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Vazene kolegyne, vazeni kolegovia,
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Statistickd a demografickd spoloc¢nost’ v spolupraci so Stavebnou a Strojnickou
fakultou STU, Fakultou managementu UK, Fakultou prirodnych vied UMB a
Statistickym uradom SR .
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Analyza a modelovani Zivotni arovné
Jitka Bartosova

Fakulta managementu
Vysoka Skola ekonomicka v Praze
JaroSovska 1117/11
377 01 Jindfichtiv Hradec

bartosov@fm.vse.cz

Abstrakt

K méfeni zZivotni tirovné obyvatelstva se Casto pouziva hodnota Cistého ptijmu
po srazce dané. Piijem Ize po vhodnych upravach interpretovat rovnéz jako miru
produktivity prace a prosperity spolecnosti. Proto je zkoumani stavu a vyvoje piijmu
jedincti a domacnosti v poptedi zajmu ekonomt vSech vyspélych zemi svéta. Dulezitym
nastrojem tohoto vyzkumu jsou pravdépodobnostni modely. Pravdépodobnostni modely
rozdéleni piijmii umoziuji zhodnoceni zivotni trovné vSech obyvatel statu bez rozdilu,
stejn¢ jako srovnani zivotni trovné pfislusnikli riiznych spolecenskych skupin nebo
obyvatel riznych regiond. Jsou rovnéz ukazatelem relativni zivotni irovné obyvatelstva
statu ve srovnani s jinymi staty. NejCastéji pouzivanym teoretickym modelem rozdéleni
pfijml je logaritmicko-normalni rozdéleni (pfedev§im jeho tfiparametricka varianta).
Tento &lanek se zaméfuje na moznost pouziti tohoto modelu rozdéleni piijmt v CR a
SR v r. 2002.

Klicova slova: logaritmicko-normalni model, rozdé€leni pfijmd, test shody rozdéleni

1. Uvod

Zjistovani zivotni urovné a socidlni situace jedincti a domdacnosti je vénovano
mnozstvi publikaci v odbornych a védeckych casopisech a sbornicich (domaécich i
zahrani¢nich) zamétenych na ekonomii a statistiku. Mnohé z nich obsahuji vysledky
kvalitnich statistickych analyz dostupnych datovych zdroji a soucasné 1 cenné
informace o pouZitych metodach a mozZnostech jejich aplikace pii dalSich podobnych
analyzach.

Soucasny svétovy vyzkum se soustied’'uje predev§im na analyzovani dynamiky
vyvoje piijmu, jeho stabilitu a na odhalovani faktort, které ptijmy vyznamné ovliviiuji.
Tento trend se promita take do obsahu teoretickych i aplikac¢nich pfispévku a ¢lankd
prezentovanych na mezinarodni urovni. Na vystizeni dynamiky vyvoje piijmi
prostiednictvim smési jsou zaméfeny napi. prace (Paap, van Dijk, 1998, Pittau, Zelli,



2006, Di Prete, McManus, 2000, Lillard,Willis, 1978), posouzenim jeho stability
v zemich EU se zabyva ¢lanek (Longford, Pittau, 2006). Na odhaleni vlivnych faktorti a
regionalnich zvlastnosti rozdéleni piijma v ramci EU se soustied’uji ¢lanky (Kneip,
Utikal, 2001, Pittau, 2004). Podrobna analyza a modelovani stavu a vyvoje piijmu
v tranzitnich ekonomikéach byly hlavnim cilem diserta¢nich praci dvou ucastnikt
projektu, J. BartoSové (BartoSova, 2006/1) a L. Sipkové (Sipkova, 2005/2).

K oblibenym postupiim pii modelovani rozdéleni ptijmu se v soucasné dob¢ tadi
krom¢ tradi¢niho metod, pouzitych napt. v pracich (BartoSova, 2007/1, 2006/1, 2006/2)
také metody kvantilového modelovani (viz napt. Pacdkova, Sipkova, Sodomova, 2005,
Sipkov4, 2005/1). Tento progresivni zpisob modelovani, zalozeny na vyuziti vlastnosti
kvantilové funkce zobecnéného lambda rozdéleni (RS GLD) (see Ramberg, Schmeiser,
1974) ptipadn¢ Paretova zobecnéného rozdé€leni (viz. napt. Luceno, 2006), vystupuje
v posledni dobé do poptedi. Teoretické zdklady nejmodernéjSich matematicko-
statistickych klasifikacnich metod (jako jsou napf. modelovani pomoci smési, skryté
Markovovy modely, zobecnéné linearni a aditivni modely) nalezneme v pracich
(McCullagh, Nelder, 1994, Fahrmeir, Tutz, 1994, Hastie, Tibshirani, 1996, Hastie,
Tibshirani, Friedman, 2001, McLachlan, Peel, 2000).

2. Metodika

Analyzy, modelovani a porovnavani Zivotni irovné v CR, SR a dalsich statech
nabyva po vstupu téchto zemi do EU na dulezitosti. Jednoduchy a oblibeny pfistup
k modelovani rozdéleni piijmi (a tedy i zivotni urovné) pomoci jednoduchych distribuci
se muze v obdobi transformacniho procesu, kterymi prochdzi ceskda 1 slovenska
ekonomika, setkavat s obtizemi zpusobenymi nestabilitou vyvoje piijmi v tomto
obdobi. K tomu, abychom mohli objektivné posoudit, zda je vybrany
pravdépodobnostni model vhodny, je nezbytné mj. provést odhady parametri modelu i
testy shody s maximalni pfesnosti. Proto musi byt vénovana zvySena pozornost nejenom
volbé modelu, ale také vybéru metod konstrukce a optimalizaci jejiho provedeni.

Zdrojem dat, ktera byla pouzita pii modelovani rozdéleni piijma ceskych a
slovenskych domdacnosti v obdobi transformace, jsou vybérova Setfeni realizovana
Ceskym statistickym ufadem a Slovenskym $tatistickym tradom v roce 2002. Pfi t&chto
Setfenich nebyl pouzit jednotny systém déleni domacnosti do socidlnich skupin, takze
vysledky nelze pfimo srovnavat. Za vychozi je v tomto ¢lanku povazovano rozdéleni
¢eskych domdécnosti do deviti socidlnich skupin podle typu zaméstnani osoby v Cele
domacnosti (viz tabulka 1). Z dtivodu alespon ¢aste¢né srovnatelnosti vysledka bylo ve
Slovenské republice pouzito podobné déleni vybérového souboru — v tomto piipade byl
soubor rozdélen do osmi socidlnich skupin (viz tabulka 2). K charakterizaci Zivotni
urovné obyvatelstva byly pouzity hodnoty celkovych ptijmii domacnosti piepocitané na
jednoho ¢lena (tj. pfijmy na hlavu).

Hlavnim cilem konstrukce teoretického modelu je, jak znamo, dosaZzeni
maximalni pfesnosti pii vystizeni empirického rozdéleni Cetnosti (BartoSova, 2006/3).
Dalsim kritériem pfi  vybéru modelu je jeho flexibilita a jednoduchost.
K pravdépodobnostnimu modelovani empirického rozdéleni ptfijmi obyvatelstva byl
zvolen tiparametricky logaritmicko-normalni model, ktery je v praxi ¢asto pouZivan.
Vzhledem k tomu, Zze vybérové soubory piijmu ceskych a slovenskych domécnosti
z roku 2002 jsou velké (v CR je to 7973 a v SR 16337 domacnosti), byla pii konstrukci



logaritmicko-normalnich modeltl s parametry g, o’ a y, kde y je teoretické

minimum, pouzita metoda maximalni vérohodnosti. Maximaln¢ vérohodné odhady
parametru y, které nelze ziskat pfimo feSenim soustavy vérohodnostnich rovnic, byly

uréovany numericky dvéma zpisoby:

e vyhleddnim maxima modifikované formy logaritmické vérohodnostni
funkce

() = —n[ﬁ(y) +§In &Zm]

kde z(y) a 6°(y) jsou maximaln& vérohodné odhady parametrii u a
o’, v je hledana hodnota teoretického minima modelu,

e vyhledanim minima vérohodnostniho poméru

LR(u, 0%, 7|n) = 2[(Pn) — £(7 (u, 0, 7)1,
kde P je vektor empirickych &etnosti, 7(u,0°,7) je vektor
pravdépodobnosti obsazeni jednotlivych tfid, do nichz jsou data
setfidéna, E(f)|n) a f(ﬁ(,u,az,y)|n) jsou hodnoty pfislusnych
logaritmickych vérohodnostnich funkci.

Odhad parametru » (teoretického minima) nabyva v modelech rozdéleni piijmua

Casto zaporné hodnoty, lze vSak ptedpokladat, ze interval, na némz se tento odhad
naléza, je zdola omezeny. S ohledem na charakter zkoumaného znaku — ¢isté ro¢ni
penézni piijmy domacnosti — byla za prvni aproximaci dolni hranice tohoto intervalu
autorkou zvolena hodnota — X, - Pocate¢ni rozsah vyhledavani maximalni hodnoty

funkce ¢(y) je tedy dan intervalem <— Xmax» Xmin ). Maximum je zde zjisfovano
iteratné¢ na pohyblivé mfiZce, jejiz hustota se v kazdém iteracnim kroku zvySuje.
V ptipadg, ze funkce /(y) dosahne svého maxima na dolnim okraji intervalu, posune se

vyhledéavaci procedura vlevo. Tato autorkou navrzend iteracni procedura se sklada ze
dvou cyklu (vnéjsiho a vnitfniho) a je realizovana v programu MatLab (viz BartoSova,
2006/1).

Pouzitelnost logaritmicko-normalniho modelu byla testovana prostiednictvim
vérohodnostniho poméru (statistika LR). Na vysledky testovani ma, jak znamo, vliv
také pocet tfid, do nichZ jsou data rozdélena. Problémem volby optimalniho poctu tiid
m se zabyvd mnoho publikaci. V tomto c¢lanku byl k vypoétu pouzit vztah

2
m:15'5(%j , ktery je vhodny pro velké datové soubory, tj. pro soubory s

rozsahem n>80 (viz Williams, 2001).



3. Dosazené vydedky

Vysledky modelovani rozdéleni piijmi ¢eskych a slovenskych domécnosti v r.
2002 pomoci tiiparametrického logaritmicko-normalniho rozdéleni jsou obsahem
nasledujicich tabulek. Tabulka 1 zobrazuje informace o vysledcich modelovani, které
byly dosazeny v CR, tabulka 2 uvadi informace o vysledcich modelovani v SR.
V tabulkach jsou wuvedeny odhady parametri logaritmicko-normalnich modela
v jednotlivych sociélnich skupinach i celkem, bez ohledu na socialni skupinu, dale pak
hodnoty testovaci statistiky LR a kritické hodnoty (tj. kvantily ;(3'95(m—4) , kde m je

pocet tfid, do nichZz byla data pfi testovani rozdélena). K odhadu parametru » byla
pouZita v tomto ptipad¢ numericka minimalizace v€rohodnostniho poméru.

Tabulka 1. Porovnani empirického rozdéleni s logaritmicko-normalnimi modely v CR

r. 2002 (Ptijmy na hlavu)

Sociélni Odhady parametri Statistika Kvantil

skupina i o y LR ¥*0.05(M-4)
Délnici 11,728 | 0,21680 7676 68,148684 69,956832
Samostatné ¢inni 11,357 0,49730 10292 51,892489 49 587884
Zaméstnanci 11,187 0,38765 20416 48,408230 72,443307
Samostatné hospodafici 10,287 0,58180 16993 1,933071 11,344867
Druzstevni rolnici 13,471 0,00045 | -753192 | 1,328503 9,210340
Duchodci s EA ¢leny 11,228 | 0,09971 -5149 30,543463 36,190869
Diichodci bez EA ¢lent 11,597 0,03570 -9825 | 717,461299 | 77,385962
Nezaméstnani 10,404 | 0,26975 6940 10,492398 30,577914
Ostatni 10,548 | 0,68914 11466 19,937594 27,688250
VSichni 11,353 | 0,24865 6831 962,734268 | 114,694895

Tabulka 1. Porovnani empirického rozdéleni s logaritmicko-normalnimi modely v SR

r. 2002 (Ptijmy na hlavu)

Socialni Odhady parametri Statistika Kvantil

skupina i o y LR ¥*0,05(M-4)
Zaméstnanci 11,3409 | 0,56956 3864 232,400269 | 118,235749
Podnikatelé se zamést. 11,3962 | 0,76043 12808 21,318454 37,566235
Podnikatelé bez zamést. 11,2368 | 0,67905 15305 35,458674 50,892181
DruZstevnici 11,2447 | 0,57628 6865 25,501100 29,141238
Duchodci s EA ¢leny 11,2709 | 0,67044 2563 17,602500 37,566235
Diichodci bez EA ¢lent 10,6123 | 0,69914 2178 279,810095 | 102,816314
Nezaméstnani 10,9011 | 0,63036 1286 61,151730 53,485772
Ostatni 10,8337 | 0,89237 4894 29,448522 37,566235
V&ichni 11,0857 | 0,72664 2017 296,481445 | 148,570958

Vysledky testovani

pouZitelnosti zkonstruovanych logaritmicko-normalnich

modela pti modelovani rozdé€leni piijmil Ceskych a slovenskych domacnosti v roce 2002
(viz tabulky 1 a 2) ukazuji, Ze ve vétsin¢ piipadi bylo dosazeno dobré shody
teoretického a empirického rozdéleni cetnosti.

V Ceské republice byla prokazana vyrazna neshoda pouze v piipadé rozdéleni
pfijmi domacnosti dichodcti bez ekonomicky aktivnich (EA) ¢lenti a vSech



domacnosti. Vyraznéjsi odlisnost vykazuje rozdéleni piijmi domacnosti diichodci bez

EA c¢lend, kde podil dosahl hodnoty 9,2712, zatimco v piipad¢ vsech

Zg,gs (m-4)
domacnosti to bylo pfiblizné¢ 8,3939. V Slovenske republice takova vyrazna neshoda

empirického rozdéleni s logaritmicko-normalnim modelem prokéazana nebyla. 1 zde byla
pozorovana vyrazné&jsi odliSnost v piipadé rozdéleni piijmi domécnosti dichodcti bez

EA ¢lenti a vSech domacnosti, podil —; vSak v zadnem z téchto piipadia
Xo95(M—4)
neptesahl hodnotu 2,7215 (pro domacnosti dichodcii bez EA ¢lentt). Rovnéz u

domacnosti zaméstnanct dosahl tento podil zieteln¢ vyssi hodnoty (1,9656 ).

4. Zavéry

Z provedené analyzy vylyvd, Ze ttiparametrické logaritmicko-normalni rozdé¢leni
Ize povazZovat v roce 2002 za vhodny model rozdéleni piijma jednotlivet v prevazné
vét$ing socidlnich skupin, a to jak v Cechach, tak i na Slovensku. Vyznamngjsi
odli$nost Ize pozorovat pouze ve skupiné¢ domacnosti diichodcti bez EA ¢lent a vSech
domécnosti v CR, kde hodnota testového kritéria dosahla témét desetindsobku kritické
hodnoty. Rovnéz v SR byla v téchto skupindch, a navic také ve skupiné domécnosti
zamé&stnancl, zaznamenana urcita odliSnost, ktera je vSak méné vyrazna. Hodnota
testovaci statistiky v zadné z téchto socialnich skupin nedosahla trojnasobku kritické
hodnoty.

Pfic¢inu vysoké shody empirického rozdéleni piijmua s logaritmicko-normalnim
modelem lze spatfovat nejenom v modelu samotném, ale také ve vysoké kvalité jeho
konstrukce a vyuziti optimalizace pfi testovani shody pomoci vérohodnostniho poméru.
Miuizeme tedy konstatovat, Ze navrzend optimaliza¢ni procedura pro odhad parametra
umoznuje kvalitni konstrukci modelu rozdéleni piijmi ceskych a slovenskych
domacnosti, a to i v soudasném nestabilnim obdobi transformace.
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Stru¢né poznamky k finan¢nej riskmetrike

Martin Bod’a

Abstract: Pervading risk symptomatic to finance has always given rise to attempts to measure
it. This especially holds for its market form which arises in financial markets and with occurrence
of which investors occasionally tackle. The presence of risk and fears of it are the grounds that a
system of measures concerning risk have been developed, successfully being employed throughout
usual financial or academic practice. Having this in mind, the article offers a light insight into the
metrics of financial risk and systematizes common risk measures, with the accent being laid upon
the criteria of coherency and consistency.

Key words: (financial) risk, (financial) riskmetrics, coherent risk measures, consistent risk
measures

Uvod

Matematické financie (mathematical finance) od svojho vzniku ako vedna disciplina
v précach Louisa Bacheliera a Alfreda Cowlesa® si postavili do centra svojej pozornosti kategériu
rizika redlne existujuceho na finanénych trhoch a ovplyviujiuceho finanénu aktivitu (spravanie sa)
jednotlivcov. Bola a stale je povazovana za dominujici motiv vstupu jednotlivcov na finanény trh
maximalizdcia ich subjektivnej uzitocnosti v podobe dosiahnutia pozadovaného (Casto
maximalneho) vynosu. Zaujatie prislusnych pozicii na dosiahnutie takto formulovaného ciel'a
sprevadza nestabilita financnych trhov, ktora sposobuje odklon realizovanych vynosov od ich
predstav a ktora sa v oznaceni stelesiiuje do subjektivneho pojmu riziko. Mozno viest' diskusie
0 tom, ¢o to vlastne riziko je, a v tejto savislosti a na tcely ¢lanku je mozné diskutovat’ o kategorii
finan¢ného rizika, ako sa to objavovalo vo finan¢nej literatare 20. storocia. V ¢lanku sa vSak pojem
finan¢né riziko definovat’ nebude a bude sa chapat’ intuitivne, pretoZze kazdy pokus o globalnu
definiciu by bol nedokonaly a odsudeny na kritiku.

Napriek tomu bude zvoleny operacionalisticky pristup k finanénému riziku a bude
akceptovana rozsirena domnienka matematickofinanénej vedy, a sice, Ze finan¢né riziko mozno
kontrolovat, merat’ a predpovedat. Tomu zodpoveda stotoznenie finan¢ného rizika s vhodnou
mierou rizika a prezentacia akademickych nazorov tykajucich sa spravnych vlastnosti vhodnych
mier rizika.

1. Pojem rizika a finan¢ného rizika

Nemda velky vyznam anie je ucelné definovat riziko vo vSeobecnej rovine. Kazda
vykonstruovana definicia sa lisSi od pripadu k pripadu, vystihuje iba niektoré Specifické pripady
anie je sposobild univerzdlne vystihnit' vlastni podstatu rizika. Je zrejmé ucelné hovorit’ iba
0 kategoriach rizika ako o jednotlivych triedach pripadov, ktorych sa riziko tyka. Napriek tomu je
odborna a pseudoodborna literatira plna pokusov, ako ¢o najlepsie vystihnut' obsah tohto pojmu,
a ako ho najlepsie definovat. Koncizny a systematicky pohl'ad na filozoficki koncepciu rizika je
poskytnuty Holtonom (2004), ktory pri hl'adani obsahu pojmu vierohodne diferencuje v ponimani
rizika
e subjektivny pristup, ktory je asociovany s neistotou (neurcitost'ou) a zdoraznuje subjektivne

vnimanie individualnej rizikovej expozicie, a

! Louis Bachelier publikoval svoj &lanok Théorie de la Speculation v Annales Scientifiques de I’ Ecole Normale Supérieure v roku
1900 a Alfred Cowles uverejnil v Econometrica svoje prace v rokoch 1933 (Can Stock Market Forecasters Forecast?) a 1944 (Stock
Market Forecasting).



e operacionalisticky pristup, ktory vychadza z presvedcenia, Ze riziko per se nejestvuje, ale Ze ho
mozno merat, a preto ho Casto kladie na roveinl s konkrétnou ¢iselnou charakteristikou, ktorou sa
meria.

Ukazuje sa byt vhodné vzhl'adom aj na vysSie uvedené dovody riziko nedefinovat’, ale iba
zakladat’ na jednoduchom axiomatickom systéme obsahujucom dva tvrdenia.

AXIOMA €. 1. Existuje riziko.
AXIOMA C. 2. Riziko moZno merat’.

Spomedzi viacerych uvazovatelnych kategorii rizika sa ¢lanok koncentruje na bohatd
kategoriu finan¢nych rizik, ktoré Jilek (2000) v konzistencii s praxou vymedzuje ako potencialnu
finan¢nu stratu subjektu. Pre zaujimavost’ je mozné uviest’, Zze v odbornej literature sa rozliSuja Styri
zakladné subkategorie finan¢ného rizika (porov. napr. Jilek, 2000, Jorion, 2003), ktoré su priblizené
v schéme ¢. la. Z regulacného hl'adiska bolo pre oblast’ podnikania finanénych institicii Novou
bazilejskou kapitdlovou dohodou (New Basel Capital Accord / Basel 11) vroku 2004 zavedené
rozliSovanie trojdimenzionalnej Struktiry finan¢ného rizika, ktorého prakticky obsah je premietnuty
v schéme ¢. 1b.

Hoci sa chapanie rizika vo viacerych dimenzidch javi byt ako vhodny pristup ku
komplexnému posudzovaniu rizika jednotlivych subjektov, v d’alSom texte sa zaber zredukuje iba
na trhova formu finan¢ného rizika. Ak sa preto pouzije jednoducho vyraz finan¢né riziko, mysli sa

tym trhové finan¢né riziko.
DIMENZIE FINANCNEHO RIZIKA

Trhové riziko

KATEGORIE FINANCNEHO RIZIKA

TRHOVE Riziko (nepriaznivych) zmien trhovych

RIZIKO cien finanénych indtrumentov Rast volatilty
trhovych cien
RIZIKO Riziko zniZenia likvidity trhu alebo riziko
LIKVIDITY vlastnej platobnej neschopnosti

Oneracné riziko

UVEROVE | |Riziko platobného zlyhania obchodnych

RIZIKO partnerov Tendencia operaénych zlyhani
Uverové rizikf/
— Pokl_es
OPERACNE | | Riziko zlyhania vndtornych procesov, fudi _ lverovej

RIZIKO a vyskytu (nepriaznivych) udalosti sposobilosi
Schéma €. 1a Kategorie financného rizika Schéma €. 1b Dimenzie finanéného rizika
Zdroj: Vlastné spracovanie. Zdroj: Prevzaté z Gallati (2003).

2. Riskmetrika

Z axiémy €. 2 o meratel'nosti vyplyva, Ze musi existovat’ miera, ktora kvalifikuje rizikova
expoziciu subjektu. Z praktického hladiska st zaujimavé iba miery rizika, ktoré kvalifikuju riziko
Ciselne avhodnym sposobom numericky ohodnocujii riziko finanénych inStrumentov
koreSpondujuce s moznymi stavmi sveta existujucimi na nejakom pravdepodobnostnom priestore.
Na zéklade toho je mozné (v stlade s literaturou) formulovat’ pojem miera rizika.

Definicia ¢. 1 Nech V je neprézdna mnozina F -meratelnych redalnych ndhodnych premennych na
pravdepodobnostnom priestore (Q, F, P) . Mierou rizika nazyvame zobrazenie p: v - g {4} .

Z definicie je zrejmé, Ze miera rizika je nejaké zobrazenie z mnoZiny v reprezentujucej
finan¢né inStrumenty, ktorym zodpovedaji mozné stavy sveta (v kontexte Clanku realizované
vynosy alebo straty), do ¢iselnej osi e rozsirenej 0 « (¢o umoziuje kvalifikovat’ ,,vySku® rizika
napr. v podobe vysky potencialnej straty).

Vymedzenie pojmu miera rizika v zmysle definicie ¢. 1 pripista za mieru rizika pomerne
Siroku Skalu zobrazeni a je zrejmé, Ze nie kazdé zobrazenie je rozumné. Je na mieste otazka, aka je



optimalna miera rizika (teda: akd miera rizika funduje sprdvne rozhodnutie pre investora).
V odpovedi sa teoretické pristupy roznia a roztvaraju sa noznice medzi teoretickou optimalnostou
na jednej strane a praktickou uplatnitelnost'ou a interpretovatelnost'ou na druhej strane. Prax skor
inklinuje k pouzivaniu jednoduchych syntetickych mier, akymi st volatilita (vyjadrena najéastejSie
ako smerodajné odchylka potencidlnych vynosov a strat) alebo value at risk. Teoria ale upozoriuje
na skutocnost’, ze bezne pouzivané miery nemusia byt vobec vhodné pre bezpecné rozhodovanie
a mozu zakladat’ rizikové pozicie. V tomto mozno hl'adat’ aj priiny pre vyvinutie akejsi tedrie
miery finanéného rizika, ktora stanovuje kritéria, ktoré by idedlna miera rizika mala spinat
a posudzuje zauzivané varianty zo stanoveného kriteridlneho hl'adiska.

Volatilitu, v stcasnosti klasicki a obl'itbenii mieru na hodnotenie rizikovosti expozicie,
zuzitkoval uz v roku 1900 Louis Bachelier vo svojej Théorie de la Speculation. Masivna kritika jej
vhodnosti zacala objektivne v 50. — 70. rokoch 20. storoc¢ia s rozvojom teorie portfdlia a v tomto
obdobi vznikli prvé uvahy zalozené na kritériu stochastickej dominancie motivované usilim zoradit’
varianty rozhodovania v prostredi neistoty. Az v obdobi explézie zaujmu o value at risk v polovici
90. rokov 20. storocia sa objavili prvé snahy formulovat’ pojem miera rizika, definovat’ jej Zelatelné
vlastnosti a identifikovat’ zname miery rizika zpohladu stanovenych vlastnosti. Je mozneé
registrovat’ dva smerodajné pokusy o zadanie idedlng miery rizika:

e Vroku 1997 skupina autorov Artzner, Delbaen, Eber aHeath predstavila axiomaticku
koncepciu idedlng miery rizika urenej koherentnostou.

e V roku 2006 skupina autorov Danielsson, Jorgensen, Sarma, de Vries a Zigrand v rdmci svojej
komparécie niektorych mier rizika ako normativnu poZiadavku idealnej miery rizika stanovili
j€j konzistentnost so stochastickou dominanciou.

2.1 Koherentnamierarizika

Koherentna je podla Artzner, Delbaen, Eber a Heath (1997, 1999) miera rizika, ktora
disponuje axiomatickymi vlastnostami translanej invariantnosti, subaditivity, pozitivnej
homogenity a monotonnosti.

Definicia ¢. 2 Nech Vv je neprazdna mnoZina F -meratelnych redlnych ndhodnych premennych na
pravdepodobnostnom priestore (@, F, P) . Koherentnou mierou rizika sa nazyva miera rizika p vtedy alen
vtedy, ked

(a) prevsetky X eV avsetky redlne cisla & plati p(X +¢&)=p(X)—& (TRANSLACNA INVARIANTNOST),

(b.) prevsetky X, X, eV plati p(X,+X,)< p(X,)+p(X,) (SUBADIVITIVA),

(c) prevsetky X eV avsetky redlne cisla 2>0 plati p(AX)=p(X) (POZITIVNA HOMOGENITA),

(d.) prevsetky X, X, eV také ze X, <X,, plati p(X,)<p(X,) (MONOTONNOST).

Interpretatne axidoma translanej invariantnosti uspokojuje poziadavku, podla ktorej
zaradenie bezrizikového aktiva (napr. hotovosti) do portfélia zniZzuje (absolutne) celkovi mieru
rizika. Subaditivita je vyjadrenim principu diverzifikacie rizika portfélia, tzn., Ze riziko celého
portfolia je menSie (nanajvys rovnaké) ako sucet individudlnych rizik jeho subportfolii. Poziadavka
pozitivne] homogenity (prvého stupna) vyjadruje, ze ak zmenime proporcionalne objem drzanych
finan¢nych instrumentov v portféliu (pri zachovani relativnej Struktiry), rovnako sa proporcionalne
zmeni i rizikovost’ portfolia. Monoténnost’ zase vyjadruje, Ze ak su straty v jednom portfoliu
zastipené vacsmi ako straty v druhom portfoliu, je iriziko prvého portfolia vacsie ako riziko
druhého uvazovaného portfélia.

2.2 Konzistentna mierarizika

Bolo naznacené, ze konzistentnost sa asociuje so stochastickou dominanciou (ako
vlastnost'ou). Stochastickd dominancia je pojmom tedrie rozhodovania a ako taky sa pouZziva
vSeobecne a nedefinuje sa. Kombinuje v sebe prvky pravdepodobnostného pristupu a pristupu
zalozen¢ho na maximalizacii uzitocnosti pri hodnoteni komparativnej vyhodnosti (zorad’ovani)
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rieSeni rozhodovacich Uloh v prostredi neistoty (obzvlast v oblasti ekonomie a financii). Jej
popularita spo¢iva v tom, Ze sa vzdava nasilnych predpokladov o type rozdelenia moznych stavov
sveta (tzn. vynosov a strdt) anevyZaduje poznatky o tvare funkcie uzito¢nosti rozhodovatela.
BliZSie je definovana a vysvetlena podstata stochastickej dominancie napr. u Mlynarovic¢a (2001,
S. 140-149). V texte sa vystaCi iba s definiciou konzistencie miery rizika podla Danielsson,
Jorgensen, Sarma, de Vries a Zigrand (2006).

Definicia ¢. 3 Nech V je neprazdna mnoZina F -meratelnych redlnych ndhodnych premennych na
pravdepodobnostnom priestore (Q, F,P) anech X,X,eV. Hovorime, Ze miera rizka p je konzistentna

podla [prvého, druhého] radu stochastickej dominancie vtedy alen vtedy, ked plati, Ze ak X, stochasticky
dominuje X, v[prvom, druhom] rade, potom p(X,)< p(X,).

