frontier: conservative funds of Allianz and Aegon in the second 
pillar and AXA, VUB, and Allianz growth funds in the third pillar lye on the 
frontier. Another two funds lie very close to it: the second pillar growth fund of 
NN, the third pillar growth fund of AXA, and the third pillar balanced fund of 
VUB. On contrary, the growth fund of STB in the third pillar performs on very 
low return and high risk rate.  
 The second question, whether the investment strategies outcomes match the 
declared types of four strategies, was answered through clusters formation in the 
CVaR-return space for the whole period. It is expected that the conservative 
funds generate a cluster at a low risk-return rate, the balanced funds cluster with 
a higher rate, and finally, the growth funds the highest risk-return rate cluster. 
The conservative funds form a small compact cluster and fulfill the expectations. 
The balanced funds generate a cluster with a higher risk-return rate, exactly as 
expected. The growth funds exhibit a high spread in risk rate and almost com-
pletely overlap the balanced funds’ cluster. It was definitely proved that the out-
comes of conservative, balanced, and index pension funds match the declared 
types of strategies and the growth funds do not clearly differentiate its outcomes. 
The indexed funds added to the analysis form cluster at the highest risk-return as 
expected. The second part of the analysis carried out with all private pension 
funds in a shorter time proves the conclusions of the previous one.  
 Since the Slovak pension system was reformed several times, the portfolios in 
the second pillar were managed under changing strict legislative restrictions. The 
legislative changes impact on the conservative and growth pension investment 
funds strategies in the second and third pillars was examined in the final part of 
the paper. Very cautious investment strategies were set at the beginning of the 
private pension funds’ existence (the period from 2006 to 2009) causing compa-
rable expected returns and risks for the conservative and growth funds. In July 
2009 there was introduced a guarantee fund for the second pillar funds hence the 
portfolio managers of the growth funds were aware of higher returns because 
they had to guarantee them for the future based on the six months moving aver-
age returns. The period of six months was considered by the portfolio managers 
as too short to manage the high volatility of returns of the risky assets, hence 
they lowered the risk structure of the growth funds. This holds till April 2012 
when the guarantees were relaxed for the growth funds. Next, the growth funds 
strategies moved towards higher returns as is seen in Figure 3. The third pillar 
does not underlie these regulations. The government regulation in the first period 
caused the effective frontier for conservative funds to shift towards the higher 
expected returns at near the same risk rate as before. The conservative funds in 



623 

the next period were not under relaxed regulation, regardless the effective fron-
tier shifted to a higher risk rate with larger dispersion of the expected returns. 
The effective frontier in the third pillar not strictly regulated conservative funds 
market shows the same shift between the first and second period. The growth 
funds performance was analyzed further. The guarantee fund established for the 
second pillar resulted in a significant shift of the effective frontier towards higher 
returns at lower risk, subsequently, relaxation of this regulation caused its shift 
towards higher expected returns at a slightly higher risk rate compared to the 
pre-regulation period. The third pillar growth funds at the same time increased 
the expected returns at similar risk rates. We can conclude that the investment 
strategies of the growth funds were influenced by the legislative changes.  
 Our conclusion shows that the process of legislative changes does not indicate 
the risk lowering in general, although the analysis of Kilianova, Melichercik and 
Sevcovic (2006) from the beginning of the reformed pension system in Slovakia 
proved that there is a reasonable risk decline supported by legislation changes. 
There is an idea for future research to analyze the individual clients’ decisions in 
the context of the pension funds legislative changes. 
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