2.3 Typologia zékladnych mier rizika

V zasade bez ohl'adu na diskusiu o pseudoidealnosti je mozné rozliSovat’ dva okruhy mier
rizika: totalistické (celkové) miery a redukované (podreferenéné) miery®. Totalistické miery rizika
(overall risk measures) v sebe integruju kladné i zaporné odchylky od bezrizikovej situécie alebo od
nejakého referenéného Kritéria, tzn. do seba inkorporuju pozitivne realizacie (vynosy) aj negativne
realizacie (straty) financného aktiva vzh'adom k oCakavaniam. Redukované miery rizika (downside
risk measures) naproti tomu odstraiiuju nedostatok totalistickych mier v tom, ze za zdroj rizika
povazuju iba odchylky negativnym smerom od nejakého referen¢ného bodu. Kym totalistické miery
vztahuju riziko k celej mnoZine stavov sveta @ asU nasledne vhodné pre symetrické rozdelenia,
redukované miery povazuju za riziko iba negativne stavy sveta v porovnani s o¢akavanim a funduju
na redukovanej podmnoZzine negativnych stavov sveta Q™ c Q. Prehl'ad zakladnych (najCastejsie
zdodraziiovanych) mier finanéného rizika podla typologického urenia je priblizeny v schéme &. 2.°

Z uvedeného prehl'adu mier finanéného rizika st pre Gcely posudzovania intenzity expozicie
najcastejsie diskutované a pouzivané volatilita, value at risk a expected shortfall a je preto vhodné
upozornit’ na ich spdsobilost’ merat’ riziko.

e Tradi¢na volatilita je kritizovana pre svoju symetricki konstrukciu (vo forme smerodajnej
odchylky), ked’ze za rizikové povazuje ako realizované vynosy, tak aj realizované straty, ¢o je
V rozpore so vSeobecnou (primitivnou) koncepciou rizika, podl'a ktorej finan¢né riziko spociva
(iba) v moznosti finan¢nej straty. Vynosy, ktoré volatilita vnima negativne ako prispevok
k riziku, su ale obyCajne motivaciou investovania na finan¢nych trhoch.

e Value at risk a expected shortfall poskytuju iny pohl’ad na riziko. Kym volatilita meria, 0 kol’ko
sa V priemere vynosy a straty odliSuji od svojej strednej urovne (inymi slovami, aka velka je
menlivost’ vynosov a strat), value at risk je kvantilom rozdelenia vynosov a strat portfélia a teda
vymedzuje stanovené percento najnepriaznivejSich strat portfolia. Expected shortfall je strednou
hodnotou najhorsich strat portfolia ur€enych stanovenym percentom. Hoci obe miery rizika
poskytuju uréita kvalitativnu troven informacii a hoci sa javi byt’ expected shortfall kritickejSou
mierou, v oboch pripadoch plati, Ze ide o vagny (a spochybiiovany) koncept. V praxi sa pouziva
prakticky jednostranne value at risk, pretoze expected shortfall pre svoju narocnu technicku
implementéciu zostava skor akademickym navrhom.

2 Napr. Danielsson, Jorgensen, Sarma a de Vries (2005) a Danielsson, Jorgensen, Sarma, de Vries a Zigrand (2006) v tejto savislosti
pouZzivaju terminol6giu overall risk measures a downside risk measures, zatial’ ¢o Kaplanski a Kroll (2000) uvazuji v prvej skupine
iba disperzné miery rizika (dispersion risk measures) a druht skupinu oznacuji ako below-a-reference point risk measures.

Vo vSeobecnosti plati, ze ¢im vy$§im poctom parametrov miera rizika disponuje, tym flexibilnejSie je vyuZzitel'nejSia pri modelovani

.....

napriklad Stoneov trojparametricky L-model miery rizika L, 4 = IQ(A)| r —t|“dF(r). Porov. Stone (1973).

11



D'i;'éif“é wlatiita || o=([_(r —p?*dF(r) F';f::f?gﬂvhﬁggg’* Pt = Jogmgy €= D) AF (D)
%mg&: AD — \/W Royovamiera || Fg,o (g 2 —t°
entiopia || H = _[an(dF(r)/)dF(r) Markouizoia || . = [ o (T DR ()

al

0 [ e o || P annrs || v g oo

expected || Es, = -E,[R| R<VaR, |

Schéma €. 2 Prehlad zakladnych mier finanéného rizika
Zdroj: Vlastné spracovanie. (Pozn.: V3etky integraly su Lebesgueove-Stieltjesove.)

Z hladiska definovanych kritérii pseudoidealnosti, tzn. koherentnosti v zmysle Artzner,
Delbaen, Eber a Heath (1997 a 1999) a konzistentnosti s kritériami stochastickej dominancie su
vytypované miery rizika zhodnotené v schéme ¢. 3. Pseudoidealnou mierou sa javi byt iba value at
risk, ktora si v beznych pripadoch zachovava konzistenciu, ked’ze sa voli bezne hodnota parametra
a € {0.01, 0.05} a typické finan¢né aktiva maju rozdelenie ziskov a Strét s tazkymi koncami.

KONZISTENTNOST S KRITERIOM STOCHASTICKEJ DOMINANCIE

Konzistentna, ak sa neporovnavaju
VOLATILITA aktiva, ktorych rozdelenie ziskov / strat Konzistentna. Nekoherentna.
patri do rovnakej triedy rozdeleni.

KOHERENTNOST

MIERA RIZIKA

Konzistentna pre volite/né hodnoty Nekoherentnd, ale pri aktivach

VALUE AT RISK Konzistentna. arametra a < (0. 0.5 s rozdelenim ziskov / strat s tazkymi
P €(0,05) koncami je v koncoch koherentna.
SPEED Nekonzistentna. Nekonzistentna. Nekoherentna.
SHORTFALL

Schéma €. 3 Vlastnosti volatility, value at risk a expected shortfall z hfadiska definovanej pseudoideainosti

Zdroj: Vlastné spracovanie podia Artzner, Delbaen, Eber a Heath (1999), Danielsson, Jorgensen, Sarma a de Vries (2005),
Danielsson, Jorgensen, Samorodnitsky, Sarma a de Vries (2005), Danielsson, Jorgensen, Sarma, de Vries a Zigrand (2006),
Fishburn (1977), Kaplanski a Kroll (2001).

Zaver

V ¢lanku boli poskytnuté informécie o aktudlnom stave akademickych nazorov o idealne)
miere rizika. V existencii mier rizika sa zhmotiiuje domnienka suc¢asného finan¢ného manazmentu,
ze finan¢né riziko moZzno operacionalisticky kontrolovat’, merat’ a predpovedat’.
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Abstract

The main goal of this paper is to describe some methods for the picture deformation recovery by the image
registration methods using the control points, which describe how parts of an image are transformed. An additional goal
is to find the most accurate method among them. We also used a new methodology to determine the accuracy of various
methods.

Uvod

Katastralne mapy vlastnikov pddy sa donedavna archivovali len v klasickej papierovej podobe.
Sucasny stav a moznosti vypoctovej techniky umoziiuji uchovavat’ tieto mapy v digitalnom tvare. Vplyvom
zmeny vlhkosti bolo mnoho mép tvarovo deformovanych. Pritom z nich potrebujeme dostat’ pomerne presnii
informaciu o vymerach jednotlivych pozemkov. Nast'astie uz v dobach minulych sa pri kresleni takychto
map vyuZivali identifikacné body, ktoré oznaCovali polohu vyznamnych objektov realneho sveta (stromy,
vyznacné geografické zvlastnosti, alebo rohy véc¢sich budov). Pomocou presnej polohy tychto bodov je
mozné vhodnymi matematickymi metodami Ciasto¢ne odstranit’ deformacie map.

V tomto prispevku porovnadme najpouzivanejsie transformaéné metddy pouzivané pri odstrafiovani
deformacie obrazu a $tatistickymi mierami uréime presnost’ s akou tieto deformacie odstraiuju.

Formuléacia problému:

Majme zadané dve mnoziny bodov ® a v v rovine E*, @={pi[x;, yileE%i=1,2, ..., n}
a V={vi[x', yi'1eE% i=1,2,...,n}. Budeme hladat taka transforma¢nt funkciu f(x), pre ktor( plati
f(pi) =vi, kde i =1, 2, ..., n. Jednotlivé dvojice (p;, vi) budeme nazyvat' odpovedajlce s body. Pomocou
funkcie f(x) budeme transformovat’ vSetky body vstupného obrazu a ziskame novy obraz.

Jednosegmentové transformacné metody

Do tejto triedy metdd patria tie metddy, ktorych transformacné funkcie su uréené jedinou vektorovou
funkciou f(x) na celom svojom definiénom obore. Vyhodou tychto metdd je ich jednoduché vyjadrenie,
nenarocna implementacia a moznost’ vypocitat hodnoty bodov nového obrazu aj mimo konvexného obalu
zadanych odpovedajtcich si bodov. Ich transformacné funkcie maji vicsinou globalny vplyv na transfor-
mované body obrazu. Modifikaciou tychto metdd mdZzeme ziskat’ transformacné funkcie, ktoré maju lokalny
vplyv. V tejto Casti uvedieme metddu tenkostennych splajnov a Shepardovu metédu.

Metoda tenkostennych splajnov

Tenkosplajnova metdda patri medzi najpouZivanejsie metddy pri odstrafiovani tvarovych deformacii
obrazu. Interpola¢na transforma¢na funkcia f(X) je uréend vzt'ahom [ISKE03]:

n
f(xy)=c, +c,x+ c3y+%z,1,r,zlog(r,2 ) kde [x;, yi]€E>. (1)
=1
Riesenie vztahu (1) najdeme, ak parametre A;, i = 1, ..., n spifaji nasledujiice okrajové podmienky:
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> 4,50 a > A4,p;=0. (2)

=1 =1

PouZitim podmienok interpolacie f(p;) = v;, kde i =1, 2, ..., nspolu s okrajovymi podmienkami (2) vypo¢i-
tame nezndme hodnoty ¢y, C,, €3 a 4, i =1, 2, ..., n z nasledujucej sustavy rovnic:

0 0 O 1 1 1 (o) 0

0 0 O X X, X, C, 0

0 0 O W Vs W C, 0

1 X % 0 2log(2) - log(2)| 4 12 |=| f, ©)

1 %y Alogld) 0 Rlogld)| 4, /2| | f,

1 %y rlogl) Rlog(2) - 0 \4,/2) \f,

—_ —_ 2 2
kde 77 =% = (x, = x.f +(y, - n .
Shepardova metdda

Shepardova metoda uvedend v préci [SHEP68], patri medzi najzndmejSie postupy pri rieSeni inter-
polaéného problému nerovnomerne rozptylenych dat.

Rovnako ako v predoslej metode, hl'adame transformaénu funkciu f(x), pre ktoru plati f(p;) = vi, pre
i=1,2, ..., n. Funkciu f(x) Shepard definoval ako vazeny sucet [HOS93]:

un:éwuﬁ. (@)

Vahové funkcie w;(X) vo vztahu (4) st vyjadrené nasledovne:
)= o,(x)
n 1
5
>s,(x) ©)
=

o;(x
kde 0,(X)=||X— p,-||7”", pre u; >0. Parameter p; umoznuje modifikovat' tvar vyslednej plochy v okoli

interpolovanych bodov.

Globalny vplyv tejto metddy mbézeme redukovat’ prendsobenim funkeii o;(X) tzv. timiacou funkciou
Ai(x). NajznamejSia Frankeova-Littleova timiaca funkcia ma nasledovné vyjadrenie [HOS93]:

4@:@_“

(Y
== | kde d,()=|x-p]aRi>0.

(A

Franke a Nielson zvolili hodnotu A, =§‘/ﬂ , kde D je najvicsia vzdialenost’ medzi 'ubovolnymi dvoma
n

bodmi mnoZziny ?zadanych bodov a N, je pevne zvolené celé ¢&islo (oby¢ajne N, = 19).

Franke a Nielson v praci [FRANS8O] zovSeobecnili Shepardovu metédu pouZzitim tzv. lokélnych
interpolantov. Namiesto hodnot v; vo vztahu (4) pouzili lokalne interpolaéné funkcie L;(X) s vlastnost'ou
Li(pi) = vi:

n

(=3 0,004 (1) ®

i

Za interpolacné funkcie zvolili triedu kvadratickych polynoémov a dosiahli dostato¢ne hladké plochy
s relativne nizkou vypoc¢tovou naro¢nost'ou.
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Modifikovanu kvadratick( Shepardovu metédu moézeme opisat’ nasledovnym postupom:
Prepisanim vzt'ahu (6) do vhodnejSieho tvaru dostavame:

f(x )= S 0% 0% ), @

i=1
kde lokalny kvadraticky interpolant Qi(X, y) je definovany vztahom:
Q% ¥) = ciu(x= X # e (x—x )y ;) +

) (8)
Ga(W= ) *6alx—x)+c5(y= 1)+ v
Koeficienty pre Q;(X, y) vypocitame pomocou metédy najmensich Stvorcov z podmienky:
u 2
ka(Xi’ J//)[C/,l(xk - Xi)2 oot g ()/k - J//) * fi- fk] -0, 9
k=1, k=i
R—-d(x )
kde o, (X ¥)= Ng— 8% V) , pricom d, (X )) = \/(X— X)?+(y- y)? . Symbol R, oznacuje pevne dany
quk(X’ y) +

polomer vplyvu pre bod pi[xi, yi] a k nemu zodpovedajdci lokélny interpolant Q;(X, V).

Viacsegmentove metody

Viacsegmentové metddy (zname ako metddy konecnych prvkov) sU zaloZené na triangulacii konvex-
ného obalu vstupnych odpovedajicich si bodov mnoziny ®. Vo vsetkych nasledujucich metédach je nevyh-

nutné, aby cely obraz, ktory chceme transformovat’, lezal vnutri konvexného obalu bodov p; mnoZziny ®.

Cloughova-Tocherova metoda

Nevyhodou po &astiach linearnych interpolaénych ploch je to, Ze si iba C™-spojité. C'-spojitost’
vyzaduje konstruovat interpolaéné plochy zlozené z polynémov vyssicho stupiia ako 1. Na zarulenie C'-
spojitosti pozdiz hranic potrebujeme poznat' nielen suradnice [x;, yi] vrcholov aich hodnoty z, ale aj
dotykovu rovinu (resp. gradient) v danom vrchole, ako i derivacie v prienom smere prisluchajtce jednot-
livym hranam trojuholnikovej siete. Ked’ze hodnoty gradientov nie st oby¢ajne zname, musia byt’ nejakym
spdsobom vypocitané zo zadanych stradnic vrcholov. Detailnej$i opis niektorych metdd na odhad derivacii
mbzeme najst v [STE84] a [AKI84]. Pri konstrukcii C'-spojitého kubického Cloughoveho-Tocheroveho
interpolantu rozdelime kaZdy trojuholnik pévodnej triangulacie na tri minitrojuholniky spojenim kaZzdého
vrcholu trojuholnika s jeho t'aziskom.

Hradanou interpola¢nou funkciou bude C'-spojita plocha zloZena z Bézierovych trojuholnikovych
zaplat stupna 3 nad kazdym minitrojuholnikom.

Cloughova-Tocherova metdda pouziva kubické Bézierove trojuholnikové zéplaty:

X(U, V, W) = bgoU® + 3by1oU?V + 3byouV? +
boaoV + 3Dgo1 VW + 301 v + (10)
b()()3VV3 + 3b102V\12U + 3b201WU2 + 6b111UVW.
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Vydislenie riadiacich bodov

Bézierove vrcholy riadiacej siete, troch stykajucich sa trojuholnikovych zaplat, vycislime nasledov-
nym postupom [AMIDO02]:

Suaradnice [x, y] Bézierovych vrcholov nad kazdym minitrojuholnikom st uréené stiradnicami [X, Y]
vrcholov minitrojuholnika, d’alej suradnicami bodov leziacich v 1/3 a 2/3 kaZdej jeho strany a nakoniec
suradnicami taziska minitrojuholnika.

Hodnoty z-ovych slradnic Bézierovych vrcholov uréime pomocou nasledovnych krokov:

1. Hodnoty z Bézierovych vrcholov (nad P; a P,) oznac¢enych ,,e“ sU z-ové hodnoty suradnic bodov B,
a B, z danej triangulacie (pozri obrazok 1 vpravo).

2. Hodnoty z vrcholov oznaenych ,,@ leziacich na okraji zaplaty vypocitame z podmienky, Ze tieto
vrcholy leZia v dotykovej rovine uréenej bodom B; alebo B, a normalovym vektorom v prislushom
bode (pozri obrdzok 1 vpravo a obrdzok 2).

3. Hodnoty z vrcholov oznacenych ,,@* leziacich na spojnici taziska trojuholnika s jeho vrcholmi
vypocitame z podmienky, Ze leZia v rovine urenej dvomi uz vypocitanymi vrcholmi ,,e* a jednym
danym bodom B;.

4. Hodnoty z troch vrcholov oznacenych ,,A* uréime zodhadnutych derivacii v prieénom smere
v strede kaZzdej z troch hran trojuholnika B;B,Bs3. Tieto vrcholy budu leZzat’ v rovine uréenej bodom S
Bézierovej krivky (pre hodnotu parametra t=%) danej riadiacimi bodmi bsp, bag, b12g, Doz
anormalovym vektorom vypocitanym z linearnej kombinacie normélovych vektorov vo vrcholoch
strany trojuholnika (pozri obrazok 2 a obrazok 1 vlavo).

5. Hodnoty z dalsich troch vrcholov oznafenych ,,0° vypoéitame z podmienky, Ze leZia v rovine
ur¢enej dvomi vrcholmi ,,A“ a jednym vnatornym vrcholom ,,e“ (pretoZze dva susedné riadiace
mikrotrojuholniky s vrcholmi ,, A, e, o* musia byt komplanarne, pozri obrazok 1).

6. Posledny hladany Bézierov vrchol ,,0% leZiaci nad taziskom trojuholnika P;P,P3, leZi v rovine
urcenej tromi vrcholmi ,,0%, pretoze tri ,,prostredné® trojuholniky musia byt komplanarne.

Ak uz pozname hodnoty suradnic vrcholov by mézeme pouzit’ vztah (10) na vycislenie bodov
Bézierovej zaplaty nad konkrétnym minitrojuholnikom. Rovnakym sposobom budeme postupovat’ pri
vietkych ostatnych trojuholnikoch danej triangulacie, ¢im ziskame C'-spojitti interpolaénii plochu.

Obrazok 1: Konstrukcia siete riadiacich Bézierovych vrcholov nad tromi minitrojuholnikmi.

b

111

120 (E ]

210

(1/3,1/3,1/3)=P",

P =(1,0,0)

Obrazok 2: Normaly a derivacia v prie¢nom smere uréuju polohu Bézierovych bodov by, b1 @ byys.
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Zhodnotenie jednotlivych metéd

Presnost’ jednotlivych metdd pre odstraniovanie deformdcii obrazu sme urcili na zaklade obrazku
obsahujuceho ¢iernobielu mriezku a jej troch deformécii. Prvy deformovany obrazok bol vytvoreny stiahnu-
tim stredov okrajov mriezky smerom K jej stredu. Druhy obrézok bol zdeformovany transforméciou, ktora
zvinila okraje mrieZky. Posledny obrazok bol vytvoreny Styrmi lokédlnymi deforméciami, z ktorych dve

posunuli ¢asti obrazu, d’alSia zvacsila a posledna zmensila ¢ast’ obrazu.

Na kazdy z deformovanych obrazkov sme aplikovali jednotlivé metody pre odstrnenie deformacii
obrazov. Pre odstranenie deformécie v prvom obrazku sme pouzili 13, v druhom 37 a v tretom 86 dvojic

odpovedajtcich si bodov. Poc¢et bodov sme zvolili podl'a povahy jednotlivych deformacii.

Presnost’ s akou jednotlivé metddy odstranili deformaciu obrazu sme urcili pomocou:

« odmocniny stredneg odchylky - RMSE:

ii()‘i/_ J/i/)z '

i=1 j=1

RMSE = =
mn

kde symbolom x;; st oznacené hodnoty pixlov vzorového obrazu a symbolom y; hodnoty pixlov

porovnavaného obrazu,
e pomeru signalu k sSumu - NR:

SNR=10+*log,, #

o koeficientu kriZzove korelacie - CC:
Z z X Yy — Mnxy

, kde symbol MSE oznacuje strednt kvadraticku odchylku,

CcC= =1 j=1 ,
m n m n
22 %= mix | 3> ¥y my
=1 j=1 i=1 j=1
L . 1 m n 1 m n
kde X, st priemerné hodnoty: X=—> > x; a y=—> > y,.
== mn'i= j=1
deformovana zvinena vtiahnuta
(86 bodov) (37 bodov) (13 bodov)
RMSE 0,31974 0,29178 0,26966
Tenkosplajnova metéda NR 67,05630 67,98896 68,68383|
cC 0,77261 0,80886 0,83655
RMSE 0,34258 0,33808 0,29000
Kvadratickd Shepardova metéda NR 66,47147 66,71043 68,04685
CcC 0,73866 0,74335 0,81108
RMSE 0,33223 0,28750 0,30271
Cloughova-Tocherova metoda NR 66,68221 68,10920 67,65690
cC 0,75509 0,81454; 0,79438

Tabul’ka 1: Porovnanie metdd pre odstrafiovanie deformacii obrazu zvlnenej, stiahnutej a deformovanej mriezky.

18



Stredna odchylka - RMSE _
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Graf 1: Porovnanie metod pre odstrafiovanie deformacii obrazu zvlnenej, stiahnutej a deformovanej mriezky. Koeficient RMSE.

Pomer signal/Sum - SNR
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Graf 2: Porovnanie metdd pre odstrafiovanie deformacii obrazu zvinenej, stiahnutej a deformovanej mriezky. Koeficient SNR.

Korela&ny koeficient - CC
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Tenkosplajnova metdda kv adraticka Shepardova metdda Cloughova-Tocherova metoda

Graf 3: Porovnanie metod pre odstrafiovanie deformacii obrazu zvlnenej, stiahnutej a deformovanej mriezky. Koeficient CC.

Zaver

Presnost’ jednotlivych metdd pre odstranenie deformécie obrazu, sme urcili pomocou viacerych
Statistickych mier (RMSE, SNR, CC). Porovnavali sme vzdy pdvodny, nedeformovany obrézok s obrazkom,
v ktorom bola odstranené deformacia konkrétnou metodou. Vysledky tychto porovnani st uvedené v tabulke
¢. 1 avgrafe ¢. 1 aZ 3. Zo vietkych metdd na odstranenie deformécii obrazu bola vo vSeobecnosti najpres-
nejsia tenkosplajnova metdda. Prave tito metddu pomerne Casto pouzivaju autori pri vyvoji aplikacii, ktoré
vykonavaju transforméaciu obrazu.

Literatdra

[AKI184] H. Akima: On Estimating partial derivatives for bivariate interpolation of scattered. Rocky Mountain
Journal of Mathematics 1(14), 1984, (str. 41-52).

[AMIDO2] I. Amidror: Scattered data interpolation methods for electronic imaging systems. Journal of Electronic
Imaging 2(11), 2002, (str. 157-176).

[FRANB8O] R. Franke, G. Nielson: Smooth interpolation of large sets of scattered data. Intern. Journal for Numerical
Methods in Engineering (15), 1980, (str. 1691-1704).

[HOS93] J. Hoschek, D. Lasser: Fundamentals of Computer Aided Geometric Design. A K Peters, Wellesley, MA,
1993, (str. 388-421).

[ISKEO3] A. Iske: Radial basis functions: basics, advanced topics and meshfree methods for Transport Problem.
Seminar of Mathematics, 2003, (str. 247-274).

[SHEP68] D. Shepard: A two dimensional interpolation function for irregular spaced data. Proceedings 23rd ACM
National Conference, 1968, (str. 517-524).

[STE84] S. Stead: Estimation of gradients from scattered data. Rocky Mountain Journal of Mathematics 1(14), 1984,
(str. 265-279).

19



The using of the PCA method for measuring risk of the financial portfolios1

Maria Bohdalova, Iveta Stankovicova

Abstract: The correlations are essential driving portfolio risk. When the number of assets or
the number of the risk factors is large, however, the measurement of the covariance matrix
becomes increasingly difficult. The number of correlations increases geometrically with
number of assets. For large portfolios, this causes real problems: the portfolio VaR may not be
positive and correlations may be estimated imprecisely. This paper examines how can be
these problems solved to aid Principal Component Analysis method.

Key words: PCA methods, models VaR, Monte Carlo simulation method, measuring of the
risks of the financial portfolios

1. Introduction

Principal component analysis (PCA) is a mainstay of modern data analysis that is widely
used in many practical applications. The goal of this paper is present how this method may be
used in the identifications independent sources of financial risk within a large system.
Bohdalova and Stankovi¢ova [2006] have shown the base principle of this method and they
showed how can be used PCA in the analyse of the risk factors of the options portfolios. This
paper extends these ideas to two other important areas: firstly the efficient computation of
large positive semi-definite covariance matrices, and secondly the modeling of multivariate
scenarios for computing risk measures VaR? (Value at Risk). Both problems have immediate
applications to internal models for measuring market risk. The outlines the theory and
methodology for using a few key market risk factors that represent only the most important
independent sources of information to generate large covariance matrices. These matrices will
be positive semi-definite, relative stable over time, and may be computed easily using
sophisticated models that have many advantages, but they are too complex for a direct
application to large systems.

2. ldentifications of the Key Risk Factors

Suppose a set of data with N+1 observations on k asset or risk factor returns is
summarized in a (N+1)xk covariance matrix Y. Principal component analysis® will give up to
k uncorrelated stationary variables, called the principal component of Y, each component
being a simple linear combination of the original returns as in (1) below. At the same time it is
stated exactly how much of the total variation in the original system of risk factors is

! This work supported by Science and Technology Assistance Agency under contracts No. VEGA-1/3014/06,
APVV-1/4024/07 and VEGA-0375-06

2 VaR (Value at Risk) summarizes the expected maximum loss (or worst loss) over a target horizon within
a given confidence interval [JOROO, p. 108].

¥ Alexander, C., O.: Key Market Risk Factors: Identification and Applications. The Q-Group Seminar on Risk,
Florida, 2-5 April 2000. p.3
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explained by each principal component, and the components are ordered according to the
amount of variation they explain.

The first step in principal component analysis is to normalize the data in a (N+1)x k matrix
X, that represents the same variables as Y, but in X each column is standardized to have mean
zero and variance 1. So if the i-th risk factor or asset return in the system is y;, then the
normalized variables are x=(y; - ui)/oi, Where y; a o; are the mean and standard deviation of y;
for i=1, 2, ..., k. Now let W be the matrix of eingenvectors of XX and A be the associated
diagonal matrix of eigenvalues 4;’s, ordered according to decreasing magnitude of
eigenvalue®. The principal components of Y are gave by the matrix of the order (N+1)xk

P = XW. Q)

Thus a linear transformation of the original risk factor returns has been made in such
a way, that the transformed risk factors are orthogonal, that is, they have zero correlation®.
The new risk factors are ordered by the amount of the variation they explain®. Hence only the

new risk few, the most important factors may be chosen to represent the system as follows:
Since W is orthogonal, (1) is equivalent to X=PW', that is

Xi = WiaP1 + WigP2 + ... WPk (2)
The matrix W is called as the matrix of “weights factor”. In terms of the original variables
Y the representation (2) is equivalent to
Yi= 4o 1P+ @ P + ... @ inPrite, 3)
where co*i,- = (o*ijO'i and the error term in (3) picks up the approximation from using only the
first mof the k principal components. These m principal components are the “key” risk factors
of the system, and the rest of the variation is ascribed to “noise” in the error term. The
representation (3) indicates how, covariance or scenario calculations are based only on the
most important principal components, the effect may be easily translated back to the original
system through a simple linear transformation’.

3. Efficient Computation of Positive Semi-Definite Covariance Matrices

Since principal components are orthogonal their covariance matrix is simply the diagonal
matrix of their variances. These variances can be quickly transformed into a covariance
matrix of the original system using the factor weight as follows:

Taking variance of (3) gives

V=ADA" +V,, (4)
where A= (m*i,-) is the kx m matrix of normalized factor weights,
D=diag(V(Py), ..., V(Pn)) is the diagonal matrix of variances of principal components and

V. is the covariance matrix of the errors.
Ignoring V, gives the approximation

V ~ ADA' (5)
with an accuracy that is controlled by choosing more or less components to represent the

system. This show, that the full kxk covariance matrix of asset or risk factor returns V is
obtained from a just a few estimated of the variances of the principal components.

* Thus X'XW=wA

> Note that PTP=W'X"XW=W"WA, but W is an orthogonal matrix so P"P=A, a diagonal matrix.

® The proportion of the total variation in X that is explained by the m-th principal component and the column
labeling in W has been chosen so that 2,>4,> ... >/,

" Jorion, P.: Value at Risk: The Benchmark for Controlling Market Risk. Blaklick, OH, USA: McGraw-Hill
Professional Book Group, 2000, p. 179-181.
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Note, that V will be positive semi-definite, but it may be not strictly positive definite unless
m=k®. Although D is positive definite because it is a diagonal matrix with positive elements,
there is nothing to guarantee that ADAT will be positive definite when m<k. To see this write
x'ADA'x=y'Dy, (6)

where A'x=y. Since y can be zero for some non-zero x, X" ADA"x will not be strictly positive
for all non-zero x. It may be zero, and so ADAT is only positive semi-definite. When
covariance matrices are based on (5) with m<k, they should be run through an eigenvalue
check to ensure strict positive definiteness. However it is reasonable to expect that the
approximation (5) will give a strictly positive definite covariance matrix if the representation
(3) is made with a high degree of accuracy?®.

The advantages of using this type of orthogonal transformation for generate risk factor
covariance matrices is clear. There is a very high degree of computational efficiency in
calculating only m variances and covariances of the original system. Exponentially weighted
moving averages of the squares and cross products of returns are a standard method for
generating covariances matrices. But a limitation of this type of direct application of
exponentially weighted moving averages is, that the covariance matrix is only guaranteed to
be positive semi-definite if the same smoothing constant is used for all the data.

4. Modeling of multivariate scenarios for computing risk measuresVaR

Many portfolios consist of the financial instruments, which pay some portion of their
return in the future. Because the risk factors used to value these instruments vary over time,
the value of the portfolio at a future date is uncertain. Many analysts use Value at Risk (VaR)
as a measure of the potential profit or loss at a specific point in the future. Put simplify, the
VaR for a portfolio is a quantile value of the distribution of the change in the portfolio value
relative to the base case value. They are known several methods for calculating VaR [JOROO,
JILO2]. In this paper, we use Monte Carlo simulation method.

Monte Carlo simulation is made of three steps:

- simulation of the future state of the world,
- state variable transformations, and
- pricing the portfolio.

Because the future state of the world is unknown, models of the state variables are used to
forecast the future values of the state variables. Historical values of the state variables can
also be used to develop possible future states but we will focus on market models for
forecasting the future.

Let the state of the world is represented by a vector of state variables, for example, interest
rates, exchange rates, and stock prices. Even with very good models for the state variables the
forecasts of these values have a very wide confidence band. Instead of viewing the forecast as
a point estimate, the forecast is viewed as a probability density. These models describe the
multi-dimensional probability density function of the future. In order to get a picture of this
multi-dimensional distribution and how it affects the value on a portfolio, the three steps of
Monte Carlo simulation are repeated sufficient times to explore the state space. Usually 1000
to 10000 replications are used. The resulting values of the portfolio are sorted, and order
statistics are used to obtain the VaR.

& A symmetric matrix A is positive definite if x"Ax>0 for all non-zero x. If w is a vector of portfolio weights and
V is the covariance matrix of asset returns, then the portfolio variance is w'Vw. So covariance matrices must
always be positive definite, otherwise some portfolios may have non-positive variance.

® Alexander, C., O.: Key Market Risk Factors: Identification and Applications. The Q-Group Seminar on Risk,
Florida, 2-5 April 2000. p. 6
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In order for Monte Carlo simulation to be effective, the dimension of the risk factors
should be as small as possible, and it is important for the models to be as accurate as possible.
The dimension of the state space directly affects the number of replications that are required
to explore the multi-dimensional space. The accuracy of the model determines how well the
multi-dimensional probability density function describes the actual probabilities of future
events. We may use a principle components analysis for reducing the dimension of the
generated covariance matrix.

5. Reaults

Consider, that we are holding a portfolio composed of three types of the coupon bonds™®
(Euro Corporation, British Corporation and American Corporation). Risk factors influencing
on this portfolio are the short-term (six months) LIBOR interest rates (EUR_6M, GBP_6M,
USD_6M), the intermediate-term (twelve months) LIBOR interest rates (EUR_12M,
GBP_12M, USD_12M)™, and the exchange rates (EUR /USD, EUR/GBP)*.

Our task is to determine VaR of our portfolio using Monte Carlo simulation method and
compare it with VaR computed after applying PCA method on the risk factors.
The major steps are as follows:
Step 1:To collect monthly historical data of the k risk factors — k time series spanning N+ 1.
We denote this data as X o, X1, ..., Xin, fOr i=1, 2, ..., k, where actual data are given by
the Xi N ‘s,
Step 2: Assuming x;j # 0, to compute the geometric rates of changes in the data:

X
=i ™)

fori=1,2,...,nandj =2, ..., N, theriy, riz, ..., rin Will be considered as elements
belonging to a random variable r;.

Step 3: To compute correlation matrix of the rates r; (see (7)) of the risk factors. PCA method
can be used if some correlation coefficients are significant™.
Rates of the risk factors are significant and mutually correlated, in our example (see
Table 1).

Step 4:To determine the number of m- principal components using Principal Components
Analysis method.
If we use Kaiser’s rule™®, then number of the principal components is equal to number
of the eigenvalues of the correlation matrix greater to one.
If we use proportion criterion, then we take into account, what fraction of the variance
is clarified by selected number of the principal component.
We see, from Table 2, that we can choose two (by Kaiser’s rule) or three (by
proportion criterion) principal components, in our example™.

1% Coupon bonds are bonds that entitle the bond’s holder to receive cash payments in future time periods.

! The monthly’s datas about interest rates follows from http://www.bba.org.uk/bba/jsp from January 2004 to
April 2007

12 The datas about exchange rates follows from http://www.nbs.sk from January 2004 to April 2007

3 BOHDALOVA, M. - STANKOVICOVA, I.: Using the PCA in the Analyse of the risk Factors of the
investment Portfolio. In: Forum Statisticum Slovakum, 3/2006, p. 41-52, ISSN 1336-7420

Y BOHDALOVA, M. - STANKOVICOVA, I.: Using the PCA in the Analyse of the risk Factors of the
investment Portfolio. In: Forum Statisticum Slovakum, 3/2006, s.41-52, ISSN 1336-7420

> We use SAS® EG v.4 software for principal components analysis.
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Step S:Firstly, to compute VaR using Monte Carlo simulation method for all risk factors.
Secondly, to compute VaR using Monte Carlo simulation method for two and
consequently for three principal components™®.

SAS® Risk Dimensions® software enable to use Monte Carlo simulation with dynamic
risk factor modelling®’. Dynamic risk factor modeling enables risk management practitioners
to efficiently fit many risk factor models simultaneously. Risk factors models can be fitted
using different distributional specifications, including non-normal distributions. This
multivariate simulation process captures and maintains the dependence structure of the risk
factors modelled separately. To accomplish this, the simulation engine uses a framework
based on the statistical concept of a copula. A copula is a function that combines marginal
distributions of the variables (risk factors) into a specific multivariate distribution in which all
of its one-dimensional marginal are the cumulative distribution functions (CDF’s) of the risk
factors. We use mean and difference model to fitting our risks factors. First model - mean
model assume that the rates of change of each risk factor is a constant. Second model -
difference model assume that the exchange rates values depend on interest rates differentials.
The reasoning is that countries with higher interest rates tend to attract capital, difference in
interest rates between countries produce capital flows. These capital flows, in turn, generate
movements in exchange rates.

The results summarize Table 3. We obtained negative 95 % VaR for all estimates.
Negative VaR implies a gain in the portfolio is no less than 214,894.97 EUR in 95 % of series
of repeated trials, if we take into account all risk factors and we fit risk factors by difference
model. If we take into account 2 or 3 principal components we obtain comparable results
(208,580.52 EUR and 210,732.16 EUR) for difference model. Analogously results are
obtained, if we fit risks factors by mean models. The 95 % VaR is estimated for all risk
factors on 275,454.92 EUR, for 2 PC on 276,587.94 EUR and for 3 PC on 276,736.48 EUR.

6. Conclusion

The main advantages of using the PCA method for computing VaR are well known.
Principal components analysis attempts to find a series if independent combinations of the
original variables, that provides the best explanation of the diagonal terms of the covariance
matrix. The PCA method makes the computing process of VaR faster. It makes easier process
of the generation multivariate random number scenarios in the Monte Carlo simulation. Both
advantage have immediate applications to internal models for measuring market risk.

Table 1: Correlation matrix of the returns of the risk factors

Correlation Matrix

Ret EUR_6M |Ret EUR_12M[Ret_GBP_6M [Ret_GBP_12M[Ret_USD_6M|Ret_USD_12M|Ret EUR_GBP|Ret EUR_USD
Ret EUR 6M 1.000 0.992 0.756 0.793 0.799 0.749 0.491 0.050
Ret EUR _12M 0.992 1.000 0.738 0.789 0.822 0.788 0.464 0.082
Ret_GBP_6M 0.756 0.738 1.000 0.981 0.444 0.419 0512 -0.285
Ret_GBP_12M 0.793 0.789 0.981 1.000 0.483 0.476 0,501 -0.259
Ret_USD 6M 0.799 0.822 0.444 0.483 1.000 0.979 0513 0.419
Ret_USD_12M 0.749 0.788 0.419 0.476 0.979 1.000 0.479 0.422
Ret EUR GBP 0.491 0.464 0512 0.501 0513 0.479 1.000 0.353
Ret EUR_USD 0.050 0.082 -0.285 -0.259 0.419 0422 0.353 1.000

1% We use SAS® Risk Dimensions® software for computing VaR.
7 SAS® RISK Dimensions®: Dynamic Risk factor Modeling Methodology. White Paper,
http://www.riskadvisory.com/pdfs/sasriskdimensionsriskfactor.pdf, visited 20.9.2006
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Table 2:Eigenvalues of the Correlation Matrix

Eigenvalues of the Correlation Matrix
Eigenvalue Difference Proportion | Cumulative
1 5.067 3.318 0.633 0.633
2 1.750 0.997 0.219 0.852
3 0.753 0.527 0.094 0.946
4 0.226 0.058 0.028 0.974
5 0.168 0.139 0.021 0.995
6 0.028 0.022 0.004 0.999
7 0.006 0.004 0.001 1.000
8 0.002 0.000 1.000
Table 3: VaR
Mark to Market | At-Risk Value (VaR
ERESCRESIDENG Value (EUR) (EUR) VR
MC All risk faktors (8) 19APR2007 112,051.17 -214,894.97
difference 2PC 19APR2007 112,051.17 -208,580.52
model 3PC 19APR2007 112,051.17 -210,732.16
MC All risk faktors (8) 19APR2007 112,051.17 -275,454.92
mean 2PC 19APR2007 112,051.17 -276,587.94
model 3PC 19APR2007 112,051.17 -276,736.48
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Vyuzitie algoritmu GRG2 pri zistovani prechodovych
charakteristik pneumatickych umelych svalov / The
Using of Algorithm GRG2 for Searching the Transient
Response of Pneumatic Artificial Muscles
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Abstrakt

Clanok sa zaobera algoritmom GRG2, ktory bol vyvinuty ako optimaliza¢ny kod
Generalized Reduced Gradient Methods. Algoritmus je sucastou bezne dostupného MS
Excelu ako Solver (RieSitel’), no v si¢asnosti sa vyskytuju na trhu viaceré novsie,
pripadne rozSirené produkty firmy Frontline (Napriklad Premium Solver alebo celé
platformy Premium Solver platform). Tieto novsie verzie s rozsirené jednak co do
poctu moznych premennych ¢i podmienok, ale aj do typu funkcii a moznych rieSeni
problémov. Zakladny algoritmus GRG2 je v ¢lanku vyuZity na numerickt identifikaciu
prechodovej funkcie ako dynamickej charakteristiky pneumatického umelého svalu. Po
zisteni prechodovej funkcie je mozné najst’ linearny dynamicky systém, ktory popisuje
vybrany umely sval.

Klucove slova: / Key words: numericka aproximdcia, algoritmus GRG2, prechodova
funkcia pneumatického umelého svalu / Numerical Approximation, Algorithm GRG2,
Transient Response of Pneumatic Artificial Muscles

1 MSExcel a Solver

Pre rieSenie numerickych a tloh vo vysokoSkolskej matematike, pri rieSeni Gloh
optimalizécie a linearneho programovania sa vyuziva Solver (RieSitel’). Tento znamy
nastroj vyuziva na rieSenie spomenutych uloh algoritmus GRG2. Algoritmus bol
povodne spracovany v 70-tych rokoch v jazyku Fortran.

Algoritmus vyuzivame v nelinedrnych optimaliza¢nych tlohach, kde minimalizujeme
(maximalizujeme) funkciu gp(X)za obmedzujucich podmienok:

g’b’Sg,-(X)Sg”b"prei:l’ o, M, /?3,0 (l)

26



/b, ub; -
X7<x;<x7,prej=1,...,n @)

kde X je vektor n premennych, x,..., x, a funckia g,,..., g, je zavisla od X

LCubovolna z danych funkcii (1) a (2) moze byt nelinearna, pripadne Uplne
vynechand. Hornd adolna hranica premennej je l'ubovolna aak existuje, nie je
povazovana ako sucast’ obmedzenia, ale je rieSend samostatne. GRG2 pouziva prvé
parcidlne derivacie kazdej funkcie podla jednotlivych premennych atie sU vo
vypoctoch nahradzované numerickym vypoctom (konecnymi diferenciami). Po zadani
vstupnych hodnot algoritmus pracuje v dvoch fazach. Ak uzivatelom zadané vstupné
hodnoty premennych nevyhovuji podmienkam g;, za¢ne faza 1. Ta je ukonéena spravou,
Ze je problém nericSitelny, alebo spravou o najdenom rieSeni. Je potrebné brat’ na
zretel’, Ze sprava o nerieSitelnosti je aj v pripadoch, Ze sa program zastavil na lokalnom
minime funckie, no pritom problém ma vhodneé rieSenie. V tychto pripadoch autori
odporucaju zadat’ iné pociatoéné podmienky pre premenné a tilohu opét’ riesit’.

Faza Il zacina vhodnym rieSenim najdenym vo faze Ialebo uzivatel'om
zabezpeCenymi vhodnymi pociatocnymi podmienkami a pokracuje optimalizaciou
ucelovej funkcie. V zavere fazy II je ukonceny cyklus optimalizacie a zverejneny
vystup. Podrobnejsie mozete pozriet’ priamo u autorov. (Lasdon L. S.)

2 Premium Solver Platform

Moznosti bezného rieSitel'a s obmedzené na 200 moznych premennych a 10
podmienok. Firma Frontline ponukla na trh komeréné rieSenie RiesSitel'a a to Premium
Solver Platform.

Tato platforma rozSiruje moznosti predchadzajdcich verzii a umoziuje riesit
hladké nelinearne problémy a nehladké optimaliza¢né problémy 500 premennymi a 250
obmedzujucimi podmienkami. Problémy linearneho programovania mézu obsahovat’ az
2000 premennych a8000 obmedzujucich podmienok adochddza k znaénému
urychleniu vypoctov. NavySe umoziuje d’alSie nastavenia: ,,nematematické* predpisy
ucelovej funkcie, vyber numerickej derivacie a d’alsie iné. (Lipa, Hynek, 2004)

. . - W I|
S O W E TR T TN B ST SA J
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Obréazok 1 Premium Solver Platform
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3 Aplikacia numerickej aproximacie pri zistovani prechodovej funkcie

Vramci rieSenia vyskumnych dloh v oblasti mechatroniky sme rieSili problém
aproximovat’ namerané hodnoty funkcie k = f(t) (Obrazok 2) ¢im by sme dostali
prechodovl funkciu ako dynamicku charakteristiku. Ta bude nasledne podkladom pre
uplny popis dynamickej sustavy na baze pneumatickych umelych svalov systémom
diferencialnych rovnic.

Hodnoty boli zaznamenané pre umely sval pod zatazou (45 N = 4,5 kg) a pri
konstantnom tlaku napliiiania (p = 3,5 bar). Os X vyjadruje hodnoty ¢asu v sekundach

40

3 segeteeee

30 *

25

~ 20 *
15
10
5 GOOOVDIDVOOOOTOVOVODO000000000
15 2 25 3 35
t

Obréazok 2 Namerané a normované vstupné hodnoty funkcie k = f(t).

z intervalu (1,5; 3,5). Na os y su hodnoty kontrakcie svalu v %. Zo skimaného javu je
zrejmé, Ze interval te (1,5; 2,9) je pasmo necitlivosti, t. j. umely sval nereaguje na
napustany vzduch. Na intervale t(2,9; 3,5) je pasmo napliiania, t. j. umely sval reaguje
na napiﬁanie vzduchom. Hodnota kontrakcie sa nakoniec ustali na hodnote ky = 36.
Vzhl'adom na tvar buducej krivky sme vylucili aproximaciu beznymi spojitymi
linedrnymi a nelinearnymi funkciami. Pristipme k samotnému numerickému rieSeniu.
Podl'a poznatkov analyzy funkcie jednej premennej je vhodnym nahradenim funkcia:

k= all- e sin(at+ 1)) @3)

s nezndmymi parametrami a, b, ¢, d, f. Pre zjednoduSenie boli hodnoty k normované,
aby bola ustalena hodnota rovna 1, t. j. bola zavedena substiticia:

k. —5,2

i

30,8

v = pre vetky i 4)

Néasledne boli hodnoty [z,-29,v;] dosadené do vztahu (3), ¢im vznikla sGstava m
= 13 nelinearnych rovnic sn = 5 neznamymi. Slstava je predefinovana, jej rieSenie
ziskame iba numerickymi alebo optimalizatnymi metédami a o kvalite budeme
rozhodovat’ podl'a vypocitaného indexu korelacie. Vyuzijeme Riesitela v MS Excel.
Néajdené rieSenie

y=1- 1829000582 in(12 9171.¢+ 0,35549) (5)

malo najvyssi index korelacie IK = 0,99 a teda je najvhodnejSie. (Obrazok 3)
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Obréazok 3: Porovnanie nameranych a aproximovanych hodnét podla (3).

VyuZijac poznatky z tedrie riadenia, z hodnét prechodovej charakteristiky vieme urcit’

parametre £a T:
Tlé e’ sm{V s arcrg—“lgng (6)

na zaklade ktorych vieme najst’ prenos:

H=1-

_ N9 _ 1
Glo) = ws) TS +26 Ts+1 ()

¢o je vlastne obraz diferencialnej rovnice v Laplaceovej transformacii, ktora popisuje
dynamicky systém:

LY +2TE ¥+ y=ud (6)

Kedze systém vykazuje aj dopravné oneskorenie, tak podl'a vety o posunuti vzoru bude
mat’ prenos ziskany numericky podla vzt'ahu (5) predpis:

G(s) = L 8%,
0,000726027 s> +0,050520369 s+ 1

Co je obraz linearnej diferencialnej rovnice 2 radu s konstantnymi koeficientmi.

4. Zaver

Clanok sa zaobera vysledkom numerickej aproximaécie prechodovej funkcie
a moznostami vyuzitia rozSirenych komerénych produktov napr. Premium Solver
Platform. VzhI'adom na tieto nové moznosti odpori¢am d’alej v projekte riesit’ tlohu aj
inymi  podpornymi prostriedkami a algoritmami a vzhl'adom na ziskany typ
diferencialnej rovnice hl'adat’ algoritmus na ziskanie nelinearnej diferencialnej rovnice.
Problém bol rieSeni s podporou institucionalnej ulohy ¢. 1/2007 ,,Vyskum dynamickych
systémov a moznosti zdokonalovania ich syntézy*.
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Porovnanie kointegracnej a korelacnej analyzy s aplikdciou na
¢asové rady miery inflacie krajin V4.

Eva Brestovanska

Univerzita Komenského, Fakulta managementu, Bratislava

1. UVOD DO PROBLEMATIKY.

Makroekonomické casové rady su charakteristické tym, Ze ich wwvoj je zviazany
urcitymi vztahmi. Pri skimani vztahov medzi ¢asovymi radmi pomocou regresnej analyzy
Casto vznika stav, ktory sa oznacuje ako zdanliva regresia. Je to situacia, ked’ regresny model
sa potvrdi ako Statisticky vyznamny, pricom casové rady spolu v skuto¢nosti nesuvisia.
RieSenim tohto problému je koncept kointegracie, ktory zaviedol Granger (pozri [1]) v prvej
polovici 80. rokov minulého storocia. V tejto praci budem skimat’ vzijomné vztahy medzi
casovymi radmi miery inflacie krajin V4 klasicky pomocou regresnej (korelacnej) analyzy a
porovnam ich s vysledkami nového pristupu zalozeného na kointegraénej analyze. Dalej som
skiimala, &i existuje spoloény vyvoj miery inflacie v krajinach V4. Casové rady obsahuju
data od januara 1993 do aprila 2007, ako zdroj dat som pouzila internetovl stranku
Organizacie pre hospodarsku spolupracu a rozvoj OECD http://www.oecd.org.

2. TEORETICKE ZAKLADY Z KOINTEGRACNEJ ANALYZY.
2.1. Integrované a kointegrované procesy.

Nestacionarny ¢asovy rad, ktory mozeme transformovat’ prvymi diferenciami na
stacionarny Casovy rad nazyvame Integrovany proces prvého radu a oznacujeme ako I(1).
Stacionarny proces oznaCujeme 1(0). Z definicie Engle-Grangera (pozri [1]) pre k
integrovanych vektorov obsahujdcich procesy  {Yi1:}..{Y«k:} plati: ak je kazdy z tychto
procesov typu I(1) a ak existuje vektor B (k x 1) tak, ze & = B.{Y+} je typu 1(0), potom su tieto
procesy kointegrované. Vektor B sa nazyva kointegraény vektor. Princip kointegrécie sa
V stcasnosti povazuje za ustredni myslienku modelovania integrovanych casovych radov
najma z nasledujucich dévodov (pozri [1]):

e Analyza vzt'ahov medzi integrovanymi ¢asovymi radmi ma zmysel len vtedy, ak su tieto
casové rady kointegrovangé, t. j. st spojené spolo¢nym stochastickym trendom. Ak tomu tak
nie je, ¢asové rady maju iny smer vyvoja. Pri skimani vztahov medzi takymito ¢asovymi
radmi pomocou regresnej analyzy vznikd tzv. zdanlivd regresia (pozri [3]). Test
kointegracie Casovych radov je teda sucasne metédou pre rozliSenie medzi pravou
a zdanlivou regresiou.

e Strednt hodnotu staciondrnej linearnej kombinécie integrovanych Casovych radov je mozné
chapat’ ako ekvilibrium, ktoré spaja uvazované ¢asové rady.

e Kointegrované Casové rady je mozné popisat modelom korekcie chyby (error model
correction), pomocou ktorého mézeme rozlisit’ vzt'ahy dlhodobé (medzi nediferencovanymi
procesmi) a kratkodobé (medzi diferencovanymi procesmi). Tento model obsahuje
parametre, ktoré charakterizuju mieru vychylenia sa systému od dlhodobo prevazujiceho
rovnovazneho stavu.

2.2. Dickey - Fullerov test stacionarity - (test jednotkového korena
AR polynému) (pozri [1, 4, 5]).
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Tento test oznaujeme v skratke ADF a testujeme nim hypotézu Hy: casovy rad je
typu 1(1), oproti Hy: ¢asovy rad je typu I1(0). Uvazujme proces AR(p) s AR polynomom:
op(B)=1-1B-...-p B". Ak je Casovy rad typu I(1), t. j. plati  ¢p(1) = 0, potom mozeme
polyndm ¢p(B) pisat’ v tvare:

Gp(B) = (1 - ¢y - ... - ¢p) B'+ $p_1(B) (1 - B) pre lubovolnéi=1,2, ..., p (1)

kde ¢p_1(B)=dg + ¢1B+---+ (1)’{)_18'["1 je polyném p -1 radu. Mozno ukazat (pozri v [6]), Ze
zavedenim pomocnej regresnej funkcie

AYt = th—l —(_XIA Yt—l —"‘—(XE_]_A Yt—(p—l) +8t’ kde (X,T = —d)T, | = 1, . p— 1 (2)

je mozné ADF - test stacionarity previest na T - test, ktorym testujeme vyznamnost
regresného parametra, t.j. testujeme nulova hypotézu Hy: p = 0, proti alternativnej hypotéze
Hi: p < 0. Fuller publikoval v [6] kritické hodnoty rozdelenia Statistiky T pre tri typy
modelov. Pri zadvere¢nom zhodnoteni testu porovname vypocitanu $tatistiku T pre koeficient
p (pri Y1) stabulkovou kritickou hodnotou. Ak Statistika T lezZi v intervale ty.q >T> typ
(kde t12 je dolna a ty, je horna tabulkova kriticka hodnota), Hy nezamietame, t.j. proces
Y:je typu I(1) a obsahuje stochasticky trend.

2.3. KPSS test stacionarity (Kwiatkowski, Phillips, Schmidt,
Shin) (pozri [1, 4, 5]) .

V 1992 bol v [5] publikovany d’al$i test stacionarity, ktory ma rovnaka funkciu ako
predchadzajuci test. AvSak na rozdiel od neho testujeme nulovu hypotézu: Ho: Casovy rad je
typu 1(0) oproti H;: ¢asovy rad je typu I(1). Testovaciu Statistiku n porovname s kritickou
hodnotou nit pre KPSS test (tabelované napr. v [1]). Ak n > nkit= nulovd hypotézu Hy
zamietame = {Y} je typu I(2), t. j. je nestacionarny a obsahuje stochasticky trend.

2.4. VAR(p) (Vector Autoregression Model) (pozri [1, 4]).

V pripade m-rozmernych ¢asovych radov je m — rozmerny vektorovy VAR(p) model
dany vztahom: Yi=p+3t+ ¢ Y1+ ... +¢pYi-p+ & (3)

kde p = (g, i) @ d = (8,8, ) SO m-rozmerné konstantné vektory, s, ..., dp S
matice typu m xm, Y= (Y, Yo, ..., Yim)’ je m-rozmerny ndhodny vektor a €; je m-rozmerny
proces bieleho Sumu, pre ktory E(g;) = O, cov(e:, €) = 0 pre t = s, var(g;) = Z¢ je kovarian¢na
matica typu m x m. Model VAR(p) mdzeme prepisat’ do tvaru vektorového modelu korekcie
Chyby VECM: AY = np+ Ot+T 1 AY  + ... + Fp-]_ AYt-p+1 +11 Yt-p + &t . (33.)

kdeTi=(psr+ .. + &) —Em, i=1,..,p-1all=(¢s + ..+ ) — Em, (Em je jednotkova
matica typu m x m). VECM (vector error correction model) obsahuje kratkodobé vzt'ahy
medzi procesmi (vztahy medzi diferencovanymi staciondrnymi procesmi). Na druhej strane
obsahuje aj vztahy dlhodobé (t.j. vztahy medzi nediferencovanymi procesmi). Informacie
o dlhodobych vzt'ahoch obsahuje matica IT. Pritom VECM je konStruovany tak, Ze tieto dva
druhy vztahov m6zeme oddelit’ a skimat’ ich samostatne.

25. Kointegréacia v procese VAR(p).

Pre hodnost’ matice IT plati h(IT) =r, 0 <r <m. Mo6zZu nastat’ tri pripady:

« h(I) = m = Matica IT je regularna, nema zmysel hovorit’ o kointegracii.
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« h(I) =0 = Matica ITI je nulovd, medzi ¢asovymi radmi dlhodoby vzt'ah neexistuje.

« 0< h(IT) =r < m = Matica I ma hodnost’ r. V tomto pripade model (3a) obsahuje
nediferencovany ¢len Y+, ale su¢asne nemozeme povazovat proces {Y} za stacionarny.
PretoZze matica I nie je nulova, mo6zeme medzi jednotlivymi ¢asovymi radmi najst
dlhodoby vztah, o ktory by sme individualnym diferencovanim jednotlivych ¢asovych
radov prisli. Niektoré Casové rady, ktoré nie sit v dlhodobom vztahu s inymi ¢asovymi
radmi mozeme stacionarizovat individuadlnym diferencovanim. Ostani casové rady,
ktorych linearne kombinacie s inymi ¢asovymi radmi su stacionarne, t.j. su kointegrované.
Prvé dve situacie st na prvy pohlad zrejmé aich vysvetlenie je logické. Tretiu situdciu
objasnil C.W.J. Granger (pozri [2]) v znamej Grangerovej vete.

26. Testovanieradu kointegrécie, Johansenov test (pozri [1, 4]).

Z Grangerovej vety vieme, Ze hodnost’ matice Il urCuje aj pocet kointegranych
vektorov, preto nas v d’alsom kroku bude zaujimat’ prave uréenie hodnosti matice IT. Jednym
z testov urcujicich hodnost matice IT je Johansenov test. Spociva v rozSireni
jednorozmerného ADF testu do mnohorozmerného pripadu za predpokladu, Ze & je
m-rozmerny Gaussovsky proces bieleho Sumu.

Prvym testom je test stopy matice Trace: test, Ze existuje najviac r kointegraénych
relacii, je test nulovej hypotézy Hy: Existuje najviac k kointegraénych relécii, proti
alternativnej hypotéze Hj: Existuje (k + 1) a viac kointegraénych relacii. Ak testovacia
Statistika (v d’alsom texte oznacena Tracey) je vacsia ako tabelizovand kriticka hodnota (pozri
napr. v [1, 4]), zamietame nulovd hypotézu H,. Hodnost' matice IT je rovna r, ak prva
hypotéza Ho, ktori nemézeme zamietnut’ je pre k = r. Druhym testom je test maximalneho
viastného cisla A max: test, Ze existuje prave r kointegracnych relacii je test nulovej hypotézy
Ho: Existuje najviac k kointegracnych relacii, proti alternativnej hypotéze Hy: Existuje prave
(k + 1) kointegracnych relécii. Ak je testovacia Statistika (v d’alsom texte oznaCena A max)
vacsia ako tabelizovand kritickd hodnota (pozri napr. v [1, 4]) zamietame nulovl hypotézu.
Hodnost’ matice IT je rovna r, ak prva hypotéza Hy, ktori nemézeme zamietnut’ je pre k = r-1.

Pri Johansenovej metode h'adame tie kombinacie prvkov ndhodného vektora Y, ktoré
maju maximalnu parcialnu korelaciu so stacionarnymi premennymi. Ozna¢me Mj; pre i, j = 0,
1, 2 st¢iny momentovych matic, Sjj = Mjj— MilMl‘llMlj pre i, j = 0, 2 sumy Stvorcov rezidui.
Vlastné ¢isla hladame z charakteristickej rovnice (pozri [1, 4]), ‘xszz ~S,0S00S02| =0

RieSenim su vlastné ¢islad, >---> A, a vlastné vektory B1, .. Br. Ak mame r kointegra¢nych

vztahov, potom ich ziskame ako B'1.Y¢ . B'r.Y¢.

2.7. Odhad spolo¢ného stochastického trendu, Gonzalo-Grangerova
metéda (pozri [1, 2, 4]) .

Ked mame r kointegracnych vztahov v systéme m stochastickych procesov, znamena
to, ze existuje spolo¢nych (m - r) stochastickych trendov. Jednou z metdd, ktora ich umozni
lahko ziskat' je Gonzalo-Grangerovd metdda. Pri Gonzalo-Grangerovej metéde hladame
naopak tic kombinacie, ktoré maji minimalnu korelaciu. Vlastné ¢isla hl'adame

z charakteristickej rovnice‘ A Soo —80285%820‘ =0 (bliZSie pozri [1], [4]). RieSenim su tie isté

vlastné ¢isla 3, >...> %, ale vlastné vektory Wwjy,---,W,, S0 uZ iné. Gonzélo-Granger
ukazali, Ze ak mame r kointegratnych vztahov, potom (m - r) stochastickych trendov
ziskame Wi ;. Ye, e Win. Y,
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Obr. 1. Vyvoj miery inflacie v krajinach V4.

Analvza vz€ahu medzi ¢asovymi radmi miery inflacie krajin V4

skumanim kointeqgr acie.

Sktmat’ kointegraciu ma zmysel len v pripade, Ze ¢asové rady su nestacionarne typu
I(1), t. j. obsahuju stochasticky trend. Prvym krokom je preto testovanie stacionarity
jednotlivych ¢asovych radov pomocou rozsireného Dickey — Fullerovho ADF testu.

Oznaéme &asové rady miery inflacie krajin V4 nasledujucim spoésobom: Y= Cesko,
Y= Madarsko, Y3 = Pol'sko, Ya:= Slovensko. Pre vSetky Styri ¢asové rady som vypocitala
hodnoty informaénych kritérii AIC a BIC pre autoregresny model AR(p), p < 5, na zéklade
ktorych som pre ¢asové rady Y1t Y2r,Y3: zvolila optimélny rdd p =1 a pre Ya; rdd p =2
(tabul’ka P1 v prilohe).

Dalsim krokom je testovanie hypotézy Ho: Casovy rad miery inflacie Y. obsahuje
stochasticky trend, t.j. je typu I(1), proti hypotéze Hi: Casovy rad je typu I(0) (prei=1, 2, 3,
4). Pre vSetky Styri krajiny mézeme konstatovat’, ze ti.q > T > typ, z Coho vyplyva, Ze
vSetky Styri ¢asové rady obsahuju stochasticky trend. Ma teda zmysel zistovat, ¢i asponi
nicktoré z nich obsahujt spolo¢ny stochasticky trend, t.j. skimat’ ich kointegraciu (tabul'ka
P2 v prilohe).

Pretoze su vSetky skimané Casové rady typu I(1), dalsSim krokom je vystavba EC
modelu (3a). Pomocou informacnych kritérii AIC a BIC (tabulka P3 v prilohe) som urcila
optimalny rad p = 2 vektorového modelu VAR(p), ktory som prepisala do tvaru modelu
korekcie chyby VECM. Informécie o dlhodobych vztahoch, moznej kointegracii medzi
prvkami vektora Y. obsahuje matica II, ktorej hodnost’ indikuje, ¢i systém obsahuje urcité
kointegra¢né vztahy.

Na uréenie hodnosti matice II som pouzila Johansenov test. Pri potvrdeni existencie
kointegracného vztahu som spolocny stochasticky trend urcila pouzitim Gonzalo -
Grangeovej metddy.

Johansenov test pre stopu matice: Pretoze vypocitana Statistika Trace .1 je pre
k=1a2 (r=k-1=0al) vicsia ako kriticka hodnota, hypotézu Hy zamietame. Pre k =3
(r = k -1 = 2) je uz vypocitana $tatistika Trace, mensia ako koreSpondujuce kritické hodnoty
(pozri tabulku €.1.), preto Ho nezamietame, tj. existuju najviac dva kointegrac¢ne vztahy.
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Druhym testom je test maximalneho vlastného ¢isla: Ho: Existuje najviac k - 1 kointegra¢nych
vektorov, proti Hj: Existuje prave k kointegracnych vektorov. V tomto teste je uz pre k = 2
vypocitana Statistika Ak max MenSia ako koreSpondujuce kritické hodnoty (pozri tabulku €. 2),
preto hypotézu Hp nezamietame. Existuje teda prave jeden kointegracny vektor, ¢ize medzi
jednotlivymi ¢asovymi radmi miery inflacie existuje prave jeden kointegra¢ny vzt’ah.

Prvy test: Tracey.; - Kritické hodnoty VypodcitanéStatistiky
k-1 a=0.10 a =0.05 a=0.01 Tracey. ;
0 7.52 9.24 12.97 39. 6333
1 17.85 19.96 24.6 24. 9405
2 32.00 34.91 41.07 11.2136
3 49.65 53.12 60.16 4.29398

Tabulka ¢.1. Kritické hodnoty a vypocitané Statistiky pre test stopy matice.

Druhy test: A max - Kritické hodnoty Vypocitané Statistiky
k a=0.10 a =0.05 a =0.01 Ak max
k=1 7.52 9.24 12.97 14.6928
k=2 13.75 15.67 20.2 13.7269
k=3 19.77 22.00 26.81 6.91958
k=4 25.56 28.14 33.24 4.29398
Tabulka ¢.2. Kritické hodnoty avypocitané statistiky, test maximalneho viastného cisla.

Kointegra¢né vzt'ahy mozno napisat’ vo vS§eobecnom tvare:
2; K= Bk,l- Yt + Bk,Z Yoi + ﬁk,3 Y+ ﬁk,4 Yat kde Y= Cesko, Yori= Mad’arsko, Ysi= Pol’sko,
Y4 = Slovensko su ¢asové rady miery inflacie, vektor Y je tvoreny tymito Styrmi procesmi a
kointegra¢ny vektor Bk je k-ty vlastny vektor (pre k = 1, ..., r). V naSom pripade je k = 1, teda
kointegracny vektor je vlastny vektor $1= (B11, P12 P13 B14).

ki Vlastné &isla Ay Bi,1 B2 B3 Bk.a

1 0.0861969 -0.912385 0.233044 0.189516 -0.27808
2 0.0807657 0.259466 -0.52785 0.532133 -0.609005
3 0.041563 0.253008 0.852219 -0.428444 -0.161694
4 0.0259995 -0.582731 -0.0072939 0.0256129 -0.812229

Tabulka ¢. 3. Vlastné cisla a vektory (Johansenova metdda)

Z tabul’ky ¢&.3.vypocCitame a vykreslime stacionarnu linearnu kombingciwbazok O1
v prilohe): Kointegraény vztah : & =-0.912*Y 1+ 0.233*Y,; + 0.1895*Y 3 -0.278* Y 4.

Odtial' Y;, =+

0.23

—Y
0.91

0.19

0.28 g

+ — +—
2t 7001 * 091 * 091

Yj_’t = 0.253*Y2't + 0.21*Y3't - 0.31*Y4't + &t 5
Dominantnou krajinou v kointegracnom vztahu sa ukazuje Cesko.

Testovanie stacionarity kointegraénvych relacii KPSS testom.

Pri skimani mnohorozmernych ¢asovych radov je najzaujimave;jsi pripad, ked” kointegracny
vektor vedie k stacionérnej linedrnej kombinacii, tj. £ = B'.Yy, & je typu 1(0). Testujeme
nulovl hypotézu Ho: linearna kombinacia B'.Y; je typu 1(0), je stacionarna okolo konstanty
Na hladine vyznamnosti 0.01 a 0.05 vypocitana $tatistika 1 = 0.4 je mensia ako kriticka
hodnota KHgo; = 0.74 a KHg s = 0.46 (Tabul'ka P4 v prilohe), preto nezamietame hypotézu
Ho = kointegracny vztah & je typu 1(0).
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Vypocet spoloéného stochastického trendu pre mieru inflacie krajin V4, Gonzalo-

Grangerova metdda.

Vypocitame si este tri nezavislé stochastické trendy, ktoré ziskame ako linearnu kombinéciu
WYy, kde Wy = (Wi 1,Wk 2,Wk 3,Wk.4) Pre k=2, 3, 4; Yi= (Y1t,Y2:,Y31, Yay).

Vlastné Cisla Vlastné vektory
K Ak Wic1 Wi 2 Wi3 Wic4
1 0.0861969 0.771499 0.253857 -0.461877 0.356392
2 0.0807657 -0.465732 0.691452 -0.537484 -0.12688
3 0.041563 0.213446 0.905578 0.323618 -0.172163
4 0.0259995 0.11521 0.116341 -0.239239 -0.957056

Tabulka ¢. 4. Vlastné cisla a vektor (Gonzalo-Grangerova metéda).

Prvy stochasticky trend ST; (obrdzok O2 v prilohe):

STi= W) Yy = - 0.465732*Y 1+ 0.691452*Y,, - 0.537484*Y 3, - 0.12688*Y 4, + &;
Druhy stochasticky trend ST, (obrdzok O3 v prilohe):

ST, = Wi Y= 0.213446*Y, + 0.905578*Yy, +0.323618* Y3, - 0.172163* Y, + &;;
Treti stochasticky trend ST3 (obrazok O4 v prilohe):

STs3= Wj Y=0.11521 *Yy, + 0.116341*Y 5, - 0.239239 *Y3, - 0.957056*Y 4+ &;.

Analvza vzahu medzi ¢asovymi radmi miery inflacie krajin

Visegradskej Stvorky pomocou reqgresie.

Rovnica odhadnutého modelu (obrazok O5 v prilohe) je:
Y1t =a*Yo+ b*Yg-c*Y e+ d + g
Y1 =0.239963*Y,, + 0.130126* Y3, - 0.257622*Y 4, + &

Kedze p-hodnota <10°® v ANOVA tabulke (obrazok O5 v prilohe) je mensia ako
0.05 (0.01), hypotézu Hy zamietame, model je Statisticky vyznamny. Hodnota R- squared =
60.9643% t.j. model mozno povazovat za uspesny. Toto tvrdenie potvrdzuje aj vyznamnost’
parametrov v linearnom modeli, p-hodnota <10 je mensia ako hladina vyznamnosti 0.05 a
0.01. Parametre tohto regresného modelu su porovnatelné s parametrami modelu odvodeného
z kointegracného vztahu, aj ked’ regresny model mierne podhodnocuje parametre.

Analyza vzahu medzi ¢asovymi radmi miery inflicie krajin

Visegréadskej Stvorky po trojiciach.

Bol zopakovany rovnaky typ analyzy pre vSetky Styri kombinacie troch elementov
subvektorov Y Pre vSetky Styri triplety existuje prave jeden signifikantny kointegra¢ny
vztah. Triplety vektorovo mozno napisat’ nasledovne: bez Ceska = (Yo ,Y3: ,Yay) bez
Mad’arska = (Yj_’t’Yg’t,Y4,t), bez Pol'ska = (Yj_’t ;YZ,t ) Y4't)' bez Slovenska = (Y]_'t ,Y2’t ) Y3,t).

4. ZAVER.

Skumat’ kointegraciu ma zmysel len v pripade, Ze ¢asové rady su nestacionarne typu
I(1), t. j. obsahuju stochasticky trend. Prvym krokom bolo testovanie stacionarity
jednotlivych ¢asovych radov pomocou rozsireného Dickey — Fullerovho testu . V3etky Styri
casové rady boli typu I(1), t.j. obsahovali stochasticky trend. Malo teda zmysel zistovat, ¢i
aspont niektoré z nich obsahuju spolo¢ny stochasticky trend, t.j. skimat’ ich kointegraciu.
Pouzitim Johansenovho testu sa potvrdila existencia prave jedného kointegracného vzt'ahu.
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Nésledne som Gonzalo - Grangerovou metédou vypoditala tri stochastické trendy.
Kointegra¢ny vztah som na zaver porovnala s prislichajucim regresnym vztahom.

Model prestvoricu krajin V4, vektor Y= (Y1¢,Y2.:,Y3¢t, Yar).

Kointegra¢ny vzt'ah: Y1 = 0.25*Y, 1+ 0.21*Y3:- 0.31*Y, 4 + &

Regresny vztah: Y1:=0.24*Y,+ 0.13*Y3- 0.26*Y, + & hodnota R- squared
=61% .

Model pretriplet bez Slovenska, vektor (Yi1.¢,Y2.:,Y3.1).

Kointegracny vztah: Y1 = 0.325*Y,: - 0.095*Y3; + &

Regresny vzt'ah: Y1t = 0.339*Y, - 0.003*Y3; + & hodnota R- squared =
54% .

Model pre triplet bez Mad’arska, vektor (Yit¢,Y3:,Y41).

Kointegraény vztah : Y4 ;= -0.823*Y;: + 0.640*Y3; + &

Regresny vztah: Ysi= -0.694*Y, ¢ + 0.430*Y3: + & hodnota R-squared =
59% .

Model pre triplet bez Ceska, vektor (Yz¢,Y3t,Y41).

Kointegratny vztah: Y3 = 0.914*Y, + 0.891*Y,: + &

Regresny vztah: Ys3:= 1.066*Y,; + 0.822*Y,: + & hodnota R- squared =
86%.

Model pre triplet bez Pol’ska, vektor (Y1:,Y2¢,Ya1t).

Kointegraény vztah: Y= 0.351*Y,: - 0.002*Y, + &

Regresny vztah: Yit= 0.378*Y,;: - 0.015*Y,:+ ¢ hodnota R- squared =
62%.

Pri vysokych hodnotach  miery R-squared sa parametre regresného modelu
priblizovali k parametrom kointegraného modelu, parametre oboch modelov boli takmer
rovnaké. Blizkost' tychto modelov je zrejme ovplyvnena hodnotou R- squared.
Predpokladam, Ze totoZznost’ oboch modelov pravdepodobne nastane pre hodnotou R- squared
blizku 100%. V skimanych modeloch v tejto praci sa empiricky preukazala vzajomna
prepojenost medzi touto mierou, popripade korelanym koeficientom a blizkost'ou
parametrov kointegracného a regresného vztahu.

5. PRILOHA.

Y ,=Slovensko Y, =Madarsko Y3 =Pol'sko Y, =Cesko
AlC BIC AlC BIC AIC BIC AIC BIC
1| 0.778595 | 0.798145 | 0.835186 | 0.854737 1.93473 1.95428 0.149615 | 0.169165
2 | 0.745434 | 0.784534 | 0.840405 | 0.879506 1.93527 1.97437 0.16147 0.200571
3 | 0.749362 | 0.808013 | 0.852134 | 0.910785 1.94585 2.0045 0.167322 | 0.225973

Tabulka P1. Hodnoty AIC, BIC kritéria pre AR(p) modelu, optimalny rad modelu.

KH pre dizku ¢asového radu m = 250 Statistika T pre koeficient p (pri Y1)
KH 0.025 KHO'05 KHO.95 KHO.975 Slovensko |Pol'sko Mad’arsko Cesko
-3.14 -2.88 -0.06 0.24 -0.012043 |-0.0051624 |-0.0215008 |-0.007010

Tabulka P2. Vysledky Dickey —Fullerovho testu - model s konstantou bez trendu.

AlIC 1.97017 1.78251 1.8902 1. 95534 2. 06397 2. 15532

BIC 2.2726 2.38736 2. 79747 3. 16504 3.5761 3. 96987

Tabulka P3. Hodnoty AIC, BIC kriterii, optimalny rad modelu VAR (p) pre p=1, 2, ..., 6.
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Standard

T

Paraneter Estimate Brror Staistic P-Value
uadarsko 0,239363 0,0430107 4,89613 0,0000
polsko 0,13012¢6 0,0398233 3,19238 0,001E
slovensko -0.257622 0.045683 -5.18531 0.0000
Inalysis of Variance

Source Sum of Swuares Df Mean Souare  F-Ratio P-Value
Hodel 1338 96 3 44637 83,29 0,0000
Residual 887,342 1&0 5, 36839

Total [Corr.) I196,3 183

B-stmared = 60.9643 vercent

Obrazok O5. Regresna analyza medzi casovymi

radmi miery inflacie krajin V4.
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ROZDELENI FAZOVEHO TYPU A JEHO APLIKACE
VE SPOLEHLIVOSTI

GEJZA DOHNAL

ABSTRAKT. P#i analyze stochastickyjch modeli nardZime casto na
naristajici sloZitost podminéngch pravdépodobnostnich rozdélen,
kterd je nejuétsi prekdzkou pro nalezent explicitniho veseni. Dokon-
ce i v pripadé i relativné velmi jednoduchgch stochastickijch mod-
eli nejsme mnohdy schopni ziskat analytické Feseni. Tento prob-
lém lze odstranit pouZitim "rozdéleni fazového typu", neboli PH-
rozdéleni. Tridu PH-rozdéleni zavedl Neuts v roce 1975 a od té
doby se stala velice uZitecnou pro stochastické modelovdani. V tomto
prispévku se budeme zabjvat modelem stdrnouciho opravitelného
systému. Aproximaci rozdéleni dob mezi poruchami PH rozdélenim
jsme schopni nagit staciondrni rozdéleni systému a spocitat Fadu
spolehlivostnich charakteristik.

Klicova slova: Rozdeéleni fazového typu, markovsky proces, spolehlivost,
opravitelny systém, pohotovost, intenzita poruch, stacionérni rozdélend.

1. ROZDELENI FAZOVEHO TYPU

Uvazujme markovsky proces s m < +oo prechodnymi stavy (pied-
stavujicimi jednotlivé "faze" p¥i vyvoji v ¢ase) a jednim absorpénim
stavem. Pocate¢ni rozdéleni ozna¢me (o, ay,11), kde a je fadkovy m-
dimensionalni vektor. Matici intenzit pfechodu tohoto procesu ozna¢me

T T
o 0 )

kde 0 je sloupcovy nulovy vektor, T je regularni matice fadu m, obsahu-
jici infinitezimalni generatory markovova procesu odpovidajici jeho pte-
chodovym staviim (generator fazového typu) a plati, ze —Te = T? >
0. V dalsim textu budeme jesté pouzivat oznaceni I pro jednotkovou
matici, O matici samych nul a e sloupcovy vektor samych jednicek
(v8echny tyto matice a vektory necht maji odpovidajici rozméry, vy-
chazejici z kontextu).

Definice 1. Je-li W nahodné veli¢ina, reprezentujici dobu do absorpce
ve vySe popsaném konecném markovové fetézci, potom jeji rozdéleni
pravdépodobnosti F' nazveme rozdélenim fazového typu (PH-rozdélent)
s reprezentaci (o, T') a v dalsim jej budeme oznacovat jako PH (m, a, T).
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Distribu¢ni funkce rozdéleni PH(m, a, T) je definovana vztahem

1 — aexp(Tw)e, w >0,
Flw) = {0 w<0,

F(w) je spojita, pokud ae = 1. Hustota rozdéleni PH(m,a, T) ma
tvar

aexp(Tw) TV, w >0,
Fluw) = 2P .
0, w < 0,

Je-1i T' regularni, ma nahodna veli¢ina W vSechny momenty konec¢né a
my = EW* = (=1)*klaT %e, k€ N.

Nejjednodussim prikladem PH-rozdéleni jsou smési a konvoluce ex-
ponencialnich rozdéleni (specialné Erlangovo rozdéleni). Obecnéji, tiida
PH-rozdéleni zahrnuje rozdéleni libovolného sériové /paralelniho uspo-
Ffadani prvku s exponencialni dobou do poruchy, pripadné i se zpét-
nou vazbou. TFida PH-rozdéleni je podtiidou takzvanych Coxovych
rozdéleni, to jest vSech rozdéleni na (0,00), jejichz laplaceova trans-
formace m a tvar racionalni funkce (Cox, 1953). Ukazuje se, ze tiida
PH-rozdéleni je husta (pro m nabyvajici libovolnou kone¢nou hodnotu)
v mnoziné rozdéleni pravdépodobnosti na [0, 00) a tedy v dusledku toho
1ze jakékoli rozdéleni na (0, co) aproximovat libovolné piesné rozdélenim
fazového typu.

Jednou z metod nalezeni aproximujictho PH rozdéleni je EM-algorit-
mus. Ten byl piivodné navrzen pro iterativni vypocet maximéalné véro-
hodného odhadu z pozorovanych dat, kterd jsou pouze ¢éasti rozsihle-
jSitho experimentu. Zobecnénim EM algoritmu na nekone¢né mnozstvi
dat - kompletni distribuci, dostaneme iterativni algoritmus pro aproxi-
maci spojitého rozdéleni. Oznacime-li f puvodni, aproximovanou hus-
totu, pak jeho pouzitim nalezneme rozdéleni s hustotou h, které ma
minimalni tzv. Kullback-Leiblerovu vzdalenost

I(f,h) = /ln %udm.

Podrobny popis aplikace EM algoritmu s p¥iklady lze nalézt v [3].

2. STARNOUCI OPRAVITELNE SYSTEMY

V této ¢asti se budeme zabyvat opravitelnym zaiizenim, jehoz opravy
nejsou obnovou (po opravé neni zafizeni v takovém stavu, jako kdyz
bylo nové). To lze modelovat zavedenim piedpokladu, Ze rozdéleni
jednotlivych dob provozu je ovliviiovano poc¢tem piedchozich oprav.
Doby oprav budeme modelovat jako nezavislé, stejné rozdélené ndhodné
veli¢iny s PH-rozdélenim. Uvazujeme t¥i typy poruch: ndhodné (z vnéj-
Sich pficin), které mohou byt opravitelné i neopravitelné a poruchy
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vzniklé opotiebenim (vnitini pfi¢iny), které jsou vzdy pouze neopravi-
telné. Na pocatku je instalovano nové funkcéni zarizeni. Nastane-li poru-
cha, je zafizeni opraveno a po opravé se vraci do funkéniho stavu, jehoz
doba trvani méa stejné rozdéleni jako pro nové zaiizeni, pouze se méni
méritko casu podle poctu predchozich oprav, coz odpovida geometric-
kému procesu (¢as bézi "rychleji"). Po kazdé neopravitelné poruse je
zafizeni obnoveno (bude ve stavu jako nové zafizeni).

Definice 2. Rekneme, ze posloupnost nahodnych veli¢in {X,,,n =
1,2,...} tvoii geometricky proces, jestlize existuje ¢islo a > 0 takové,
7e {a"1X,,n = 1,2,...} tvo¥i proces obnovy. a se nazyva kvocient
procesu. Je-li a > 1, je geometricky proces nerostouci, pokud je 0 <
a < 1, je geometricky proces neklesajici. Pro a = 1 dostavame proces
obnovy.

Nyni zkonstruujeme markovsky proces modelujici ¢innost takovéhoto
zafizeni, se stavy odpovidajicimi jednotlivym fazim bud funkcéniho za-
fizeni, nebo fazim opravy.

Piedpoklad 1. Vyskyt ndhodnych poruch v ¢ase tvoii Poissoniiv pro-
ces s intenzitou \. Kazda z téchto poruch je opravitelna s pravdépodob-
nosti p nebo neopravitelna s pravdépodobnosti ¢ = 1 — p. Zafizeni se
také muze porouchat diky opotiebeni a tato porucha je vzdy neopra-
vitelna. VSechny poruchy nastavaji nezavisle na sobé.

Pfedpoklad 2. Ozna¢me X, dobu Zivota zaiizeni po jeho (n — 1)
opravach, n = 1,2,.... Predpokladame, ze kazdé X, se ridi PH-roz-
délenim s matici pfechodii mezi provoznimi stavy a" T a vektorem
pocatecnich pravdépodobnosti zavisejicim na piedchozi historii zafizeni
(bude se ligit v jednotlivych modelech).

Dobu opravy zafizeni po n-té poruse oznac¢ime Y. Pfredpoklddame,
7e posloupnost {Y,,n = 1,2,...} tvoif proces obnovy a rozdéleni
kazdého Y, je PH-rozdéleni s reprezentaci (3, S).

Matice T, S a vektory «, f maji odpovidajici rozméry tak, aby uva-
Zované maticové vyrazy meély smysl.

Délky trvani oprav maji vSechny stejné PH-rozdéleni G(x) s reprezen-
taci (5,S). Po dokonceni i-té opravy se ¢as zrychli a’-krat, a > 1.
V diisledku toho stiedni doba mezi poruchami zatizeni klesa spolu s ros-
toucim poctem oprav. Tento pokles, zptisobeny nedplnymi opravami,
je reprezentovan geometrickym procesem s kvocientem a > 1.

Piedpoklad 3. Posloupnosti {X,,,n =1,2,...} a{Y,,n=1,2,...}
jsou vzajemné stochasticky nezavislé.

Predpoklad 4. Pokud bylo zafizeni jiz opraveno N-krat, po dalsi
poruSe bude vyménéno za stejné nové, at je tato porucha jakéhokoli

typu.
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Stavy zafizeni lze rozdélit do dvou skupin: stavy, kdy je zafizeni
v provozu W, a stavy kdy zafizeni nepracuje (opravuje se) F. Stav i
bude oznacovat situaci, kdy zafizeni je funkéni a bylo na ném provedeno
1 oprav, ¢ = 0,1,2,..., N. Stavem ¢z budeme oznacovat situaci, kdy
je zafizeni v opravé po ¢ — 1 dokoncenych opravach, ip =1,2,..., Ng.
Potom je W = {0,1,2,... ,N} a F = {1g,2g,..., Ng}. W a F jsou
takzvané "makrostavy'" a matici generatori lze konstruovat nad fazemi
téchto makrostavi jako blokovou matici. Necht matice S a T maji
rOZIMEry n X n a m X m.

Pokud je zafizeni funkéni, je v jedné z m funkcénich fazi. Pokud
nepracuje, je opravovano a nachazi se v jedné z n fazi opravy. Provozni
stav ¢ sestava ze vSech fazi 1,2,...,m. Stav opravy ig sestava ze vSech
dvojic (i,7), kde 1 < i < m,1 < j < n. Prvni slozka indikuje fazi
funkéniho stavu, pifi niz doslo k poruSe, druhé slozka indikuje fazi
opravy.

Je-li zafizeni ve funkénim stavu i (i = 0,1,2,..., N — 1) a nastane
neopravitelna porucha, nastava prechod z provozniho stavu i do stavu
0. Matice intenzit pfechodu je dana vztahem a'T°a + Agea. Piechod
z provozniho stavu N do 0 je mozny pro jakykoli druh poruchy a je
reprezentovan hodnotou a¥ T« + ea.

Je-li zafizeni ve funkénim stavu i (i = 0,1,2,...,N) a nastane
opravitelna porucha, znamené to prechod z provozniho stavu ¢ do stavu
(1 + 1)g. Pii takovychto piechodech z libovolné funkéni faze piechazi
zatizeni do faze opravy podle vektoru poc¢ate¢niho rozlozeni 3. Matice
intenzit prechodu je ddna vztahem Ape(.

Pokud je zafizeni ve stavu opravy ig (i = 1,2,...,N), dojde po
ukonceni opravy k prechodu do provozniho stavu ¢ podle vektoru poca-
te¢niho rozlozeni. Matice intenzit pfechodu je dana vztahem Sa.

Diagonalni bloky matice intenzit prechodu, které odpovidaji pre-
chodim i — i (i = 1,2,...,N) maji tvar a'T — M, pro piechody
ir —ig (i=1,2,...,N) potom pouze S.

Ostatni prechody nemohou nastat a odpovidajici bloky jsou nulové
matice. Celd matice intenzit prechodu ) méa potom tvar

T — M+ T + Agea \pef3 :
S SO
aT% + \gea aT — M\

aV T + ea o aVT = A
3. STACIONARNI ROZDELENI.
Predstavme si chovani zafizeni v ustaleném stavu, kdy lze definovat

rizné miry provozu. V tomto stavu jsou pravdépodobnosti toho, 7ze
systém bude v jednotlivych stavech, nezavislé na case. Nejprve najdeme
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stacionarni rozdéleni stavi systému ve tvaru

™= {7‘[‘(0),7’((1]{),7((1),7‘-(2]?)’ <o >7T(N)}7

vyjadiené pomoci bloki matice ). V tomto zapise oznacuje (i) prav-
dépodobnost, ze systém se nachazi ve funk¢énim stavu i, 7(ig) je prav-
dépodobnost stavu opravy igr. Kazdy z téchto dil¢ich vektoru zahrnuje
i pravdépodobnosti jednotlivych fazi v kazdém stavu. Vektor 7 je defi-
novan rovnici 7Q = 0 a normaliza¢ni podminkou 7e = 1.

K fegeni pouzijeme Laplace-Stieltjesovu transformaci ®(s) distribu¢ni
funkce F'(t) PH-rozdéleni s reprezentaci (o, T):

O(s) = /000 e **dF(r) = a(sI — T)"'T"

Oznac¢me
vilhia) = [JA = @@ ™)), & =pviXa).
k=0
Stacionarni rozdéleni lze potom zapsat ve tvaru
m(0) = KX '1-®(\) =K\ g
n(i)e = KX 'p(\a) = KX lg 1=1,2,..., N,
m(ir)e = Kpgpp'ti1(Na) = Kpgpeiy  i=1,2,...,N.

kde ur = —(3S'e je stfedni doba opravy. Konstantu K spocteme
z normaliza¢ni podminky 7me = 1:

N N-1
K 1=)\1 Z@- + Apigr Z £;.
i=0 i=0

Konstantu K lze interpretovat jako stfedni pocet neopravitelnych
poruch. Podobné i Laplace-Stieltjesova transformaci prvni doby provozu
®(A) Ize interpretovat jako pravdépodobnost, Ze novy system se porou-
cha diky vnitinim p¥fi¢inam (opotiebeni) diive, nez vlivem externich
pii¢in (ndhodné poruchy).

Také dalsi vyrazy je tieba interpretovat z praktického hlediska. Tak
naptiklad, pravdépodobnost, Ze novy systém se dostane do pocatecniho
stavu 7(0) = KA71(1 — ®(\)) je soucinem t¥f faktori: stfedniho poctu
neopravitelnych poruch K, stfedni doby mezi ndhodnymi poruchami
1/X pokud je zafizeni v provozu a pravdépodobnosti, Zze se nahodnéa
porucha objevi dfive, nez porucha z opotiebeni, je-li zafizeni nové.

Vyraz 1;(A; a) reprezentuje pravdépodobnost ndhodnych poruch v po-
sloupnosti stavu systému az do stavu i, pred opotiebenim. Potom
miizeme interpretovat pravdépodobnosti (i) a m(ig) takto: pravdé-
podobnost 7(i)e, e systém se nalézé ve stavu ¢ zahrnuje faktor p’, coZ
jest pravdépodobnost vyskytu ¢ opravitelnych poruch, s =1,2,..., N.
Pravdépodobnost 7(ig)e Ze systém se naléza ve stavu ip zahrnuje
stfedni doby opravy pg. Vyrazy e; 1ze interpretovat podobné.
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Pohotovost (availibility) A(t) je pravdépodobnost, Ze systém bude
funké¢ni v ¢ase t. Uvazujeme-li stacionarni stav, potom (stacionarni) po-
hotovost A = lim;_.o, A(t). Tato veli¢ina je interpretovana jako podil
¢asu, po ktery je zafizeni v provozu. Podil casu, kdy je zafizeni ne-
funkéni je potom A = 1 — A. V nagem modelu je to

N-1
A= Z ije =K\~ Zsz, A:ZT('ZRG—KPMRZEEZ
i=1 =0

Jak lze vidét, stacionarni pohotovost zavisi na rozdéleni doby provozu,
poc¢tu oprav a stfedni dobé opravy, pricemz rozdéleni doby opravy
samotné neni pro toto vyjadieni vyznamné.

Intenzita vyskytu poruch (ROCOF) je definovana nasledujicim zpii-
sobem: Necht N(t¢) je pocet poruch do doby ¢t a M(t) = E(N(t))
je stfedni pocet poruch za dobu t. Intenzitou vyskytu poruch potom
nazveme funkci m(t) = (d/dt)M(t). Matematické vyjadieni ROCOF
pro markovské procesy odvodil Lam (1997) v terminech funkei intenzit
piechodu g;;

mt)= > pilt)gi,
ieW,jeF
pricemz p;(t) je pravdépodobnost, Ze systém se nachazi ve stavu i v ¢ase
t. V ustaleném stavu je m = lim; .., m(t) a dostavame stacionarni
ROCOF. Tato mira je interpretovana jako stfedni pocet poruch za
jednotku casu. Protoze uvazujeme tii zasadné odlisné typy poruch,
spoc¢teme ROCOF pro kazdy typ poruch zvlast.
Opravitelné nahodné poruchy:

N-1 N-1
my = )\pZW(i)e = Kszi
i=0 i=0

Neopravitelné ndhodné poruchy:

)\qz i)e + Ar(N ( ZE,—F)\EN)

Neopravitelné poruchy z opotiebeni:

ms = Zaiw(@')TO =K <<I>()\) + szi_lé(a_i)\)> :

Je ziejmé, ze intenzita vyskytu nahodnych poruch (opravitelnych
i neopravitelnych) je m; + mg = AA. Celkova intenzita vyskytu libo-
volného typu poruch v systému je dana vztahem
N
m=mq +ms+ms=NA+ Za’ﬁr(i)TO.

1=0



ROZDELENI FAZOVEHO TYPU A JEHO APLIKACE VE SPOLEHLIVOSTI 7

7 tohoto vztahu vyplyva, ze celkova intenzita vyskytu poruch je sou-
¢tem intenzity vyskytu poruch, po nichz systém starne a A-nasobku
pohotovosti.

Normaliza¢ni konstanta K = mgy + mg3 je souctem intenzit vyskytu
neopravitelnych poruch a proto K~! reprezentuje stiedni dobu mezi
obnovami zafizeni.

Porovnanim vyrazii pro podil ¢asu, kdy je zafizeni nefunkéni A a
ROCOF pro opravitelné nahodné poruchy m,; dostavame vztah A =
[rMm1, coZ znamend, ze ve staciondrnim stavu je podil doby opravy
roven stiedni dobé opravy vynésobené intenzitou vyskytu opravitel-
nych poruch (stfednim poc¢tem opravitelnych poruch za jednotku ¢asu).
Tento vztah lze vyjadrit také takto:

N
=1

7

N-1
m(ir)e = urAp Z m(i)e.
i=0

Vyuzitim normaliza¢ni podminky lze ziskat dalsi vyraz pro pohotovost

N
L4+ Apugm(N)e
A=Y n(i)e= .
Py L+ Appir

Podobné jako pohotovost ve stacionarnim stavu, i ROCOF pro ruzné
typy poruch zavisi na rozlozeni doby provozu, poc¢tu oprav a stiedni
dobé opravy. Tvar rozdéleni doby opravy pritom je nevyznamny.

Tento model lze aplikovat i pro modelovéni ristu spolehlivosti. Pokud
spolehlivost roste po kazdé opravé, potom koeficient a Ize interpretovat
jako parametr zlepsovani a musi byt a < 1. Polozime-li N = cc aa =1,
dostavame proces obnovy s PH-rozdélenim doby setrvani v jednotlivych
stavech.
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Abstract

In this paper a new approach to a conditional probability on D-posets is
studied.

1 Introduction

Conditional probability plays a basic role in the classical probability theory. Some
of the most important areas of the theory such as martingales, stochastic processes
rely heavily of this concept. Conditional probabilities on a classical measurable space
are studied in several different ways, but result in equivalent theories. The classical
probability theory does not decsribe the causality model.

The situation changes when non-standard spaces are considered. For example, it
is well known that the set of random events in quantum mechanics experiments is a
more general structure than Boolean algebra. In the quantum logic approach the set
of random events is assumed to be a quantum logic L. Such model can be found not
only in the quantum theory, but also in economics, biology etc.

*This work has been partially supported by the Slovak Academy of Sciences via the project Cen-
ter of Excellence - Physics of Information, by the grant 1/2/2005 and by the Slovak Research and
Development Agency under the contract No. APVV-0071-06.
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In this paper we will study a conditional state on a D-poset using Renyi’s approach
(or Bayesian principle). This approach helps us to define such independence of events
that admits the situation completely different from that one known in the classical
probability theory. Namely, if an event a is independent of an event b, then the event
b can be dependent on the event a (problem of causality). We can find some results in
2]-[4] for a quantum logic and an orthomodular lattice. However, a D-poset is more
general structure than an orthomodular lattice.

2 Basic notions

To make the going through this paper easier the authors give the short guide to an
axiomatic foundation for the D-poset theory in this section.

Let P be a bounded partially ordered set with the least element Op and the greatest
one 1p. Let © be a partial binary difference operation on P such that there exists b&a
in P if and only if a < b and the following axioms hold.

(D1) a©0p =a forany a€P.

(D2) a <b<c¢ impliess cob<coa and (cca)s(cob) =boa.

The structure (P, <,5,0p,1p) is called a difference poset (a D-poset). For the
simplicity of the notation, we write P instead of (P, <,5,0p,1p).

A lattice ordered D-poset is called a D-lattice. In the case of D-lattices it is possible
to extend the partial difference operation to the total one as follows

b—a:=b8(aNb).

By a o-complete D-poset we mean a D-poset P such that for any countable sequence

{an}>2, of elements of P the least upper bound \/ a, and the greatest lower bound
n=1

S . .

N\ a, exist in P.

n=1

A non-zero element a from a D-poset P is called an atom if the inequality b < a

entails either b = Op or b = a. A D-poset P is said to be atomic if for any non-zero
element b € P there exists an atom a € P such that a < b.

For any element a in a D-poset, the element 1p © a is called the orthosupplement of
a and is denoted by a*. The unary operation L: a — a* is an involution ((at)* = a)
and order reversing (a < b implies b+ < at).

A sum of orthogonal elements, denoted by @, is a dual partial binary operation to
a difference defined by the formula

a®b:=(a"ob)* for a,beP,b<at.

If P is a D-lattice, a,b € P such that « < b and a Ab = 0p, then a ® b= a V b.
Let ' ={ay,...,a,} be a finite sequence in a D-poset P. We define

a1 ®..Pa,=(@1®...0a,_1)D ay,
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for any n > 3, supposing that a; @ ... ® a,_1 and (a1 & ... B a,_1) ® a, exist in P.
We say that a finite system F' = {aj,as,...,a,} of a D-poset P is &—orthogonal, if
a1 Das®d ... D a, exists in P and then we write

a Daxd...Da, = @ai.
i=1

An arbitrary system G of P is @—orthogonal if every finite subsystem of G is
@—orthogonal.

For every element a € P, we define 0a = Op, and (n + 1)a = na @ a if all involved
elements exist. The greatest n such that na exists is called the isotropic indez, denoted
t(a), of a. If na exists for every integer n then ¢(a) = co.

A D-poset P is Archimedean if the statement na € P for any n > 1 implies that
a=0.

Elements a and b from a D-poset P are compatible (a < b), if there exist ¢,d € P
such that c<a<d,c<b<danddSa=bOc.

If P is a D-lattice, then a < b if and only if (a Vb) ©a=b6S (a A D).

A finite set of atoms {ay,as,...,a,} of a D-poset is called an atomic partition of
the unit, if

n

P v(ai)a; = 1p.

i=1
If P is an atomic Archimedean D-poset with a finite set of its atoms, then every
element x € P is possible to express in the form

n
z =P kiai,
=1

where {ay,as,...,a,} is an atomic partition of the unit and 0 < k; < 1(a;).
F. Kopka in [5] studied the compatibility in D-posets and defined a Boolean D-poset.
A poset P with the least element 0p and the greatest element 1p is said to be
a Boolean D-poset if there exists a binary operation ” —” on P satisfying the following
conditions.

(BD1) a —0p =a for any a € P.

(BD2) a— (a—b) =b— (b—a) for every a,be P.

(BD3) a,b € P, a<b implies c—b<c—a forany ce€P.
(BD4) (a —b) —c=(a—c)—1b for every a,b,ce P.

From the algebraic point of view, a Boolean D-poset is a D-lattice of pairwise com-
patible elements and vice versa, therefore Boolean D-posets are algebraically equivalent
to MV-algebras.
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3 Filters in D-posets

Definition 3.1 A non-empty subset F of a D-poset P is called a filter in P, if the
following axioms hold.

(F1) ae F,be P, a<b impliesbe F .

(F2) a€ F,beP,b<aand (a©b)t € F impliesb € F .
The axiom (F2) is equivalent to the following one

(F2*) a€ F,be F, bt <a impliesa© bt € F .

Let us remark that the element a © b is denoted by a ® b in the MV-algebras
theory.
A filter F in a D-poset P is proper if 0p & F.

Lemma 3.2 Let F be a proper filter in a D-poset P. Then a € F implies a* ¢ F.

PROOF: Suppose that a € F and at € F. From (F2) we have (at © 0p)t =a € F,
which gives 0p € F.

Lemma 3.3 Let F be a proper filter in a D-lattice P. If a,b € F and a < b then
anNbeF.

PROOF: From the assumptions we have a,b € F, a Ab < a, so
(aS (anb)t = ((aVd)o b >0,

which gives that (a © (a A b))t € F and pursuant to (F2) of the Definition 3.1 we get
that a AD € F.

The equality ¢(a) = 1 is the necessary condition for a nonzero element a to belong
into an proper filter. Indeed, if ¢(a) > 1, it is equivalent to a < a*, so a* € F, which
conflicts with Lemma 3.2.

Lemma 3.4 Let a be an atom in a D-poset such that t(a) =n,1 <n < co. Then the
element ka does not belong to any proper filter for every k, 0 < k < n.

PROOF: If n =1 then k£ =0, so 0a = 0p and the element 0p does not belong to any
proper filter.

Let n > 1. Then ka < (ka)* for every k < 5.

Suppose that k > 5 and ka € F, where F is a proper filter. Then ka < a*, which
implies that a* € F.

Because (k — 1)a < ka and (ka © (k — 1)a)t = a* € F, hence (k — 1)a € F.
Similarly (k —2)a < (k — 1)a and ((k — 1)a & (k — 2)a)* = at € F, so (k —2)a € F.
This procedure we repeat m-times, when k —m < 2.

Lemma 3.5 Let P be a D-lattice. Let a € P be an atom such that t(a) =n, 1 <n <
oo. Then the interval [na,lp| ={x € P:na <z < 1p} is a proper filter in P.
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PROOF: Let x € [na,lp|. If y € P and y > z, then evidently y € [na, 1p].

Suppose that z,y € [na, 1p],y* < z. From the assumption na < z it follows that
na < x and - Ana = 0p. The inequality y*= < (na)* gives that x — (na)t <z — yt,
therefore,

x@ysz—yL2$—(na)L:x@(as/\(na)L) = ((na)\/:ﬁ)@xL

= (na) © ((na) A IL) = na,

which gives that z © y € [na, 1p].
Let us note that the interval [na,1lp| is the maximal proper filter in a Boolean
D-poset (an MV-algebra), but it is not true in a general D-poset.

4 A conditional state on a D-poset

In this part we introduce the notions of a state and a conditional state and their basic
properties.

Definition 4.1 A map m : P — [0, 1] such that
(i) m(1p) = 1.
(i) If a < b then m(b & a) = m(b) — m(a)

18 called a state on a D-poset P.

Definition 4.2 Let P be a D-poset and Py is a nonempty subset of P. A mapping
f:PxPy—[0,1] is called a conditional state on P if the following axioms are fulfilled
for every c € Py.

(CS1) f(ere) =
(CS3) Ifa,be P, a<bthen f(b&a,c) = f(b,c)— f(a,c).
(C54)

CS4) If by,c © b € Py then f(a,c) = f(a,b)f(b,c) + f(a,c©b)f(c©b,c) for every
a€cP.

(CS5) Ifbe Py and co b ¢ Py then f(a,c) = f(a,b)f(b,c) for every a € P.
The set Py s called a conditional system in P.

Remark 4.3 (i) From (CS2) and (CS3) it follows that f(.,c) is a state on P for any
CcE Po.

(ii) The aziom (CS3) is equivalent to the other one
(CS3%) Ifa,be P, a<bt then fla®b,c) = f(a,c) + f(b,c) for every c € Py.
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(iii) If Po = {1p}, then the set of all conditional states is identical to the set of all
states on P. It suffices to put f(a,1p) = m(a) for every a € P and a state m.

Proposition 4.4 Leta € P and c € Py such that ¢ < a. Then the following assertions
are true.

(i) fla,c)=1.
(i) fla©e,c)=0.
PROOF: (i) From the Definition 4.2 we have 0 < f(a,c) < 1. From (CS3) we obtain

ng(a@QC):f(aac)_f(cac):f<aac)_17

1< fla, ) <1

flasc )= fla,c) — f(e,e) =1—-1=0.

Corollary 4.5 f(ct,c) =0 for every c € P.
Proposition 4.6 Let P be an Archimedean D-poset, a € P and ¢ € Py. Then
f(na,c) =nf(a,c)
for everyn € {0,1,...,1(a)}.

PROOF: [t is evident that the assertion is true for n = 0.
Suppose that the assertion holds for 0 < k < «(a). Let n = k + 1. Then ka =
(k+1)a © a and by (CS3) of Definition 4.2 we have

f(ka,c) = f((k+1Daoa,c)= f((k+1)a,c)— f(a,c),

and hence

f((k+ 1)a,c) = f(ka,c) + f(a,c) = kf(a,c)+ f(a,c) = (k+1)f(a,c).

Proposition 4.7 Let b,c € Py, b<c. IfcS b€ Py, then the following assertions are
equivalent for every a € P.

(i) f(a’b) :f<a’c)'
(i) f(a,b) = f(a,cOb).
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PROOF: (i) = (ii) From (CS4) of Definition 4.2 we have
f<a7c@ b)f(C@ b,C) = f(CL,C) - f(a7 b)f(bac) = f(aa b)<1 - f(bvc))
= f(a7b)(f(c’ C) - f(b’ C)) = f<a7b)f(c@ b, 0)7
and hence f(a,b) = f(a,cOb).
(il) = (i) Similarly
f(a7c) - f(a?b)f(bv C) = f(CL?C@ b)f(c@ b, C) = f(a7b)(f(cv C) - f(b7 C))
= f(a’b)(l - f(b> C)) = f(avb) - f(avb)f(bv 6)7
therefore f(a,b) = f(a,c).
Proposition 4.8 If x € P and z < a2t then x & P.

PROOF: Let x € Py and x < 1. Then according to (i) of Proposition 4.4 we have
f(z*,x) =1, but in accordance with Corollary 4.5 we get f(zt,z) = 0.
Consequently x ¢ Py.

Proposition 4.9 Let a be an atom in a D-poset P such that t(a) < co. Then ka ¢ Py
for any k,0 < k < 1(a).

PROOF: If k =0 then Oa = 0p ¢ Py.

Let us assume that ka € Py, where 1 < k < «(a). Then f(ka,ka) = 1 and also
f(«(a)a, ka) = 1, hence f(c(a)aSka, ka) = 0. Since a < 1(a)aSka, we have f(a, ka) =0
and consequently

F(ka, ka) = fla, ka) + fa,ka) + ...+ [(a,ka) = 0,

k—times

which contradicts our assumption.

Proposition 4.10 Let P be an atomic Archimedean D-poset and let w = @ k;a;,
i=1

where {ay,as,...,a,} is an atomic partition of the unit and 0 < k; < L(G,Z').— Then

w ¢ 7)0.
PROOF: Suppose that w € Py. Then f(w,w) =1, f(1p,w) =1 and f(1pSw,w) = 0.

n

lpow =P u(ai)a; © Phiai =

i=1 =1

= éa(ai)ai © kia;) = é(b(ai) — ky)a; > a;

i=1
for every i = 1,2,...,n. Therefore f(a;,w) = 0 and also f(k;a;,w) = 0 for every

i=1,2,...,n and so f(w,w) = f(E]n} kia;,w) = 3 f(kia;,w) = 0, which contradicts
i=1 i=1
the assumption f(w,w) = 1.

Corollary 4.11 Let f : P x Py — [0,1] be a conditional state on an atomic D-poset P
with a finite set of its atoms. Then the conditional system Py is a subset of the union
of all maximal proper filters in P.
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Abstract

An approximation formula for apercentage point of the non-central
t-distribution is derived in this paper. It was deduced from the Cornish-Fisher
expansion for the statistics based on a linear combination of a normal random
variable and a chi-random variable. Numerical result is also presented.

Key words: Percentage point; Non-central t-distribution; Skewness,
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1. Uvod

Nech X je normélne rozdelend nahodna premennd so strednou hodnotou u=0 a
smerodajnou odchylkou o =1 a je nezévisla od nahodnej premennej f S*, ktord ma
x°- rozdelenie s f =n-1 stupiami volnosti. Ndhodna premenna T, ; = X/S mé [11]
necentralne t-rozdelenie s parametrom necentrality & . Nahodna premennd S (vyberova
smerodajna odchylka) ma asymptoticky normalne rozdelenie, pricom pre o =1 platia pre

jej stredn hodnotu a disperziu nasledujtice vztahy [1]:

. E(s?)=1, E(s*)={+2)b,, E(S*)=1+2, D(S)=1-b?

E(S)=b, :\/?%(f—})

2
2

kde F(f):J.xf_1 e “dx jegama funkcia (f > 0).
0
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2. Aproximacia kvantilov necentraneho t-rozdelenia
vyuZzitim Cor nishovho-Fisherovho rozvoja

Nech t, =t (f,5) je 100a percentny kvantil necentralneho t-rozdelenia (0 <« <1). Zo
symetrie [11] vyplyva, ze t_(f,o)=-t,__(f,-5). Oznatme Z=X-o. Potom platia

nasledujuce vzt'ahy:

P(T, , <t )=a=PX<t,)=P(E2<t, ) =P(Z +5<t, S)=P(Z-t, S<-05)=

Z-t, (S-b,) t b, -5 2)
= < =
J1rt2 @-b?)  J1+t2 @-b?)

Ozna¢me nédhodnu premennu

wo 2k (S-b) 3)

J1+t2 @-b?)

Pretoze E(W)=0 a D(W)=1 mozno na aproximaciu kvantilov necentralneho t-rozdelenia
pouzit’ Cornishov-Fisherov rozvoj [2]

t,by —o u -1 ud-3u 2ud =5U, | 7
—_—— = u, + K, (W) + & “k, W) - ——2k: (W) -
m a 6 3,f( ) 24 4,f( ) 36 3,f( )

4 -5u2 +2 3us —24ud +29u, 12u4 —53u2 +17

- - 22 u ka,f(W) k4,f(W) - = 3g4+ - kf,f(W) v = 324u u ke?,f(W) +

252u3 -1688 u3 —1511 u,

14u§ -103ug +107 u,, kif (W) K, , (W) _ aade k;f (W) . (4)

288

kde u, je kvantil normovaného norméalneho rozdelenia N(O,1), k3’f (w) = My (w) je
normovany koeficient Sikmosti, k“ (w) = My (w) - 3 je normovany koeficient
Spicatosti, u iy (W) jetretia u At (w) Stvrty centralny moment pricom druhy centralny
moment My (W) = D(W) = 1. Potom plati [1]
E[{Z-t,(S-b, )}’]
BRI

CE[{Z-t,(S-b,)}*] - 3([ 1+t7(1-b7)]?)
] [ 1+3(1-b7)]°

K, (W) (5)

K, (W) (6)
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Nahodné premenné Z a S st nezavislé a E(2)=0, E(z?)=1, E(z%)=0, E(z*)=3
a vzhl'adom k (1) platia vztahy:

E[(S-b,)]-0 @)
E[(S-b;, )?]=D(S) = E(S?)-2b; E(S)+b? =1-b? (8)
E[(S-b,)*1=E(S®) -3b; E(S?) +3b E(S)-b? = b, [2(b? -1)+1] 9)

E[(S-b,)*]=E(S*)-4b, E(S*) +6b? E(S?)-4b? E(S)+b} =

2 (1-2b7)+ (1-b?)(L+ 307) (10)
EHZ-t, (S-b,)F]=1+t? (1-b7) (11)
EH{Z-t,(S-b,)¥]1=-t3 E[(S-b,)*] =12 b, [2(1-b})~}] (12)

EHZ-t,(S-b,)¥'1- E(2*)+ 62 E[(S-b,)*]+t* E[(S-b;)*] -
= 3+6tj @- bf) + tj [% (1—2bf)+(1— bf)(l+3bf)] (13)

Po dosadeni (7) az (13) do (5) a (6) dostaneme

k - 4 b, [21-b?)—1]- t3 r 14
e ) meaopre e T e o
kde
3 = bf [2(1—b$)_%] (15)
4 4
k4’f(W) [l+t2(tl—bz)]2[ (1—2b?)+2(1—b$)(3b$—1)]=[1+t§(t+b%)]2I‘“ (16)
kde
¢ =%@-207) +2(-b7) @b} -1) 17)

V [3] mozno njst rozvoj funkcie

S 21 399 869 39325 (L)
by =1-77 32f2+128f3 5048 F7 ~ 8192 75 * 65536 75 T 262144 f7 ~ O\ 8 (18)

Pomocou rozvoja (18) mozno ziskat’ nasledujuce tri rychle rozvoje:

2111 5 23 53 503 e
1-by =5~ gtz 167 " 128 7° T 256 f° 1024 {9 2048f7+0(f8) (19)
1 1 13 75 1215 17 403 ( 1 )
bt = 7§27 " T6f3 T 12815 T 51215 819215 327687 T O\f8 (20)
_ 3 _ _
ot =557 + 165 ~ 1289 64f7+0( ) (21)
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Rozvoj (4) bude v tvare

Wbr-o . (@-1nE L UE-3u)t QUi -5u) 1§ >
T 5. ., 3,f 2(1—_h2)]2 '4f 2(1—_p2)13 '3f
'1+t§ (1—b$) 6 [1+12 (1—b?)] 3/ 24[1+t7 (1-bf)] 36[1+t5 (1-Dbf)]
(U2 -5u2+2)t2 ] (Bus-24u3+29 u,) t8 , (12u2 -53u2 +17) t2 (3
- g las — f f
24[1+82 (1-b2) Tz 3B4[L+2 Q-1 M zaapeza-b2) ez
(14ug —103u2 +107 u,) L0 (2 (252u3 -1688 U3 —1511u,) t£? iy 22)
288 [1+12 (1—b%)]5 3,f 4,1 7 T76[1+t2 (l—b%)]ﬁ 3.f T

Vynechajme na pravej strane vzt'ahu (22) okrem prvého ¢lena u, vSetky ostatné Cleny a

vypocitajme t,. Dostaneme historicky najstarSiu aproximéaciu kvantilov necentralneho
t-rozdelenia v literatare [4] zndmu pod ndzvom Jennettova-Welchova

S by +u, b2 + 1-b?) (5% - u?)

t
’ by —uz (1-bf)

(23)

Vel'mi presnu aproximaciu kvantilov necentralneho t-rozdelenia ziskal pomocou rozvoja
(22) Akabhira [6], ked’ do vypoctu zahrnul prvé dva Cleny tohto rozvoja a prvé dva Cleny
rozvoja (20). Kvantily t, sa potom vypocitaju pre f =n -1 numerickym rieSenim rovnice

t by -8 3 (u3-1) (1+Lj (24)

‘/l-i-ti(l-bfz)Nua_24\/[1+t§(1'bf2)]3 o ar

V [7] moZno najst porovnanie Akahirovej aproximacie s presnym rieSenim, pricom
rovnica (24) je v tvare algebraickej rovnice 6. stupia.

3. Zaver

Kvantily necentralneho t-rozdelenia maju v matematickej Statistike vSestranne vyuZitie.
Najznamejsi je problém vypoctu silofunkcie t-testu. V [11] moZno néjst’ rozsiahle tabul’ky
jednostrannych toleranénych cCinitelov k normalneho rozdelenia, ktorych vypocet uzko
suvisi s exaktnym vypoc¢tom kvantilov necentralneho t-rozdelenia vztahom

ta(n -1 -u, \/ﬁ):tm(n -1 u, \/ﬁ)
Jn Jn
kde o=u, Jn je parameter necentrality a u, (0<p<1) kvantil normovaného

normélneho rozdelenia N(0,1). Problém je vSak vtom, Ze programovy systém
Mathematica [5] ma sice zabudovani kvantilovu funkciu t, (n-1, ), no pre velké

K= (25)
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o=U, Jn >80 trva vypocet aj 30 hodin. Dobra aproximacia ma preto okrem praktického

vyznamu aj ekonomicky vyznam. V tabul’ke €. 1 je urobené porovnanie presného vypoétu
toleranénych Cinitelov k podl'a vztahu (25) spresnostou na 8 desatinnych miest,
Akahirovej aproximacie (24) arozvoja (22). Z tabulky ¢. 1 vidno, ze aproximacia (22)
dava presnejSie vysledky, ako Akahirova aproximéacia (24).

Podobnou problematikou sa zaoberaju prace [8], [9] a [10].

Tento clanok vznikol s podporou grantového projektu VEGA ¢. 1/3182/06 “ZlepSovanie
kvality produkcie strojarskych vyrobkov pomocou moder nych Statistickych metéd” .
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Tabul’ka ¢&. 1. Porovnanie toleranénych &initelov K

1-0=0,95
p n | Presne(25) A=(24) G=(22) | P-A| | P-G|

100 0,86963145 0,86963196 0,86963172 0,00000051 0,00000027

150 0,83157811 0,83157831 0,83157821 0,00000020 0,00000010

200 0,80943700 0,80943710 0,80943704 0,00000010 0,00000004

0,75 250 0,79454469 0,79454476 0,79454472 0,00000007 0,00000003
300 0,78365997 0,78366002 0,78365999 0,00000005 0,00000002

400 0,76853069 0,76853072 0,76853070 0,00000003 0,00000001

500 0,75830279 0,75830281 0,75830280 0,00000002 0,00000001

100 1,52674875 1,52675274 1,52675072 0,00000399 0,00000197

150 1,47778886 1,47779062 1,47778962 0,00000176 0,00000076

200 1,44955118 1,44955219 1,44955158 0,00000101 0,00000040

0,90 250 1,43066286 1,43066352 1,43066310 0,00000066 0,00000024
300 1,41691112 1,41691159 1,41691128 0,00000047 0,00000016

400 1,39787260 1,39787288 1,39787269 0,00000028 0,00000009

500 1,38505219 1,38505238 1,38505224 0,00000019 0,00000005

100 1,92653886 1,92654634 1,92654256 0,00000748 0,00000370

150 1,86983886 1,86984229 1,86984033 0,00000343 0,00000147

200 1,83723565 1,83723765 1,83723642 0,00000200 0,00000077

0,95 250 1,81546848 1,81546981 1,81546895 0,00000133 0,00000047
300 1,79964194 1,79964290 1,79964225 0,00000096 0,00000031

400 1,77776079 1,77776137 1,77776096 0,00000058 0,00000017

500 1,76304592 1,76304631 1,76304602 0,00000039 0,00000010

100 2,27580587 2,27581682 2,27581136 0,00001095 0,00000549

150 2,21192703 2,21193214 2,21192922 0,00000511 0,00000219

200 2,17526187 2,17526489 2,17526302 0,00000302 0,00000115

0,975 250 2,15081037 2,15081240 2,15081107 0,00000203 0,00000070
300 2,13304620 2,13304767 2,13304668 0,00000147 0,00000048

400 2,10850605 2,10850694 2,10850630 0,00000089 0,00000025

500 2,09201614 2,09201675 2,09201630 0,00000061 0,00000016

100 2,68395786 2,68397302 2,68396558 0,00001516 0,00000772

150 2,61135090 2,61135809 2,61135400 0,00000719 0,00000310

200 2,56973712 2,56974142 2,56973876 0,00000430 0,00000164

0,99 250 2,54201098 2,54201388 2,54201199 0,00000290 0,00000101
300 2,52188081 2,52188292 2,52188148 0,00000211 0,00000067

400 2,49409048 2,49409177 2,49409084 0,00000129 0,00000036

500 2,47542870 2,47542958 2,47542891 0,00000088 0,00000021

100 2,96281363 2,96283170 2,96282292 0,00001807 0,00000929

150 2,88409016 2,88409879 2,88409389 0,00000863 0,00000373

200 2,83900406 2,83900925 2,83900605 0,00000519 0,00000199

0,995 250 2,80897830 2,80898182 2,80897952 0,00000352 0,00000122
300 2,78718560 2,78718817 2,78718642 0,00000257 0,00000082

400 2,75711005 2,75711163 2,75711049 0,00000158 0,00000044

500 2,73692025 2,73692134 2,73692052 0,00000109 0,00000027

100 3,53948435 3,53950836 3,53949691 0,00002401 0,00001256

150 3,44783327 3,44784488 3,44783835 0,00001161 0,00000508

200 3,39540040 3,39540743 3,39540310 0,00000703 0,00000270

0,999 250 3,36050567 3,36051047 3,36050734 0,00000480 0,00000167
300 3,33519119 3,33519472 3,33519232 0,00000353 0,00000113

400 3,30027230 3,30027448 3,30027291 0,00000218 0,00000061

500 3,27684234 3,27684385 3,27684272 0,00000151 0,00000038

100 4,24651815 4,24654928 4,24653471 0,00003113 0,00001656

150 4,13866789 4,13868308 4,13867460 0,00001519 0,00000671

200 4,07701927 4,07702853 4,07702286 0,00000926 0,00000359

0,9999| 250 4,03601285 4,03601920 4,03601507 0,00000635 0,00000222
300 4,00627557 4,00628025 4,00627707 0,00000468 0,00000150

400 3,96527118 3,96527409 3,96527199 0,00000291 0,00000081

500 3,93776805 3,93777007 3,93776856 0,00000202 0,00000051
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Abstract

Chord length distributions are defined for plane and spatial geometric figures (cir-
cle, triangle, cube, ellipsoid ...). The chord length r is a random variable the
distribution density of which is denoted by A(r) (isotropic uniform random chords).
The function A reflects size and shape of a specific figure. Physical apparatuses
allow an automatic recording of A for automatic shape recognition. An estimation
of size and shape of an unknown object results by comparing experimental chord
length data with theoretical models. However, this step of comparing theory and
experiment mainly depends on the existence of a large spectrum of model-functions
A(r,a,b,c,...) of geometric shapes described by certain parameters a,b,...For the
cone an analytic representation of A(r, R, H) via parametric integrals is discussed.
The intrinsic details (interval splitting and analytic representation), are explained.
Mathematica has been applied to handle the result.

1. Introduction

Chord length distributions (CLDs) describe size and shape of geometric figures.

Frequently, an object (for example a typical microparticle) can be approximated
by a suited, selected geometric figure. In the following, the CLDs of right circular
cones of radius R and height H are considered for isotropic uniform random chords
(so-called TUR chords) [13].
CLDs are applied in many fields, like materials science [10], astronomy, astrophysics
and in archaeology. The distribution law of random chords, belonging to a geometric
object, can be obtained by use of scattering methods. The field of data evaluation
of small-angle scattering (SAS) experiments involves the theory of CLDs [11,12].
The basic idea is to compare experimental CLDs with theoretical CLD model calcu-
lations. For a convex particle (and the cone belongs to this group of models), there
exists the basic connection between the SAS correlation function (CF) ~(r) (similar
to the set covariance) and A(r),

A(r) =1-7"(r), (0<r <L), (1)

where L is the largest particle diameter. Eq. (1) has been frequently used to
determine the CLD of a certain particle shape, see [3,7,11]. For a single homogeneous
particle, the CF can be obtained by determining the volume overlapping between
the original particle and its r-translate,

V (r, orientation
) = HEortentetion) o <y < 1), 2

where Vj is the particle volume, and the numerator-average is the mean overlapping
volume for all directions of the r-translate relative to the original particle. The
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CF is a strictly monotonously decreasing function, disappearing for larger r-values,
L < r < oo. In the following sections, Eq. (2) is operated with in a first step.
Then, the function A(r) results by differentiating v(r). The first CLD-moment can
be traced back to V; and to the whole surface area of the particle Sy via [ = 4V;/S.
Egs. (1-2) are no approximations and have been applied to reach analytic results
for CLDs in many cases; - for ellipsoids, tetrahedrons and hemispheres, see [3,8,9].

The following sections deal with the overlapping volume between the original cone volume
and its r-translate, see Fig. 1, in more detail. This problem has been studied several times
[5,6], leading to an initial representation of the function A(r). The expenditure for such a
calculation is immense. Computer algebra programs are indispensable [7,14].

Figure 1: Geometric situation for determining the intersection volume (overlapping volume)
V(r,¥, R, H) between the original cone and its r-translate. The symbol F' denotes the intersection
area of two circles of diameters Ry = v - h and Ry = v[h + r - sin(4)] as depending on h, v and .

To describe the configuration, k1 2 have been introduced.

2. The cone

As a simplifying substitution, v = R/H is introduced. The circular area of
diameter L = 2R and the rod of length . = Hare limiting cases involved in these
studies. The cones have the surface area S. and volume V, and a half vertex angle
«. The direction angle ¥, varying in the interval 0 < ¢ < 7/2, defines the direction
of the r-translated cone, Fig. 1. Because of the rotational symmetry, no additional
polar angle is required. The integration variable for determining the volume V()
from is h (integration limits from hy to hy). The parameters h, h; and hy are the
distances from the top of the original cone up to planes parallel to the basic plane.
The radii Ry and R; of the circles in a plane, parallel to the basic plane, depend on
h. The symbol F', F(r,9,h), denotes the overlapping area of these circles in terms
of ¥, h and r, whereas h is connected with all these variables. The maximum chord
length of a cone can either be 2R or vV H? + R?. Thus, there exist two main cases
for defining the functions ~(r) and A(r), whereas each of these main cases splits
into further sub-cases. Four fundamental cone-types must be distinguished. A vivid
description of the integration limits, ¥ o 7, is explained in Fig. 2. The mean sums
of all overlapping volumes for r = const result from the volume cutting into slates

61



Figure 2: Analysis of overlapping cases between two cones: A: In the basic overlapping case, a
configuration as in Fig. 1, there exist limiting angles 1 2. B12: The limiting cases of touching
cones define the limiting angles 91 5. There can exist one point P(z,y) or two. C: In the case of
total overlapping, Y1 < ¥, the analysis of V' (r) is trivial.

of height dh, arranged parallel to the base of the cone,

I(r)=... h=ha(r,9) d(r)=...
V. (r) = F(r, 9, h)dh ) cos(9)dd — V(r, 9) cos(9)d,
’Y(T) /19(1")— (/h—hl('r,ﬁ) <T ) ) COS( ) /19(7")— (T >COS( ) (3)

where the factor cos(1)) controls the averaging process (because all the positions of
the cone-ghost in space have the same probability and no direction is privileged,
see [13]). Parametric integrals, Eq. (3), involve general integration limits, which
are not yet specified to any actual case [r, R, H]. The h-integration starts from the
top towards the base. The exact specification of all the upper and lower integration
limits for 1 is performed based on the shift of the position of point P(z,y), (see Fig.
2, B12 and the total case C),

R {2H2 . Jr2(H? + R2) — A2 R? >

U2 = arccos <

(4)

H>+R* L r r
: H : 1 . (H
Y = arcsin (m> = arcsin <m>, Vg = arcsin (7) (5)

The condition of real-valued 915, 0 < r*(H? + R?) — 4H?*R?, is reflected as the
additionally defined length variable ¢, t = 2HR/v/ R?* + H?, see Egs. (19- 21) below.
Furthermore, the specification of the lengths hy o is

cos(1)

hy = g [ —sin(9)], hy = H —r-sin(v), (6)

and
cos(1)

(Y

r

hoae = ha = = H — 2 - |
results (Fig. 1). However, the volume of the intersection region cannot be repre-
sented for all the ¥-values in the trivial form V(r) = F(r,9, hy) - (ha — h1)/3, as
the overlapping volume involves a non-coned surface. The case ho < h; must be ex-
cluded. A case hy = hy can exist. The CF results from Eq. (3) from a combination

+ sin(9)] (7)

62



of five integrals. The notification used, Viympor, is connected with the integration
limits for the direction angle 9 given by Eq. (4-5),

Y1

Vou(r) = /0 V(r,9) - cos(¥)dd, (8)
I

Var(r) = /19 V(. 9) - cos(9)dv, 9)
I

Vor(r) = /O V(r,9) - cos(9)dd, (10)
Y

VTE(T):/ﬂT Vir(r, 9) - cos(8)dd, (11)

Vialr) = [ 7;/ Vi, 9) - cos(9)dv. (12)

The terms V and V7, involved in these integrals, can be traced back to a sum
F(r) = Fy(r) + Fi(r), see [5]. These terms are

Fy(r) = v2[h+r - sin(®)]” - arccos [v[hj—(:ii}f(ﬂ)]]

— (ao+hb) - \Jo2[h+ 1 - sin(9)]* — (ao + hb)?,

(13)

a—h-b
Fy(r) = v? - h? - arccos {17

Egs. (13, 14) apply substitutions ag, a; and b, defined by

| = (@ —h-b) o2 — (@ — 0% (14)

T [cos?(¥) & v?sin? (V)] B M
o1 = 2 cos (1) , b= cos(¥) (15)

The basic overlapping volumes in Eqs. (8-12),

ha(r,9)
V(o) = /h ( ) [Eolr 1,9) + Fy(r, h 0)]dh (16)
1\
I : 3
Vr(r,9) = gm) -[H —r-sin(9)], (17)

result. Eq. (17) represents the case of "total overlapping”. Altogether, Eqgs. (9,10),
together with Eqs. (16,17), fix the cone CF, by summing up over all the J-intervals
as depending on r = const. Here, an r-interval splitting is indispensable.

2.1. Interval splitting for r

In most of the volume terms Eqs. (8-12), the integration limits depend on 7. It is
indispensable to introduce a sequence of r-intervals for determining the overlapping
integrals Eqgs. (8-12). At this, the shape of the cone defined by the parameters R and
H influences all calculation steps. Altogether, four cone-types must be distinguished:
The type 1.1, the low cone, is characterised by 0 < H < R, whereas L = 2R.
The same L exists for the type 1.2, where R < H < \/§R, the balanced cone.
Furthermore, the types 2.1, well-balanced cone, /3R < H < 2R, and 2.2, steep
cone, 2R < H < oo, possess the property L = v H? + R2.

Finally, introducing a special r-value, the length t = 2R/+/1+ v?, the product
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V. - y(r) results (for the four cases 1.1, 1.2 and 2.1, 2.2) by puzzling the following
integral terms together:

Vor +Vrr, 0<r<H

case 1.1 : Vo-~(r)=< Vor+Vrg, H<r<VH?+R? (18)
Vor, VH? + R><r <2R
‘/E)T+VTW, OSTSH
. o ‘/E)T+VTE7 HSTSt
case 1.2 : V. -~(r) = Voo + Var + Vg, t<r < VHE+R2 (19)
Vol, VH?+ R?><r <2R
Vor + Vra, 0<r<t
, ) Voo +Vor+Vrr, t<r<H
case 2.1 1 V. -~(r) = Voi + Vop + Vg, H <1 <2R (20)
Vor + VrE, 2R <r <vVH?+ R?
Vor + Vra, 0<r<t
Vor+Vor +Vrr, t<r <2R
case 2.2 1 V. -~(r) = ‘/[2);+‘/2,TTW r R <r < I (21)
Vor + VrE, H<r<+VvH*+ R?

Outside these r- intervals, the function 7(r) disappears. Numerical checks with a

random number generator for the variables R and H show that the equations given
fulfil

L
V. = / 4rr? -y (r)dr, (22)
0
see [11,12]. The final step of the project is to calculate 4V../S, - v"(r), Eq. (1).
2.2. From the CF to the CLD

Clearly, Eq. (1) could be handled numerically. On the other hand, a twice
differentiation of the sum of the parametric integrals can be performed. The terms
simplify, as expected from experiences from other geometric figures, see [3,7]. The
differentiation of the terms V"1, (r) and V"7g(r), simple to handle, yields

2w Hv? 1 Tro? 1
V" x(7) = -1 — — |l - — 23
T ( ) 3 |: (1+02)3/2:| 2 |: (1+U2)2:| ( )
and
H4 2 2 omH 2
V() = mH*v T mHv (24)

+ —~ .
6r3  2(1+02)°  3(1+02)%?
An elaborate calculation leads to parametric integrals for the three terms V" (r),

V"or(r) and V"op(r). Thus, the whole CLD is fixed by a sum of maximally five
terms,

4
A(’I“) = g [Cglvﬁol (’l“) + CQTVHQT(’I“) + COTVHOT(’I“) + CTﬂVHTW(T) + CTEVHTE (7“)] (25)

The values of the five coefficients are 0 or 1, as depending on r, see Eqgs. (18-21).
From a long calculation, the parametric integrals V"o, V"or and V" o7,

x1(r) T x
Vol (1) :/01 L"(r,z)dx, Vor"(r) :/ ?)Il”(r, x)dx, Vor"(r) :/0 Tfl"(r, r)dz,
zo(r

64



result. Eqgs. (26) apply several substitutions. The integration limits are defined by

1 2HU2:F\/T2(1+U2>—4H2U2
I = —e—, T1p= : (27)
V1402 ’ r(1 4 v?)
For I] a representation
, 2 \? ) [eleH/r a4 (1 fer) /o) ()
11"(7’, %) = % (1 — 1'T2> -In |: \/f_x2 ! 2 :|
+ 2v%2? . (H — rz) - arccos {”(rz(_;lﬁi)%ﬁg_ﬁ)] (28)
+ %~\/1—;—T22-\/(x1—x)(a:2—x)

follows. Several synonymous versions of Eq. (28) are possible. However, a rigorous
simplification of all these terms and expressions has not been reached yet.

3. The CLD of flat, balanced, well-balanced and steep cones
The CLDs are represented by Plot3D, see [14]. As the dynamics of the CLD

()
%,
7

S5

X
A

s

..

G

Figure 3: The chord length distribution density of cones. A transformation At(r,R,H) =
tanh[A(r, R, H)] has been used. Left-hand side: Flat and balanced cones, R = 1, L = 2,
0< H < 3. Right-hand side: Well- balanced and steep cones, H = const = \/§, H<L<2,
0<R<1.

is relatively high, any complex CLD representation requires a transformation of
A(r,R,H), see Fig. 3. The transforming function f = tanh(z), possessing the
property 0 < f < 1 for non-negative x. For small arguments z, f ~ x holds. For
larger arguments the CLD is somewhat distorted. By use of the transformation

4 L 2 — 2cos(hr) — hrsin(hr)

I(h)=——= [ A(r,R,H)-
() = [ AR ) -

dr, (29)

see [3], the SAS intensity I(h) = I(h, R, H) (scattering vector amount h) results.
For example, the function /(h) can be recorded by neutron scattering experiments.

5. Summary and conclusions

The cone is an elementary geometric figure. However, besides [5,6] the author
does not know any paper involving a more compact analytic formula for this CLD.
The current paper involves a transformed 3D plot of the CLD, see Fig. 3. The
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expenditure for tracing back the parametric integrals to standard functions of math-
ematical physics is greater than expected. From a more general point of view, this
fact has been explained by Ciccariello [1,2]. Mainly, there exist three reasons for these
restrictions:

1. There seems to be no way for avoiding r-interval splitting and considering different
basic types of cones [5,6].

2. Furthermore, the author does not know of any general algorithm for receiving CLDs by
use of computer algebra programs (at least these programs are too weak for automatically
detecting an interval splitting).

3. Even the restriction to a numerical analysis of the parametric integrals is not simple.
The results obtained are reproducible and can be obtained operating with all Math-
ematica versions. It is a worthwhile attempt to summarise the three parametric
integrals in question, Egs. (26), by a more suited way, see [4], followed by simplifi-
cation, in order to reach a better representation.
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Abstrakt

Prispevok sa zaoberd $tatistickou optimalizdciou drsnosti povrchu pri pozdiznom
sustruzeni ocele ISO 683/1-87 gradientnou metédou s vyuzitim vysledkov dplného
faktorového experimentu 2°. Ako nezdvislé premenné boli brané do tvahy rezné
podmienky: reznd rychlost’ v_, posuv f a hibka rezu a,.

Klicové slova: Statistickd optimalizdcia, pldnovany experiment, regresnd analyza

Uvod

Castym zdkladnym cielom pri hodnoteni sprievodnych javov rezného procesu je
hl'adanie optimalnych podmienok pri obrabani [4], [7], [8]. V najSirSom slova zmysle
optimalizdcia predstavuje ziskanie najlepSich vysledkov v urcitych podmienkach.
Matematickd formuldcia optimalizicie sa vo vSeobecnosti zaklad4d na hl'adani maxima
(a pri zmene znamienka tieZ minima) funkcie:

q=f (X, X3 Xy, oo s X5 Voo Vis Voo coe s Vn) (D
kde x,,x, ..., Xy, Y(s Vs oYy j€ Konecny pocet redlnych premennych. Funkcia ¢ sa
nazyva kritériom optimalizacie (kriteridlna funkcia, ucelova funkcia, cielova funkcia,
optimalizacny funkciondl) a charakterizuje kvantitativne ziskané vysledky [4]. Riadené,
resp. kontrolované premenné x,,x,, ... ,x, charakterizuji podmienky, na ktoré je mozné
vplyvat' Tubovolnym spdsobom s cielom ziskania najlepSich podmienok podla
vybraného kritéria. Neriadené premenné y,,y,, ...,y, charakterizuji podmienky, na
ktoré nie je moZné vplyvat’ a st urované nezdvislymi CiniteI'mi. Vizbu oboch druhov
premennych s kritériom optimalizicie ¢ urcuje predpis funkcie (1). Tedria regresnej
analyzy je zaloZena na vypocte extrémov funkcii a v zdkladnej tlohe predpoklada, ze
veli¢ina y (merand veliCina) stochastickym spdsobom zdvisi na premennych x;,

j=123,...,k (k- je poCet nezavisle premennych). Ak si zname hodnoty 1y,



j=123,..,N (N-— je poCet nezdvisle merani) spolu s odpovedajicimi x;, potom
ulohou regresie je odhad parametrov b,,b,, ... ,b, vo funkcii (2):

V= (X, X|s Xy seees Xy 5D Dy s by s b)) 2)
Parametre b,,b,, ... ,b, saurCuju tak, aby minimalizovali funkciu odchylky (3):

u; =3, = f( Xy, %, %5500, Xy, 0,,0,,b,,...,b, ) 3)
kde j=1,2,3,..,N ai=1,2,3, ...,k . Ak funkcia odchylok je vyjadrend v tvare (4):

folupttysuy )=l +us +. Uy “)

vtedy ide o metddu najmensich Stvorcov. Najjednoduchs$im pripadom je, ak rovnica (2)
je urcend linedrnym, resp. linearizovanym tvarom podla vzt'ahu (5):

k
y:bo.x0+2bj.xj+8 &)
j=1
kde € je nahodna chyba s nulovou strednou hodnotou , resp. pre N meranych vysledkov
pri k premennych v maticovom tvare (6):
y=Xb+e (6)
kde y= [yl,yz, ,yN]T je vektor meranych vysledkov, X — matica podmienok
merania, & — ndhodny vektor s nulovou strednou hodnotou. Vektor koeficientov
viacndsobnej linedrnej resp. linearizovanej regresie b=[b,.b,,....b,|" sa uréuje
maticovou analyzou regresnych zdvislosti. Linedrna, resp. linearizovand zavislost’ (5)
nemd lokdlne extrémy pre svoje maximum, resp. minimum a teda nie je vhodna pre
popis oblasti leZiacich v blizkosti optima. Pomocou (5) resp. (6) je mozné urcit' smer
rastu, alebo poklesu regresnej funkcie. Pohyb po viacrozmernom priestore
E, [xy.x,, ....x,] je diskrétny a vyjadruje sa pomocou tzv. optimalizaénych krokov.
Tymto postupom pri pouzitej stratégii experimentovania mozno ziskat' v kazdom stadiu
hodnovernejsie informdcie o optimdlnom priebehu vySetrovaného procesu ¢i javu [4].

Podmienky experimentu

Ulohou pldnovania experimentov je naplnit model redlnych situdcii vplyvu
reznych podmienok na morfolégiu obrobeného povrchu pri pozdiZznom sdstruZeni ocele
ISO 683/1-87 konkrétnymi ¢islami. V praxi nepOsobia tieto procesné parametre vZdy
len aditivnym spdsobom, ale spolo¢ne vo vzdjomnej interakcii. Analyzovat’ tento model
umoziuji faktorové experimenty, pri ktorych sa zrealizuji pokusy pre vSetky
kombindcie trovni uvaZovanych faktorov. Z hl'adiska optimalizicie reznych podmienok
vzhl'adom na hodnotu najvidcSej vySky nerovnosti profilu drsnosti Rz a strednej
aritmetickej odchylky profilu drsnosti Ra su v tab.l1. uvedené Kddované podmienky
pokusova v tab.2 podmienky pri ktorych sa experiment realizoval.

Tab.1 Kédovanie podmienok pokusov.

Poradie Koédované podmienky pokusov Aktudlne podmienky pokusov
pokusov X, X X3 Ve f a,
m.min mm mm
1. -1 -1 -1 8,792 0,1 0,1
2. +1 -1 -1 351,68 0,1 0,1
3. -1 +1 -1 8,792 0,5 0,1
4. +1 +1 -1 351,68 0,5 0,1
5. -1 -1 +1 8,792 0,1 3,0




6. +1 -1 +1 351,68 0,1 3,0
7. -1 +1 +1 8,792 0,5 3,0
8. +1 +1 +1 351,68 0,5 3,0
Tab.2 Podmienky vykonania experimentu.
Kod experimentu Rz.v.f,a, — 12 050.1
Pouzity obrabaci stroj : SU 40
Pousity rezny ndstroj Drziak Rezna platnicka Rezny material [trf;n]
MWLNR KNUX 190 405 EL P20 podl'a ISO 0.50
Ve a, f
Rezné podmienky [m.min] [mm] [mm]
7.892 - 351.680 0.10 - 3.00 0.100 - 0.500
Nastavenie nastroja vo¢i osi obrobku h= 0 [mm] Chladenie nie
Obrabany material ISO 683/1-87
Pouzité meracie pristroje Mitutoyo Surftest SJ — 301 na meranie parametrov drsnosti povrchu
Presnost’ E = 1/1000 Zvolens hladina vjznamnosti a=0.05
vypoctu
Po? et N=8 Pocet opakovanych merani pre kazdy pripad m=35
pripadov

Aplikacia Statistickej optimalizacie pre podmienky realizovaného vyskumu
Statistickd optimalizdcia reznych podmienok vo vztahu k najvicsej vyske
nerovnosti profilu drsnosti Rz a strednej aritmetickej odchylky profilu drsnosti Ra,
bola realizovana na zéklade vykonaného pldnovaného experimentu 2°, pri pouZiti
reznej rychlosti v,, posuvu f a hibky rezu a , ako nezavisle premennych — faktorov

ahodndt Rz a Ra ako parametrov optimalizdcie, za G¢elom stanovenia optimdlnych
hodndt reznych podmienok vo vztahu k dosiahnutiu optimdlnej hodnoty skiimanych
parametrov drsnosti povrchu. Pre Statisticku optimalizaciu boli vyuZité vysledky merani
planovaného experimentu a mocninovych regresnych modelov v logaritmickych
suradniciach a regresny model je v normovanom tvare. Teda zdkladny tvar regresnej
funkcie v logaritmickej stiradnicovej sdstave pre Statisticki optimalizaciu ma tvar (7):
Rz,Ra=by+bx,(v,) +b,yx,(f)+byx;(a,) @)

Vysledky regresnej analyzy pre vypocet regresnych koeficientov rovnice (7) si v
zjednoduSenej podobe uvedené v tab.3. Vzhl'adom na to, Ze vztah (7) je uvaZzovany pre
logaritmicku transforméciu (k6dovana funkcia), pre velkost’ vstupnych premennych pri
optimalizacii vystupnych parametrov su uvazované logaritmické hodnoty vstupnych
veli¢in, je potrebné pocitat’ logaritmicky stred definovany vzt'ahom (8) a logaritmicky
variaény interval pdsobiacich faktorov podl'a vztahu (9):

lOg ijax + lOg ijin
2

lOg ijax - lOg ijin
2

log Z,= , log Azj = (8,9)

Tab.3 Podmienky vykonania experimentu.

Veli¢ina I%z:b0+b,x,(vc )+byx,(f )+bsxs(a,) IA?azb0+b]x](vC )+b,x,(f)+byxs(a,)
QOdhad regresnych koeficientov
by 1.242139 +0.325081 0.322289 +0.263193
b, -0.000929 + 0.000809 -0.000758 + 0.000655
b, 1.375359 +0.693209 1.881198 +0.561239
bs 0.008627 +0.095615 0.020402 +0.077412




Statisticka v§znamnost’ regresnych koeficientov
Kiritické 2.571000 2.571000
to 9.823831 3.148269
by signifikantny signifikantny
t 2.956325 2.975048
b; signifikantny signifikantny
t 5.100985 8.617652
b, signifikantny signifikantny
t; 0.229289 0.677585
b; Statisticky nevyznamny Statisticky nevyznamny

Tab.4 Uréenie bazovych koeficientov a optimalizaénych krokov.

Vstupnd veli€ina x; X1 (Vo) X, (f) Parameter optimalizacie
. . -0.000929 1.375359 Rz
Koeficient regresie b;
-0.000758 1.881198 Ra
Logaritmicky stred log z;, 1.745118 -0.650515 Rz, Ra
Logaritmicky interval log Az; 0.801029 0.349485 Rz, Ra
b, log Az, -0.000744 0.480667 Rz
! -0.000607 0.657450 Ra
Bazovy koeficient by - 1375359 Rz
- 1.881198 Ra
o= M | p=01— 20=0072708 p=1 — ko =0.727082 Rz
|b;,| p=0.1 - 20=0.053158 p=1 — Aro=0.531576 Ra

Pri minimalizacii vystupnych parametrov Ra a Rz sa uvaZoval teda vplyv
reznych podmienok, a tito optimaliziciu je teda nutné chdpat’ iba vo vztahu k reznym
podmienkam, bez uvazovania vplyvu ostatnych podmienok a procesov ktoré posobia pri
vytvérani obrobeného povrchu obrdbanim. Na zdklade uvedenych vztahov maximélna
hodnota sucinu b, log Az; urCuje bazovy koeficient b,, s ktorym sa uvazovalo pri

vypocte optimalizacného kroku. Optimalizacny krok bol zvoleny s ohl'adom na interval
(0<u<1) tak, aby vypodétové operdcie boli ¢o najjednoduchsie. Preto sa uvazili
nasledovné pripady: wu=b, , 4, =1, u=1, 14, =1/b,

Vysledky spracovania tidajov potrebnych pre optimalizdciu su uvedené v tab.4.
Hodnoty skimanych parametrov Rz a Ra ziskané vypoctovym modelom s krokom
A, =0,072708 pre Rz a A,=0,053158pre Ra; A,=0,072708 resp. A, =0,053158 su
uvedené v tab.5 pre parameter Rz a v tab.6 pre parameter Ra . Hodnoty skimanych
parametrov sa v tomto kroku optimalizicie sleduji aZz po dosiahnutie tzv.
kvézistaciondrnej oblasti, priCom z tab.5 a tab.6 je zrejmé, Ze minimalizacia vystupného
parametra nastane len pri zmenSeni posuvu na otacku.

Tab.5 Vypoctové hodnoty parametrov optimalizicie pre parameter Rz

Krok o = 0.072708 o = 0.727082
Cislo kroku 1=0 1=1 1=2 1=3 1=1
£ [mm] x> | -0.650515 | -0.685463 | -0.720412 | -0.755360 |  -0.999999
2, | 0223607 | 0.206318 | 0.190366 | 0.175647 0.100000
Parameter | Vypocitand | o | 5 987557 | 2849720 | 2.712186 | 2.574651 1.611899
optimalizdcie | hodnota




Tab.6 Vypoétové hodnoty parametrov optimalizicie pre parameter Ra

Krok Ao =0.053158 Mo =0.531576
Cislo kroku 1=0 1=1 1=2 1=3 1=1
£ [mm] Xy | -0.650515 | -0.685464 | -0.720413 | -0.755361 -1.000004

z, | 0.223607 | 0.206318 | 0.190365 | 0.175646 0.099999

Parameter Vypocitana

S Ra | 2.067407 | 1.879286 | 1.691165 | 1,503044 0.186188
optimalizdcie | hodnota

Na zaklade uvedenych vysledkov ziskanych pri optimalizécii linearizovaného
modelu sa preukdzal najvacsi vplyv na parameter optimalizdcie Rz a Ra z reznych
podmienok posuv. Dosiahnutd kvdazistaciondrna oblast’ sa aproximovala polynémom
druhého stupna, kde vo vSeobecnosti ako nezdvislé premenné vystupuju ti faktory,
ktoré majui podstatny vplyv na zmenu parametra optimalizicie Ziadanym smerom. Pre
konkrétny pripad je to posuv a aproximacny polyném ma tvar (10):

Ra,Rz =by +b,(f)+b,,x,(f) (10)
Vysledky Statistického spracovania pre dané podmienky merania vztahom (10) s v
tab.7. Po vyluCeni Statisticky nevyznamného koeficientu b;; mad rovnica pre
kvézistaciondarnu oblast’ strednej aritmetickej odchylky profilu drsnosti tvar (11):

log Ra = 0.781722+0.309764x,(f) (11)

Tento vztah, ktory je v kddovanom tvare prevedieme do prirodzenej mierky pomocou
prevodového vztahu (12):

_ 2(10g Zj - 10g ijax )
log ijax _log ijin
Tab.7 Regresna analyza optimaliza¢ného polynému.

+1 (12)

Xj

A

Velicina | R Ra
Odhad regresnych koeficientov
by 1.500369 0.781722
b, 0.505125 0.309764
by, 0.228057 0.146772
Statisticka v§znamnost’ regresnych koeficientov

Kiritické 2.571000 2.571000
to 16.499109 10.067062
bo signifikantny signifikantny
t 5.554709 3.989166
b, signifikantny signifikantny
ty) 2.50487 1.890146
by Statisticky nevyznamny Statisticky nevyznamny

V prirodzenej mierke prostrednictvom prevodového vzt'ahu (12) pre minimdlne a
maximalne hodnoty posuvov (13)

A 2(1 -1 2%*] -1 -1 .

IOgRa:b0+b1 (ng ngmax)+l :b0+b1 ng ngmax ngmm (13)
log fmax - log fmin log fmax - log fmin

dostdvame rovnicu pre kvdzistaciondrnu oblast’ strednej aritmetickej odchylky profilu

drsnosti (14):

Ra = 6,049 £ 61 (14)




A rovnakym spdsobom dostdvame rovnicu pre kvazistacionarnu oblast’ najvacsej vysky
nerovnosti profilu drsnosti (15):

Rz=31649 f'°1° (15)
Grafické znazornenie priebehu optimalizacnych funkcii (14) a (15) pre kvézistacionarnu
oblast je na Obr.l pre parameter optimalizicie Ra a na Obr.2 pre parameter
optimalizacie Rz .

3 : : . . . 75

Ra=6,0497f 0619

Rz=31,649'1 1010

Ra [um]
Rz [um]

0,08 010 0,12 014 016 018 020 022 024 ‘EI‘EIE o010 012 014 0,16 0,18 020 022 024
f [mm] f [mm]

Obr. 1 Zavislost Ra a f pre kvdzistaciondrnu oblast. Obr. 2 Zdavislost Rz a f pre kvdzistaciondrnu oblast.

Zaver

Na zdklade uvedenych vypoctov moZno konStatovat, Ze najvacsi vplyv na
skimané parametre v Rz a Ra ma posuv, ktory v kvdzistaciondrnej oblasti, t.j. oblasti v
blizkosti optima pre skimanu ocel ISO 683/1-87 pri danych reznych podmienkach je

definovany vztahmi Ra =6,049 £%9" pre stredni aritmetickd odchylku profilu drsnosti

a Rz=31649 £ pre najviacsiu vySku nerovnosti profilu drsnosti. Na ziklade

vysledkov moZno d’alej uviest, Ze Statisticky nevyznamny vplyv na skimané parametre
profilu drsnosti ma hibka rezu, najvyraznejsi sa prejavil vplyv posuvu, priom rezn
rychlost’ je nevyznamnd v oblasti vypocitaného optima pricom jej vplyv na skimané
parametre v rozsahu pouZzitych hodndt je vSak preukazatelny.
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Abstract

This paper is devoted to studying of the Cartesian product of S-additive
measures. It is shown under which conditions this Cartesian product is again
S-additive. In the last part of the paper conditional measures and indepen-
dence of S-additive measures are investigated.

In [3] we have shown how we can construct a Cartesian product of Lukasiewicz filters
(Lukasiewicz filters are, in fact, special fuzzy measures). However, using the con-
struction from [3], we have no guarantee that, when starting with S-additive filters
(so-called (T}, S)-filters), the resulting filter will inherit the S-additivity. In this
paper we will construct two-dimensional S-additive measures for t-conorms S which
are transformations of the Lukasiewicz t-conorm. Using these two-dimensional S-
additive measures and some conjunctor, we will define conditional measures and
study the independence of S-probability spaces with respect to the conditional mea-
sure. The S-additivity of conditional measures was already studied by P. Benvenuti
and R. Mesiar in [1]. Here, we present another viewpoint at the conditioning and
we show under which conditions an S-probability space is independent from another
one.

Recall that a t — conorm S : [0,1]> — [0,1] is a commutative and associative
operator having 0 as neutral element and 1 as its annihilator (see e.g., [4], [7]).
There are three basic types of t-conorm:

o nilpotent, i.e., such that there exist some x,y < 1 for which S(z,y) =1
o cancelative t-conorm, i.e., S(x,y;) = S(x,y2) < y1 = yo for each z < 1
o maximum t-conorm.

A copula (see e.g., [2], [4]) C : [0,1]? — [0,1] is an isotone operator having 1 as

neutral element and fulfilling

C(x2,1y2) + C(a1,y1) = C21,92) + Cl2,91).-

A connection between copulas, two-dimensional distribution functions and depen-
dence of random variables the reader can find in [8].

A conjunctor (see e.g., [4]) T : [0,1]> — [0,1] is an isotone operator having 1
as neutral element. The most important notion for our considerations will be the
S-additivity:
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Definition 1 Let (X, 0, 1) be a measurable space with a fuzzy measure p (1u(X) =
1). Let S be a t-conorm. we say that p is S-additive if the following holds:

AU B) = S(u(A), u(B)),  if ANB=19.

In this paper we will put X = [0, 1]. The concept of S-additivity was already studied
by several authors, see e.g., [1], [4], [5].

1 S-additivity

If we have two measurable spaces, ([0, 1], By, 11), ([0,1], Ba, p2), equipped with S-
additive measures and we want to get their Cartesian product, then we can use an
approach similar to that when constructing the Cartesian product of two probability
spaces. Namely, in the latter case we use copulas. So, we are going to introduce
so-called S-copulas.

Definition 2 A two-dimensional operator Cs : [0,1]*> — [0,1] is said to be an S-
copula if and only if it is monotone in both coordinates and if the following are
satisfied:

C1 Vz € [0,1] Cs(0,2) = Cg(x,0) =0
C2 Vx €[0,1] Cs(1,2) = Cg(x,1) =x
C3 Va; < x5 € [0,1],Vy1 < yo € [0, 1] yield
Cs(22,y2) > S (Cs(1,¥2), Cs(w2, y1) —s Cs(21,91)) (1)
where a —g b = sup{t € [0,1]; S(¢,b) < a} with the convention sup () = 0
An important role in our consideration will play so-called S-probability spaces:

Definition 3 Let B be the o-algebra of Borel subsets of [0,1] and S be some con-
tinuous t-conorm. We say that F : [0,1] — [0,1] is a distribution function if
F(0) =0, F(1) = 1 and if it is non-decreasing. We say that an S-additive mea-
sure p : B — [0,1] is an S-probability, generated by F, if ([0, z]) = F(z) for each
x € [0,1] and if for each interval |x1,z5] C [0,1] the following holds

p(]zy, zo]) = F(x9) —s F(21)

The space ([0, 1], B, p) will be called the S-probability space.

Nilpotent t-conorms

Lemma 1 ([4]) A continuous t-conorm S is nilpotent if it is of the form

S(z,y) = f~Hmin{l, f(z) + f(y)}), where f : [0,1] — [0,1] is a left-continuous
strictly increasing function with f(0) =0, f(1) = 1.

If f is strictly increasing and left-continuous, then for a > b, we have

a—sb=f""(f(a) = f(b)). (2)
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Theorem 1 Let f : [0,1] — [0,1] be a strictly increasing left-continuous function
with f(0) =0, f(1) = 1. Further, let the S be a nilpotent t-conorm, given by

S(w,y) = f~ (min{L, f(2) + f(y)})- (3)
Then a two-dimensional function operator Cs : [0,1]> — [0, 1], defined by
Cs(z,y) = fH(C(f(x), f(y))) (4)

1s an S-copula, where C' can be an arbitrary copula.

From now on, we will deal with a fixed t-conorm S, given by formula (3), where
f:10,1] — [0, 1] will be a given continuous, strictly increasing function with f(0) = 0
and f(1) =

Let us have two S-probability spaces, ([0, 1], B, u1), ([0, 1], B, ua), as these were
introduced in Definition 3. Once we have S-copulas, when constructing a Cartesian
product of the spaces ([0, 1], B, 1) and ([0, 1], B, u2), we may construct a Cartesian
product of two S-probability spaces. By choosing some S-copula C's we define a
two-dimensional S-distribution function F : [0,1]* — [0, 1] by

F(s,t) = Cs (Fi(s), F5(1)) ()

Thereafter, in a usual way we can define an S-probability v : o (B x B) — [0, 1],
where o (B x B) is the least o-algebra containing all Cartesian products B; X Bs,
B, e B, By € B.

Definition 4 Let ([0, 1], B, 1) be some S-probability space. The measure (1 will be
called S-uniform if and only if each interval [a,b] C [0, 1] yields p([a,b]) = ¢(b—a),
where ¢ : [0,1] — [0,1] is some non-decreasing function with ¢(0) =0, ¢(1) = 1.

Comment 1 As Definition 4 says, an S-uniform measure of an interval depends
only on the length of this interval. Le., if the length of [a, ] is %, we get

1 = S(u(la, b)), p([a,b]),.... u(la, b)) = f(n- fu(la,b])))

nx

= p((a,p)) = 7 () (6)

Theorem 2 Let ([0, 1], B, i) be the S-probability space, equipped with the S-uniform
measure. Denote by F :[0,1] — [0, 1] the corresponding S-distribution function and
Os(a,b) = f~1(f(a)- f(b). Let v : B> — [0,1] be a measure, induced by the two-
dimensional S-distribution function, G, defined by

G(a,b) = Is(F(a), F'(b))
Then v is a two-dimensional S-uniform measure.
Proof. We have to prove the following
v([0,a] x [0,0]) = v([c,a+ c] x [d,b+ d])
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where, in general,
V([C, CL] X [d7 b]) = G(aa b) -8 S(G(Ca d)? G(CL, b) -8 G<bv d))
At the left-hand-side we get

v([0,a] > [0,8]) = f~(f(n([0,a])) - f(r([0,0])))

at the right-hand-side we get

v(le,a+c x[d,b+d) = fH(f(Gla+e,b+d)+ f(G(cd)
—f(G(e,b+d)) — f(G(a+c,d)))

= [T (f(Fla+o)- f(F(b+d)—f

— (f(Fla+0))- f(F(d) = f(F(c))-

By formula 2 and since p is S-uniform, we have

f(Fla+¢) = f(F(e)) = [f(Fla+c)=sF(c)) = fulle,a+d])) = f(u([0,a]))
fFO+d) = f(F(d) = f(F(+d)—s F(d) = f(u(ld,b+d])) = f(u([0,b]))

~—

\
—

kS
—

QU
N—
N—r
N—
N—

and hence

Ae.atd x [db+d) = [ (Fu0al)) FED+d) = f(u((0,a])) - F(F(@)
= 71 (f(u((0,a])) - f(r([0,0])))

and the proof is done. O

Example 1 Let f(x) = +/z. Then

Ws(a,b) = (maX {0, va+ Vb — 1})2,

the transformed product, Ilg, is given by

Is(a,b) = (\/a \/5>2 =

the S-uniform measure p is given by

Cancelative t-conorms

Lemma 2 ([4]) A continuous t-conorm S is cancelative if it is of the form

S(x,y) = [ (f(2)- f(v)),

where f 1 [0,1] — [0,1] is a left-continuous strictly increasing function with f(0) = 0,

F(1) =1.
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If S is cancelative, then for a > b, we have

(@Y
o gp= | ITHUERY), ife<d (7)
0, itb=1

Lemma 3 Let S be a cancelative t-conorm. The least S-copula is the drastic product
Tp.

Proof. The boundary conditions C1 and C2 are fulfilled, since Tp is a t-norm. We
show that condition C3 is also fulfilled. It is enough to consider the case when
o =1y =1and xy <1, y; < 1. In that case we have

Tp(xa,y2) =1, Tp(za,11) = y1, Tp(z1,y2) = 21, Tp(x1,11) =0
and hence

S (Tp(xe,y1) —s Tp(x1,31), To(x1,92)) = S(y1, 1) < 1 =Tp(x2,92)
0

Theorem 3 There exist discrete one-dimensional uniform S-probability, but there
1s no uniform two-dimensional S-probability.

Proof. 1t is enough to realize that if zo €]0, 1] be an arbitrary value then

lim S(xg, ..., z9) =1
—_————

n—oo
nx

Hence we get the discrete one-dimensional uniform S-probability. On the other
hand, for no zy €]0, 1| there exists any s €0, 1[ such that

lim S(s, ..., s)=1.
———

n—oo
nx

Maximum t-conorm

For maximum, Sy, and b > a € [0, 1] we get

b o [b ifb>a
S @=3 0, ifb=a

Each Sj/-probability, generated by a distribution function F', is of the form

F(I’Q), if F(ZL‘l) < F(ZEQ)
pllas, 22]) = { 0, if F(x1) = F(xs) (®)

Theorem 4 Fach conjunctor is an Sy;-copula.

Proof. 'We have to prove condition C3 for an arbitrary conjunctor I' and each
quadruple z; < 9, y1 < ¥o.

Su (T2, 1) —sp, D@, v1), T2, v2)) < max(D(zg, y1), D21, 92)) < T2, 92)

since conjunctors are nondecreasing in both variables. O
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2 Conditioning and independence

The motivation for this section is the classical definition of the conditional proba-
bility (see, e.g. [6]):
P(ANB)
P(AIB) = ————=
(A1) = =55 (9

assuming P(B) # 0, where A, B are from a o-algebra S of P-measurable sets. The
formula (9) can be rewritten into the form

P(A|B) =sup{z € [0,1};z- P(B) < P(ANB)}. (10)

L.e., the conditional probability might be viewed at as a residual operator with
respect to the product. Now, we generalize formula (10) in such a way that instead
of a probability we will use some S-probability 4 and instead of the product we may
use, in fact, any conjunctor.

Definition 5 Let ([0, 1], B, 1) and ([0,1], B, u2) be S-probability spaces. We say
that v : o (B x B) — [0, 1] has marginal S-probabilities j1; and pg if there exists some

S-copula C' such that v can be constructed using the corresponding one-dimensional
S-distributions, Fy, Fy and the S-copula C'.

Let ([0, 1], B, p1) and ([0, 1], B, pu2) be S-probability spaces and v : o (B x B) —
[0,1] be a two-dimensional S-probability with its marginal S-probabilities u; and
o. Let us denote

By = {B € B; u2(B) # 0}.

Then, for an arbitrary conjunctor I' we denote by ur(:]-) : B x By the following
conditional measure:

pr(A|B) = sup{x € [0,1};T (u2(B),z) < v(A x B)} (11)

Once having defined the conditional measure, we may consider the independence
of the S-probability spaces (Xi, By, p1) and (X, Bo, 112) in the following way:

Definition 6 Let us have S-probability spaces (X1, Bi, p1) and (Xa, Ba, o) and a
two dimensional S-probability space (X1 X Xo,0 (By X By),v), having its marginal
S-probabilities p1y and ps. Let ur(-|-) : By X By be the conditional measure for some
congunctor I'. We say that (X1, By, 1) is independent of (Xa, Ba, po) if ur(A|B) =
pi(A) for each A € By and each B € By.

Obviously, if (Xi, By, p1) is independent of (Xs, Bs, pe) with respect to ur, then
the conjunctor I' coincides with that one used to define the corresponding two-
dimensional measure v. This is the reason why we will speak of the independence
with respect to a conjunctor I' in the following theorems.

Theorem 5 Let S be a nilpotent t-conorm, ([0,1],B, u1) and ([0, 1], B, u2) be S-
probability spaces having continuous S-probabilities py, and ps, respectively. The
S-probability space ([0, 1], B, u1) is independent of ([0, 1], B, uz) with respect to the
conjunctor (S-copula) I' = Ilg.
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Proof. As a corollary to Theorem 2 we get

V(A x B) = Us(pa(A), pa(B)) = 7 (f(a(A)) - f(2(B)))

and formula (11) and the monotonicity and continuity of Ilg as a two-place function,
imply

pms (A|B) = pa (A)
On the other hand, if ' # Ilg, we can find intervals A = [a1,a5] € By and B =
[b1, bs] € By such that

D(ui(A), p2(B))  # v(Ax B) =T(Fi(az), Fa(b2)) —s I'(Fi(az), F2(b1))
—s (I'(Fi(ar), Fa(b2)) —s T'(Fi(ar), Fa(b2)))

what was to be proved. O

Lemma 4 The conditional measure, defined using the S-copula Ilg, is of the form

-1 f(ﬂl(A))
wAB) =1 (f(uz(B))>

Theorem 6 Let S be a cancelative t-conorm, ([0, 1], B, u1) and ([0, 1], B, u2) be S-
probability spaces. Then (except of trivial cases, i.e., if one of the S-probabilities
is a Dirac measure) regardless of the choise of the conjunctor I', the S-probability
space ([0, 1], B, 1) does depend on ([0, 1], B, u2) with respect to T

Proof. 1f at least one of the S-probability spaces is uniformly distributed, it follows
by Theorem 3. If at least one of the S-probabilities is continuous, then we are able
to reduce this case to that of the uniform distribution, since we can find a sequence
of pairwise disjoint sets {A;};, all having the same S-probability (remind that S is
cancelative). If the S-probabilities are discrete, then either there are points xy, 25
such that pi({z1}) = 1 and ps({x2}) = 1. In this case it is easy to see that the
spaces are not independent.

The other possibility is that the S-probabilities are discrete, but infinite. In
this case the values of p; and ps give divergent sequences, but v(A,-) and v(-, B)
are convergent sequences for each A, B, whose measures are not equal to 1. This
consideration shows that ([0, 1], B, u1) depends on ([0,1], B, us2) regardless of the
conjunctor I'. O

Theorem 7 Let S = Sy. Then, let I' be a conjunctor such that T'(x,-) and
(-, y) are strictly increasing. Sy-probability space ([0, 1], B, p1) is independent of
([0,1], B, o) with respect to the conjunctor T.

Proof. Since T is strictly increasing in both coordinates, it is cancelative. Take some
A € B with p1(A) > 0. Then by formula (8) we get

[(pur(A[B), p2(B)) = v(A, B) = T'(11(A), p2(B))

By the cancelativity of I' we get ur(A|B) = u1(A). In case puq(A) = 0, the identity
pr(A|B) = pi(A) is trivial. O
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Abstract

In multicriterial optimization, one of the tasks is training with input data and finding the
right utility function. The first step in determining the right utility function is finding
an appropriate ordering of criteria from given expert evaluation. In our contribution we
discuss and compare three possible approaches to this problem. All three approaches
are illustrated on a practical example.

Keywords: Multicriteria optimization, Preference structures, Fuzzy preference struc-
tures, Similarity measures, Complementarity, Redundance.

1. Introduction to preference structures and fuzzy preference structures

A preference structure is a basic concept of preference modeling. In a classical preference
structure (PS), a decision-maker makes three decisions for any pair (a,b) from the set A
of all alternatives. A preference structure (PS) on a set A is a triplet (P, I, J) of binary

relations on A such that
psl) [ is reflexive, P and J are irreflexive.

ps2) P is asymmetric, I and J are symmetric.

(psl)

(ps2)

(ps3) PNI=PnNnJ=1InJ=0.

(ps4) PUTUJUP! = A x A where P!(z,y) = P(y, ).
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A preference structure can be characterized by the reflexive relation R = P U I called
the large preference relation. The relation R can be interpreted as

(a,b) € R < a is prefered to b or a and b are indifferent.

Decision-makers are often uncertain even inconsistent in their judgements. The restric-
tion on two-valued relations has been an important drawback in their practical use. A
natural demand led researchers to the introduction of a fuzzy preference structure (FPS).
The original idea of using numbers between zero and one to describe the strength of links
between two alternatives goes back to Menger. The introduction of fuzzy relations al-
lowed to express degrees of preference, indifference and incomparability. Of course, the
attempts to simply replace the notion used in the definition of (PS) by their fuzzy equiv-
alents have brought some problems. To define (FPS) it is necessary to consider some
fuzzy connectives. We shall consider a continuous De Morgan triplet (7, S, N) consist-
ing of a continuous t-norm T, continuous t-conorm S and a strong negator N such that
T(x,y) = N(S(N(z), N(y))). The main problem lies in the fact that the completeness
condition (ps4) can be written in many forms, e.g.:

coPUPY =TUJ,P=co(PPUIUJ),PUI = co(P"UJ).

Let (T,S,N) be a De Morgan a triplet. A fuzzy preference structure (FPS) on a set A
is a triplet (P, I, J) of binary fuzzy relations on A such that:

f1) I is reflexive, P and J are irreflexive. I(a,a) =1, P(a,a) = J(a,a) =0

)
f2) P is T-asymmetric, I and J are symmetric. T'(P(a,b), P(b,a)) =
f3) T(P,I)=T(P,J) =T(I,J) =0 for all pairs of alternatives

)

(
(
(
(f4) (V(a,b) € A%)S(P,P!,I,J)=1or N(S(P,I)) = S(P',J) or another completeness
conditions.

Note that it was proved [2, 9] that reasonable constructions of fuzzy preference struc-
ture (FPS) should use a nilpotent t-norm only. Since any nilpotent t-norm (t-conorm) is
isomorphic to the Lukasiewicz t-norm (t-conorm), it is enough to restrict our attention
to the De Morgan triplet (17, Sr,1 — z).

2. Concepts of similarity

In multicriterial optimization, one of the tasks is training with input data and finding the
right utility function. The first step in determining the right utility function is finding
an appropriate ordering of criteria from given expert evaluation. In this step we have
to solve the problem with similarity of sets, especially similarity of relations. The main
aim of our contribution is to find a suitable way of comparing fuzzy preference relations
and to illustrate our approaches on practical example.
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Example 1 Let us consider siz students and their grades in mathematics, physics, infor-
matics, physical education, English, music lessons. Students are evaluated by a test score
(mathematics, physics, informatics) and by a qualitative score which is given by teacher
(physical education, English, music lessons). Students’ names, grades and expert’s global
score are given in Table 1. We can assign the numerical score to each criterion (Table

mathematics physics informatics physical English music expert rank in

education lessons evaluation the class
Paul 99 95 100 C A C good 2
James 90 90 95 B B C good 1
Eve 80 75 70 A B B average 1
Jane 75 65 85 C C A average 2
Patty 70 60 60 B D A bad 1
John 60 65 80 A E D bad 2

Table 1: Grades of the different students

2). We can also construct the following fuzzy preference relations: F Py, FPp, FPy,

mathematics physics informatics physical English music global
education lessons score

Paul 1 1 1 0,5 1 0,5 1
James T T 1 0,75 0,75 0,5 0,875
Eve 0,75 0,625 0,5 T 0,75 0,75 0,75
Jane 0,625 0,375 0,875 0,5 0,5 1 0,625
Patty 0,5 0,25 0,25 0,75 0,25 T 0,375
John 0,25 0,375 0,75 1 0 0,25 0,25

Table 2: Numerical scores on criteria

FPpg, FPg, FPyy, FPgg, which are in a correspondence with our criteria — mathe-
matics, physics, informatics, physical education, English, music lessons and the global
score.

For example, the value of fuzzy preference in mathematics (F'Pyr) for Paul and James
is computed from Table 2 as FPy(P,J) = max{zt, — x{,,0}, where 2¥, and x{; are
Paul’s and James’s mathematics score in Table 2, etc. This is one possible way of
fuzzification a preference relation. Our task is to find a suitable way of comparing these

fuzzy preference relations.

Our first approach is based on the formula
Z‘{fpxij}ﬂ{fpgsij}’ Z|{fpy”} ﬂ{fp95¢j}|
i.J i.J

S Pen Yl s 3 S P DX Pasiy )]
,J 2¥)

X =Y «<—

(1)

where XY are our criteria (mathematics, physics, English, informatics, music lessons,
physical education), m is a number of alternatives, fps,;, fpy,, are values of fuzzy pref-
erence structures of criterion X, Y, fpys,;; are values of fuzzy preference relation which is
based on expert’s global score and 4,5 € {1,2...m}. Note that our intersection N and
symmetric difference A are ordinary. The basic idea is evident. The greater similarity
between F'Px and F Pgg means the greater importance of a criterion. Using the Formula
1, we obtain the following ordering of criteria

mathematics = physics = English = in formatics »
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> music lessons > physical education.

In our second approach we use the following formula

Ziﬁj(isﬁj) prxz‘j B fpyz‘j | : 2)

—m

Sim(FP)(,FPy) =1-

m

where m is a number of alternatives, fp.,, (fpy,;;) are values of fuzzy preference structures
of criterion X (Y), and 4,j € {1,2...m}. Now we obtain the following ordering of criteria

mathematics = English = physics > informatics >~

> music lessons = physical education.

Remark 1. Let p be an arbitrary metric taking values from the unit interval. We can
define the metric based similarity as follows

Zi,j(i#j) Q(fp%‘ ’ fpyi]. )

S FPx, FPy)=1—
’ng( X5 Y) m2 —m

: (3)

By triangle inequality we get that Sim, is T7,— transitive, more Sim, is also T'—transitive
for each T' < Tp,. Similarity Sim, based on the discrete metric is Ths—transitive, subse-
quently this similarity is T— transitive for each t—norm 7'. Moreover, we can construct,
for each real number p €]0, 1], a metric g, using

_[p itz F#y,
Qp(m,y) {0 otherwise.

Then similarity Sim,, is Ths— transitive, too.

Owur third approach is based on scalar cardinality of fuzzy sets and fuzzy extension
of set operations (see [1, 10]). We can generalize Formula (1) for X # Y in the following
way:

card (FPX N7 FPGS) S card (FPY N FPG'_g)
card (FPxAFPgg)  card (FPy AF Pgg)
To avoid problems with zero in denominator, we restrict ourselves in the rest of the

paper only to cardinality patterns based on function f which is positive for arbitrary
real x except zero and fuzzy symmetric differences for which the following is satisfied:

X =Y <—

: (4)

A+ B= AAB # 0.

For simplicity we assume the intersection based on minimum, the cardinality pattern
f = id and the symmetric difference pattern h(z,y) = |x — y| for all z,y € [0, 1].

m,m

> min(FPx(xi), FPas(wi)))
X -7, Y = = ~

m,m

Z ’FPX(xz’j> _FPG’S(-TJij)’
i=1,7=1
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m,m

Y. min(FPy(xi), FPgs(xi;))
i=15=1 (5)

> |FPy(wi) — FPgs(4)]
i=1,j=1

where m is number of attributes, F'Px(z;;) (analogously F'Py(x;;), FPgs(zi;)) is the
value of the cell in the i-th row and j-th column of the table describing the fuzzy pref-
erence structure F'Px. In our case we obtain the following ordering of criteria

math. >=r,, English >1,, physics >r,, inform. >,

>~T,, music lessons >r,, physical education.

It is easy to see that our third approach is straightforward fuzzification of the first one.
It is also obvious that the similarity measure presented above is a kind of the cardinality-
based similarity measure. One family of the rational cardinality-based similarity mea-
sures which contains several appropriate candidates for fuzzification was proposed by De
Baets, Meyer and Naessens in [4]. Our similarity measure is a member of that class, but
it does not belongs to proposed candidates for fuzzification.

Remark 2. We can see that evaluation based on Tp provides the ordering of criteria
~Tp, which is the same as the ordering of criteria >r,,. If orderings of criteria >,
and >r, are equivalent, from monotonicity it is easy to show that for each t-norm T,
Ty > T > Tp, we get the same ordering 7. This useful property can be generalized
to any triplet of comparable t-norms.

3. Conclusion

In comparison of our approaches, the first one comes out worst due to indiference between
important criteria, and the best one coming out is the last one as the criteria linearly
ordered. However this is just behaviour in our specific example it can not be readily
generalized without further investigation.  Also the complete comparison with other
authors, e.g. B. De Baets (see [4]), is essential. Especially the further study of a
connections between our similarity measure and the above mentioned family of rational
cardinality-based similarity measures will be the object of our future research.

Another natural question is whether it is possible to find some comparable ordering of
criteria using statistical methods, for example some kind of regression. The main idea
could be similar to those used in discriminant analysis or logistic regression. A dependent
variable representing cases is given and we try to find some regression function(s) which
allows us to distinguish our cases. In our example the dependent variable can be the
global rank of students. If we succeed, then the standardized coefficients of this regression
function(s) can be assumed as weights of importance of our criteria. It is obvious that it
is nearly impossible to find an appropriate statistical model for our example. The first
problem is the small number of cases (we have only six students). Another two important
problems are ordinary variables and too many categories in our dependent variable. It is
also problematic to satisfy the assumptions of the methods, such as normality of residuals
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(for example due to expert evaluation). So we can conclude that our proposed methods
can not be now compared directly with the statistical methods but statistical methods
can be used to verify our final ordering of criteria if large samples are used. The most
promising seem to be logistic regression, principal component analysis, factor analysis,

ordinary regression and clustering analysis.
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Abstrakt

V prispevku su uvedené moznosti vyuZitia prostriedkov tabul’kového procesora
MS Excel pri tvorbe regulacnych diagramov priemerov a rozpdti. Su vyuzité aj
moznosti zjednoduSenia tvorby vyuZzitim moznosti automatizécie ¢innosti pomocou
jazyka Visual Basic for Application pre MS Excel.

Klucové slova: priemer, rozpdtie, riadenie kvality, MS Excel, Visual Basic for
Application

Uvod

Neustale narastajuci vyznam vyuzitia Statistickych metdd v procese riadenia
kvality ma vplyv na vyraznom zvySeni urovne kvality, spolahlivosti vyrobkov a
vyrobného procesu. Taziskom §tatistického riadenia kvality su exaktné Statistické
metody a Specifické grafické vystupy. Ich prakticka aplikacia bez vyuzitia vypoctovej
techniky nardza na mnohé bariéry. Jednou z moznosti ako hodnotit’ spdsobilost’
vyrobného procesu je aj tvorba regulaénych diagramov.

Regula¢ny diagram je nastroj Statistickej regulacie procesu, ktory umoziiuje operativne
urcovat, ¢i je proces stabilny, alebo nestabilny.

Typicky regulaény diagram obsahuje :

e Centralnu priamku CL ( center line ), ktora reprezentuje ocCakavanu
hodnotu regulovanej veli¢iny, ked’ je proces stabilny,

o  Hornu regulacnu hranicu UCL( upper control limit), a dolnu tolerancnu
hranicu LCL ( lower control limit), ktoré sa tiez pocitaju z Udajov
ziskanych v ¢ase, ked’ bol proces stabilny,

87



e Body pozorovania, z ktorych su vzdy dva bezprostredne susedné spojene
useckou

Regulaény diagram sa zostrojuje na baze ziskanych merani sledovaného
ukazovatela kvality procesu. Do regulatného diagramu sa zakresl'uju individualne
hodnoty alebo hodnoty nejakej vyberovej charakteristiky. Regula¢né hranice definuju
variabilitu vyberovej charakteristiky sposobenti nahodnymi pric¢inami.

Bod mimo regula¢nych hranic indikuje moznt pritomnost vymedziteInych pricin.
Regula¢né hranice mozno charakterizovat’ ako hranice prognézovanej variability danej
systémom, t.j. sposobenej ndhodnymi pric¢inami.

Parametre regulacného diagramu priemerov ur¢ime na zaklade vzt'ahov :

UCL=X+AR
CL=X
LCL=X-AR

Hodnoty A, su tabelované pre rézne hodnoty n.

Parametre regula¢ného diagramu rozpéti ur¢ime na zaklade vztahov :

UCL = RD,
CL=R
LCL =RD,

Hodnoty D3 a D4 su pre rdzne n tabelované a uvedené v tabul’kach.

Vyuzitie MS Excel pri tvorbe regula¢nych diagramov priemerov a
rozpati

MS Excel je tabul’kovy procesor, ktory obsahuje vel'a vloZzenych funkcii. Jeho
vyhodou je jednoduchost’ pri tvorbe grafov. Umoziuje uzivatelovi vytvorit' graf v
takom tvare, v akom ho pozaduje.

Pre hodnotenie spbsobilosti vyrobného procesu bola vytvorena nadstavba SPC
firmy FBE. Po nainStalovani sa v zakladnom prostredi objavi nové prikazové slovo ,,
SPC*. Tento softvér je urCeny pre Statisticki regulaciu procesov (meranim aj
porovnévanim), analyzu sposobilosti procesov, Paretovu analyzu, tvorbu korelaénych a
autokorelacnych diagramov. Okrem Standardnych postupov SPC podla ISO, VDA a
QS9000 obsahuje aj metdédu pre kratke davky a malé série (ASQC). Ponuka
zjednodusSenie tvorby diagramov moznost'ou definovat’ si uzivatel'ské tlacidla, v ktorych
sa zapamataju vSetky nastavenia a popisy. Obsahuje diagramy s formularmi pre analyzu
systému merania (R-R) a spbsobilosti strojov.

Grafické vystupy su plne kompatibilné so subormi Microsoft Excel. Testy dat su
doplnené o testy normality pomocou Q-Q plot diagramu.
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E3 Microsoft Excel - Sedit2

@_1 Soubor  Cpravy  Zobrazit  WoSt  Format  MNastroje Data  Okno SPC Mapovéda  Adobe POF

HRNE=A™ RERENNE RENE A NP RN AN BN RSN N R T AN N il

: Aria -0 -|B 7 U|ES =M% o EE -
114 - f
A [ 8 | ¢ | o | E | F | & | H |
1 1 28 34 3,1 3 28 27
2 2 3.4 3.3 3.3 3.2 3 3.3

Obr. 1 Pridanie nadstavby SPC

Po vybrati moZnosti ,,.SPC* dostaneme na vyber

Sprievodca diagramami (1/2)

Kliknutim zvol’ nastroj a potom stlat’ [Dalzl =]
T ——
Diagramy porawndswnim
Z&kladné arafické nastroje ST N A M
Testy a korelacie kY T4 wY Ty
Pravdepodobniostné tabullky AP A Rdiy PATHT
Spdsobilast’ meradiel a strojov
Formular FMES
Bt dtt
= L — L
aen LY [y —p .
K= ‘ﬁ'ﬁs—
[#p-R ] Shewartoy RD pre
tiadenie procesow na datach
ziskariich meranim
Mastavenia Zrusit | Diokoncit ‘ Dalsi =

Obr. 2 Z&kladné okno SPC

Potvrdenim mozZnosti sa vytvoria nové listy v zoSite s prisluSnym pomenovanim, takze
mame moznost’ sa prepinat’ do listov, podl'a toho ¢o chceme prave analyzovat'.

7
M 4 v M Data § Tabulka / Statistika % Xp - R { Histogram # Cpk £ Formular [/ | <
Piresleniv Ly | dutematickétvary v N w [J O A Al s 8] @ e - A== 0 Ij!

Ffiprawven

Obr.3 Oznacenie jednotlivych listov
V nasledujucich dvoch obrazkoch st grafy sposobilosti vyrobného procesu

ziskané z nadstavby SPC ( Obr. 4) a graf, ktory bol vytvoreny v zakladnom prostredi,
tzn. rucne pocitané hodnoty. ( Obr. 5).
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Obr. 4 Graf spdsobilosti vyrobného procesu z nadstavby MS Excel - SPC

a4 Spbsobilost v zakladnom prostredi
3,3 1 UCL

327 /\\ /
CL
3,1
) ./LCL \//0—0/
2,9 1
2,8 1

2,7
2,6

1 2 3 4 5 6 7 8 9 10

Obr. 5 Graf spdsobilosti vyrobného procesu v zakladnom prostredi
Zaver

Na trhu je ponuka velkého mnozstva Specializovaného softvéru, ktoré sa
zaoberaju  Statistickym riadenim vyrobného procesu. LiSia sa svojimi moznostami
spracovavat’ data, grafickou podporou rieSenych uloh a pod. Predstaveny systém ma
vyhodu v tom, Ze zadavanie dat sa vykonava v znamom prostredi MS Excelu.

Je potrebné vsSak pripomentt, Ze bez znalosti tvorby jednotlivych grafov
sposobilosti vyrobného procesu, je pouzitie akéhokol'vek softvérového prostriedku len
ziskanim vysledkov bez pochopenia podstaty.
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POM EROVE,A REGRESNE BQDOVE ODHADY STREDNEJ
HODNOTY A UHRNU V KONECNOM ZAKLADNOM SUBORE

Lubica Hrndiarova, Milan Terek

1. Uvod

Bodovy odhad pomernej veli¢iny R mdze byt nielen cielom, ale tiez prostriedkom k
ziskaniu odhadu uhrnu UHy alebo strednej hodnoty uxx Studovanej premennej X
vV kone¢nom zakladnom subore.

Podmienkou je, aby bol presne znamy, z nezavislého zdroja, thrn UHy alebo stredna
hodnota uy  pomocnej premennej Y. Cielom metody pomerového odhadu je zlepsit
presnost odhadu thrnu UHy alebo strednej hodnoty uxx Studovanej premennej X
V koneénom zakladnom subore na zaklade vyuzitia informacie o korelacii Studovanej
premennej X a pomocnej premenngj Y.

Ked’ sa sktima zavislost’ medzi X a 'Y a je priblizne linearna, ale priamka neprechadza
zaCiatkom suradnicovej sustavy, vtedy je lepSie pouzit namiesto pomerového odhadu,

regresny odhad ( bodovy odhad zaloZeny na linearnej regresii).

2. Pomerové a regresné bodové odhady stredng hodnoty a Uhrnu v koneé¢nom
zakladnom stibore
2.1 Bodové odhady pomeru R v zakladnom subore

Pri jednoduchom nahodnom vybere sa ukazuje ako ,prirodzeny”“ bodovy odhad
pomeru Rv zakladnom subore, vyberovy pomer :

U, U,/n_

R=x X (1)
U, U,/n Y
kde
Ux je vyberovy ahrn premennej X, Uy je vyberovy Uhrn premennej Y a
¥ X predstavuje pomernu veli¢inu za vyberovy subor,

y

X je vyberovy priemer premennej X, Y je vyberovy priemer premennej Y a
n je rozsah vyberu.

Tejto Statistike sa podoba jednoduchy aritmeticky priemer pomerov R, vo vyberovom stbore:

r=lyR-t v Xi )
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Stucasne budeme uvazovat ako mozny bodovy odhad pomeru R v zékladnom subore,
Statistiku:
X
Hy k

3)

kde

.y Je stredna hodnota pomocnej premennej Y v kone¢nom zakladnom subore .

Prednostou tejto Statistiky je, ze nie je podielom dvoch ndhodnych velic¢in.

Kazda z vyssie uvedenych vyberovych charakteristik, aby bola vhodnym bodovym
odhadom (estimatorom) parametra zékladného subore, mala by spifiat’ uréité poziadavky.
Bodovy odhad by mal byt predovSetkym nevychyleny, alebo aspoil asymptoticky
nevychyleny a d’alej by mal byt konzistentny. Ked’ sti¢asne viacej odhadov spiiia tieto

Vlastnosti uvedenych bodovych odhadov porovname v nasledujucom priklade.
Pre jednoduchost’ rieSenia uvazujeme zakladny subor so Styrmi prvkami. Hodnoty Studovane;j

premennej X a pomocnej premennej Y st uvedené v tab. 1.

Tabul’ka 1 Zakladny subor
Prvok Xs Vs Ry
A 4,26 4 1,07
B 2,02 2 1,01
C 1,60 1 1,60
D 3,30 3 1,10
UH,= 11,18 UH,= 10 R=1,118

Predpokladdme jednoduchy nahodny vyber. Bodové odhady pomeru R v
kone¢nom zakladnom subore obsahuje tab. 2.

Stredné hodnoty a stredné kvadratické chyby bodovych odhadov pomeru R v
zakladnom subore sU uvedene v tab. 3.

Ked porovname bodové odhady pomeru R v zdkladnom subore v tab. 3, bodovy

odhad (3) je sice najmenej vychyleny, ale ma viacnasobne vysSiu strednu kvadratickd

chybu odhadu ako odhad (1), t.j. vyberovy pomer R.
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Tabul’ka 2 Vypoctova tabul’ka bodového odhadu pomeru R v zakladnom subore

\yber i=2
i=1 A B C D
Hodnoty x/y
A 1,07 1,05 1,17 1,08
B 1,05 1,01 1,21 1,06
C 117 1,21 1,60 1,23
D 1,08 1,06 1,23 1,10
14X
Hodnoty =) &
Y n Z Yi
A 1,07 1,04 1,34 1,09
B 1,04 1,01 1,31 1,06
C 1,34 131 1,60 1,35
D 1,09 1,06 1,35 1,10
Hodnoty x/ s,
A 1,70 1,26 1,17 151
B 1,26 0,81 0,72 1,06
C 1,17 0,72 0,64 0,98
D 151 1,06 0,98 1,32
Tab. 3 Stredné hodnoty E(e) a stredné kvadratické chyby MSE(s) bodovych
odhadov pomeru R v zakladnom subore
Bobovy odhad E(e) MSE(e)
pomeru R
X!y 1,13 0,005524
14X 1,20 0,025034
n Z.: Yi
)_(/,U ’ 1,12 0,059557
\Z

Odhad pomeru R v konecnom zdkladnom sibore pomocou vyberového pomeru R S

tedria vZdy najviac vSimala a rovnako aj v praxi sa najviac pouziva.

2.2 Pomerové odhady uhrnu a strednej hodnoty v kone¢nom ziakladnom subore
Plati:

UHx _ luk,X
UH, Hyy

R:

93



Jednoduchym néasobenim dostaneme:
UH, =R-UH, a (4)
Hix =Rty (5)
Predpokladajme jednoduchy nahodny vyber. Ked’ nahradime vo vyrazoch (4) a (5)
nezndmy pomer R v zdkladnom subore jeho vyberovym odhadom (1), t.j. vyberovym

pomerom &:3—*: lljx j n =é , dostaneme pomerovy odhad Uhrnu, popr. strednej hodnoty
n
\ y

premennej X v zakladnom subore.

Pomerovy bodovy odhad tthrnu v kone¢nom zékladnom subore je:

- - U,
UHy =R-UH, ==

y

-UH, (6)

‘UH, =

< x|

Pomerovy bodovy odhad strednej hodnoty ., , v kone¢nom zékladnom subore je:

“ ~ U,
Hex = R',Uk,v =My == Hey (7)

U

y

<|| X|

kde
Uy, Uy su vyberové thrny a

X predstavuje pomernu veli¢inu za vyberovy subor ,

c|C

y
Y X s vyberové priemery .
Vlastnosti odhadov (6) a (7) st bezprostredne ur¢ené vlastnostami pomerového
odhadu R. Vo vieobecnosti ide o vychyleny, ale pritom konzistentny odhad R. Vychylenie
pomerového odhadu mdézeme znizit, ak:

e rozsah vyberového suboru nje velky,

hodnoty vyberového pomeru % a

strednej hodnoty 4, sl vysoké, ale

hodnota rozptylu o;, je nizkaa

korelacia medzi premennymi X, Y sa blizi k 1.
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Vzorce rozptylov pomerovych odhadov ihrnu, strednej hodnoty kone¢ného

zakladného suboru sa ziskaji jednoducho ako stciny rozptylov odhadov pomeru

v kone¢nom zakladnom sibore a hodnoty UHy (popr. ).

D(U|:| X ):UH\? : D(IEQ) a D(/Zlk,x): /qu,Y : D(IEQ) (8)

Vyber bez opakovania

Rozptyl odhadu Uhrnu v kone¢nom zakladnom sibore je

N N
R n)1 1 Z(XS_RYS)Z n 1Z(XS_RYS)2
D(UHX);UHf(l——j— = =N2(1——j—&1 )
N Jn w2, N -1 N)n N-1
> (X, - RY, ]
X.—RY,
kde D(ﬁ&):[l—ﬂj1 I o .
N Jnul, N -1
Na zaklade udajov z vyberového suboru
n ~ \
o askeRy
BUH, )= N - (10)

Rozptyl odhadu strednej hodnoty v koneénom zakladnom sibore je N* krat mensi, t.j.

N N
(,\ ) , n\1 1 Zl(xs_RYs)2 n 12];(XS_RYS)2
D = 1-— | === =1-— |== 11
Hie x ,Uk,v[ Njnﬂfy N—1 ( Njn N -1 (1)
Jeho bodovy odhad je
n ~ \
~p n 1§(X|_RYI)
B x )= S e — (12)

Vzorce (8),(9),(11) by zostali bez zmeny aj v pripade, ked’ by sme chceli zistit’
stredné kvadraticke chyby MSE (e).

Rozlozenim celkovej sumy Stvorcov v (9), (10) dostaneme vzorce rozptylov

pomerovych odhadov thrnu, strednej hodnoty kone¢ného zédkladného suboru:
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O0l% s )~ RO - s,

DA, )= Nz(l—%jﬁ = — _

N
z [(xs — My x )2 - Rz(Ys - /Uk,\()2 - Z(Xs — My x )(Ys - /uk,Y)]z
_ Nz(]__ﬂjl o1 = (13)
N/n N-1
- Nz(l—%j%(ag?x +Ra )’ - 2R,0>)<Y0'k)’XO'k)X)
- 1
D)= (1 37 |2 o5+ Rea - 2Rty ) 14
kde
1 N
O-I)<,2X = mg(xs ~ Hix )2
l N
O-I)<,2Y = m;(Ys — Hyy )2
1 N
CZ(Y = m;(xs — Hy x XYS _/uk,Y)
C )
p)XY :ﬁ.
k, X~ kY
Na zaklade Udajov z vyberového siiboru
BUH, )= Nz[l_%j%(s; SRS —2Rs,, ) (15)
rs(gk,x):(l_%j%(s; LR 2R, ) (16)

2.3 Regresné odhady uhrnu a strednej hodnoty premenneg X v zékladnom stbore
VSimneme si linearne regresné odhady. Podobne ako pomerové odhady, su urcené sa
zvac¢Senie presnosti vyuzitim doplnkovej premennej Y, ktord je korelovana so Studovanou
premennou X.
Ked’ sa skuma zavislost’ medzi X a Y a je priblizne linearna, ale priamka neprechéadza
zaciatkom suradnicovej sustavy, vtedy je lepSie pouzit namiesto pomerového odhadu,

regresny odhad ( bodovy odhad zaloZeny na linearnej regresii).
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Predpokladajme, Ze pozndme hodnoty premennych X, Y vSetkych Statistickych
jednotiek vo vybere a Ze je znama stredna hodnota ., pomocnej premennej Y konecného
zékladného suboru . Potom linearny regresny odhad strednej hodnoty 4, Studovanej
premennej X kone¢ného zakladného suboru vypocitame podla vzt'ahu:

Iy =X +Bluy -Y) (17)

Linearny regresny odhad Uhrnu UHyx v zakladnom subore premennej X dostaneme
vynasobenim odhadu (15) hodnotou N:

UH, = NX +B(UH, - NY) (18)

Regresne odhady (17) a (18) su odhady konzistentné, ked’ je veli¢ina B dopredu
stanovena konStanta, alebo Statistika vypocitana z rovnakého vyberu ako X a V.
Vychylenost' a vWdatnost, zavisi od druhu veli¢iny B . Najlep$ou konstantou B je regresny
koeficient B v zakladnom subore. Regresny odhad je v tomto pripade nevychyleny a z toho
vyplyva, Ze stredna kvadraticka chyba regresného odhadu je totozna s rozptylom regresného

odhadu.
Velkost’ rozptylu regresného odhadu , 4 =X+ é(,uw —\_() pre B=B

vypocitame podl'a vzt'ahu
Dmin(/,:lk,x ): D[Y + B(ﬂk,v _V)]: D[Y_ B(V_ Hyy )]:
- D(X)+ B D(Y)-2BC(X;Y)=

n\i njl
(1 [R o By 280, )= (18 [Rlo ool 200l )- )

kde pxy je koeficient korelacie a C), je kovariancia v zakladnom stbore
) Tix ) ) )
(B=py —71Cxv = PxvyOix Oy ).
Oky

Vysledok (19) nazome ukazuje, Ze regresny odhad 7 , = X + B(luk,Y —\_() pri
znémom B by nebol nikdy hor$i (menej vydatny) ako jednoduchy odhad pomocou X ,
pretoze rozptyl (19) je sucin rozptylu D(Y)a dvojcClena, ktory nie je nikdy vacsi ako 1.
Zhoda vydatnosti oboch odhadov méze nastat’ iba pri pxy =0, t.j. pri nekorelovanosti

pomocného znaku Y so $tudovanym znakom X. Dalej vidime, Ze naopak, &¢im je tato
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korelacia silnejsia (¢i uz je kladna alebo z&pornd), tym je vydatnejsi regresny odhad v
porovnani s jednoduchym odhadom.

Velkost’ rozptylu regresného odhadu UH, pre B=B vypocitame podla vztahu

Dmin(UI:lx): Nz(l_%j%af,x(l_pfw) (20)

Ked oznacime rezidudlne odchylky od zékladnej regresnej priamky
Xo—thx + B(YS —yky) ako Es (vo vybere ako E =X, - X + B(Yi —Y)) a ich rozptyl
ako o mdzeme vzorec (19) napisat’ v tvare (1—%]105. Jeho nevychyleny
n
bodovy odhad je

N

) 1Zf]:[xi ~X -8y, -Y)f
o

N n\lo 1
D(ﬂk,x):(l_ﬁJHSE_ 1 n n—1 (21)

Bodovy odhad rozptylu UH, je

A

n I n-1 (22)

Sk x-ofy v
)

Uvazujme teraz pripad, kedy B # B . Velkost’ rozptylu regresného odhadu gz , v
tomto pripade je

D(i ¢ )= D|X = BY - 1., )]= D(X )+ B°D(Y)- 2BC(X; ¥ )=

1 . n Z[X ~ttx + B~ )| @)
(1—-} (022 +B%0)% —2BC), )= (1_ j |
N/n N

n N-1
Jeho bodovy odhad je
n)1 n 1i[xi_y+é(Yi _7)]2
N — R el <4 — R 24
D(ﬂk,x) (1 NjnSE (1 Njn n-1 : (24)
Bodovy odhad rozptylu UH, je
. . >[x, X + Bl -
BUA, )= Nz(l—ﬂj—sé - Nz(l—ﬂj— i . (25)
N/n N /n n-1
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Ked sa skiima zavislost medzi X aY a je priblizne linearna, priamka prechéadza
zaCiatkom suradnicovej ststavy (hodnota lokujucej konStanty regresnej priamKy sa rovna
nule) a podmiemeny rezidudlny rozptyl je umerny hodnotam Y, vtedy je vhodné pouzit

B=R=X/Y, regresny odhad sa zmeni na pomerovy odhad. Pomerové odhady su v tedrii

regresnych odhadov Specialnym pripadom SirSg triedy regresnych odhadov.

3. Zaver
Predpokladajme, Ze pozndme hodnoty premennych X, Y pre vsetky Statistické

jednotky vo vybere a ze stredna hodnota ., , pomocnej premennej Y kone¢ného zakladného
stboru je znama (v =46). Pre jednoduchost’ budeme vychadzat’ zo zékladného suboru s

piatimi prvkami, z ktorych dvojica premennych X, Y nadobuda hodnoty uvedené

V nasledujucej tabulke:

Tabul’ka4  Zakladny subor

Prvok | Xs Vs
A 1 0
B 4 2
C 7 6
D 9 6
E 11 9
Spolu | 32 23

Jednoduchym nahodnym vyberom bez opakovania o rozsahu troch prvkov
dostaneme vybery a vypocitame nasledujuce vyberové charakteristiky :

a) regresny bodovy odhad strednej hodnoty x4, Studovanej premennej X Vv kone¢nom
zakladnom subore:

Ly x =X+ é(/uk,Y —\_(),

kde B=B (najlepsie vysledky sa dosiahnu, ked sa pouzije ako konStanta B, regresny
koeficient zakladného suboru , v naSom pripade B = 1,08984 ),

b) jednoduchy bodovy odhad strednej hodnoty g, (vyberovy priemer) premennej X
v zékladnom subore :

=X a

c) pomerovy odhad strednej hodnoty x, , Studovanej premennej X v kone¢nom zékladnom

subore:
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Na porovnanie bodovych odhadov (b), (c), (d), (e), vtab. 5 vypocitame strednu hodnota
E(Z4 ) a strednd kvadratick chybu MSE(fs, » )= E(f x — 24 x ) jednotlivych odhadov.

Z tab. 5 zistime, Ze nevychyleny a zaroven najvydatnejsi odhad strednej hodnoty s 4
Studovanej premennej X v zakladnom subore dosiahneme regresnym odhadom.

Tabulka 5 Vypoctova tabul'ka
Vybery | (a) (b) (c)

x+Blu,-y) | x % N
ABC 6,10 4,00 6,89
ABD 6,77 4,67 8,05
ABE 6,34 5,33 6,68
ACD 6,32 5,67 6,52
ACE 5,89 6,33 5,82
ADE 6,56 7,00 6,44
BCD 6,59 6,67 6,57
BCE 6,16 7,33 5,94
BDE 6,83 8,00 6,49
CDE 6,38 9,00 5,91
E(e) 6,4 6,4 6,5
MSE(e) | 0,08 2,11 0,39
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Abstrakt

V ¢lanku je skimana problematika rieSenia parcialnej diferencilnej rovnice
vedenia tepla pri definovanych zacdiatoénych a okrajovych podmienkach, ktora
predstavuje matematicky model procesu, alebo riaden¢ho systému. Hl'adané priblizné
rieSenie parcialnej diferencialnej rovnice pouZzitim diskretizacie premennych x,y vedie
na sustavu diferencidlnych rovnic s konStantnymi koeficientmi. Ked'Ze v presnom
rieSeni sustavy diferencialnych rovnic vystupuje matica €™ a integral z tejto matice, je
skimany postup aproximacie pre realizaciu efektivneho algoritmu na vypocet tychto
matic.

Klucové slova. diferencidlne rovnice, aproximécia, maticové funkcie

1 Uvod

V ¢lanku budeme skumat problematiku rieSenia matematického modelu
procesu, resp. riadeného systému, ktory je opisany parcialnou diferencialnou rovnicou
vedenia tepla v dvoch dimenziach so zadiatoénymi a okrajovymi podmienkami,
S VyuZitim aproximaécie.

Samotna rovnica vedenia tepla patri medzi najdélezitejSie rovnice v technickych
disciplinach (v elektrotechnike, strojarenstve, v hutnictve a v inych). Metddy rieSenia
rovnice je mozné zhruba rozdelit’ na tri skupiny:

a) Metody analytické (tieto z hladiska rieSenia vSeobecnych uloh, ktoré sa v praxi
vyskytujd, neprichadzaju do uvahy).

b) Metody analdégové (najvhodnejSie sa javia metody sieti, ktoré Uzko suvisia
s numerickymi metédami).

c) Metody numerické, ktoré v sucasnosti prekonavaji najvacsi vyvoj ato paralelne
s vyvojom pocitacov. Z najpouzivanejSich uvedme metodu sieti, diferencnu
metodu — metddu kolokacie a aproximacie, metddu kone¢nych prvkov (Legras,
1978; Marcuk, 1987; Hrubina, 1993).
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Cielom ¢lanku je najst’ rieSenie sustavy diferencialnych rovnic s konStantnymi
koeficientami. Tuto sustavu ziskame transformaciou parcialnej diferencialnej rovnice
vedenia tepla. Numerické rieSenie sustavy diferencidlnych rovnic mozeme ziskat

aplikovanim aproximéacie, ktord umoziiuje efektivny vypodet matice €, ako aj
integrélu z tejto matice.

2 Transformacia diskretizaciou premennych x, y parcidlng diferencialng rovnice
vedeniatepla
Hr'adajme riesenie u(x, y, ) parcialnej diferencialnej rovnice vedenia tepla
2 2
Pu du_ou 0
oxX oy ot
ktora je definovanad v oblasti O Euklidovského priestoru E,, anech I" je hranica

oblasti D. Pre hl'adané rieSenie su dané podmienky, ktoré pozname:
1) Zatiato¢né hodnoty funkcie ¢(x,y,0) v pravouhlej oblasti D

2) Hodnoty okrajovych hodnét funkcie u(x;,y,,t) na hranici I" oblasti D.

Priblizné rieSenie (1) vyjadrime, ak urobime diskretiziciu premennych X, y
V rieSenom probléme tak, Ze pokryjeme oblast D pravouhlou siectou. Kedze D je
oblast’ v rovine R, Vtejto rovine vedme dve sustavy priamok rovnobeznych so
sturadnicovymi osami: x=ih, y=jk, kde h akst Tlubovolné kladné ¢isla a
i, j=0,+#1,+2,.. . Tieto priamky rozdel'uju celt rovinu na obdizniky so stranami h
a k. Vrcholy tychto obdiznikov st uzlami pravouhlej siete, obr. 1.

—Lr i+1,

N N Ek . Uzly oznaéme M,j()(,,yj). Pre dalsi
b N postup hladania priblizného rieSenia (1)
t b LA -IIJ definujeme funkcie
P
|
— L €0i,-(f):U(X/'J//'f)
Obr. 1
2 2
a nahrad’me spojity operator Py + Y% diskrétnym operatorom tym, Ze pre uvazovany

uzol berieme do Gvahy hodnoty funkcie u(x, Y, z‘) v susednych uzloch.

Na zaklade uvedenych predpokladov mdzeme vyjadrit aproximaciu spojit€ho
operéatora

o%u N o’u _ Qija TP~ 2¢’i/ N Pia ;T Pia,;— 2(/7/]

oxX 0y V& 'S

Dalej mozeme vyjadrit' pre kazdy uzol vo vnitri siete oblasti D aproximaciu
pravej strany rovnice (1):
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Kal@/j(t) _ Pijat @i~ ZCD// N Qi1 jtPia;— 260// @)
at n K
Teda, pouzitim diskretizicie premennych x, ) vrovnici ziskame sUstavu

diferencidlnych rovnic s konsStantnymi koeficientami, ktora moézeme vyjadrit
v maticovom tvare

900 _ np()+ 10); pl0)=g dans o)

Matica A zavisi od sposobu diskretizacie, matica f(z) zavisi od danych hodnot
na hranici. Odchylka medzi riesenim «(x,y,t) spojitétho problému (1) a presnym
riesenim g(t)sastavy diferenciadlnych rovnic (3), zrejme pri splneni zaciato¢nych
a okrajovych podmienok pre obidve udlohy, je odchylkou zavislou od pouZitej
diskretizécie (definovanej siete). Pre rieSenie rovnice (1) moézeme zvolit’® parameter
K nezavisle od x a y, pravouhli oblast D a aproximaciu spojitého operatora podl'a
vzt'ahu (2). V tomto pripade je mozné vyjadrit’ presné rieSenie sustavy diferencialnych
rovnic (3) auviest do suvislosti odchylku medzi presnym a pribliznym rieSenim,
(Legras, 1978; Hrubina, 1992, 1993).

3 Numerické rieSenie sustavy diferencialnych rovnic s konstantnymi koeficientami

Budeme skiimat’ numerické rieSenie sustavy diferencidlnich rovnic (3)

_dgit) = Ap(t)+ f(t), kde c(jj—?,(o a f(t) sustipcové matice 3)
a
;,D; 73 £(2)
do | © _| _|
e Pl o = : a f (t)— :
99, f(t
2 o, 2 (0)

A je $vorcova matica n-tého stupiia, ktorej prvky st nezavisle od ¢. Funkcie 7(f) su
dané funkcie, ktorych hodnoty pozname pre rozne hodnoty ¢. Dalej predpokladame, ze
pozname zaciatocné hodnoty funkcii gol(l‘),(p2 (l‘), ...,gon(l‘). Nasim cielom je urcit
numerickou metddou riedenie ¢, (2), @, (%), ..., @, (¢) ststavy diferencialnych rovnic (3).

Vieme, Ze presné rieSenie sformulovaného problému so zaciatocnymi hodnotami
je definované v maticovom vyjadreni:

olt) = *p(0)+ [ €47 { (c)dr @

Toto presné rieSenie problému (3) mdézeme pouzit' v metdde krok po kroku,
ktora nam umozni vypocet funkcii ¢ ; v ¢ase (t+ u)pricom pouzijeme hodnoty funkcii

¢,(¢); u je krok. Teda presné rieSenie bude mat’ tvar:

plt+ )= ™p(t)+ [ £t + )ds 5)
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Pre pouzitie relacie (5) v sietovej oblasti je potrebné vytvorit metddy, ktoré
umoziuju vypodet matice €™, ako aj integral z matic:

i
[ered) f(t+s)ds (6)
0

3.1 Aproximécia matice e# a maticovych funkcii

Budeme vychadzat’ zo zakladného teorému. Takze budeme uvazovat’ maticu A,
ktor je redlna a moZeme ju vyjadrit’ v diagonalnom tvare. Postacujicou podmienkou je,
aby matica A bola symetricka alebo aby jej vlastné Cisla boli rozne. Teda maticu

A mozeme vyjadrit v tvare A=V diag(%,)-V ", kde diag(,) je diagonalna matica,
ktorej prvky su vlastné ¢isla 4,,4,,...,4, matice A; matica V , ktorej stipce obsahuju
zlozky vlastnych vektorov matice A; V,, V,, ..., V, sU vlastné vektory odpovedajlce
vlastnym ¢islam 4, ,4,,...,4,,.

Do tivah zaved’'me polynoém tvaru

oAX)=a, + ax+..+a,x" @)
apriradeny maticovy polynom P(A)=a,/+a,A+a,A’ +...+a,A”. Jednoduchym
vipottom zistime, ze AZ=V diag(i?)V?, .. , AY=Vdiag(i?)V*; potom

a,u?A% =V diag (aqy U,")V ' a napokon

P(Au)=V diag(p(u )V (8)

Ak zavedieme maticovu funkciu G(A) definovanii rozvojom do nekoneéného
radu G(A): 9ol + 9 A+..+ g, A% +... apriradime mu funkciu

9(X)=go + G X+ ...+ gx* +... rovnako dostaneme

G(Au)=V diag (g(u1,)V 9
Vztah (9) je platny za podmienky, ze n hodnbt wA, patri do oblasti konvergencie
postupnosti g(x). Mézeme teda vyjadrit:

G(Au)- A(Ar)=V diag (9(u, ) - Aut, )V ™ (10)
Zaved'me eSte maticu odchyliek #, ktorti definujeme vztahom Error! Bookmark not
defined.Error! Bookmark not defined. 5 = (G(Au)— P(Aw)),
pricom polozme &, = g(ud,)— p(ul,), takze dostaneme vztah:

n=V diag(s,, ... ,&,)V?* (11)

Zo vztahu (11) vyplyva, Ze vlastné vektory matice A su vlastnymi vektormi aj
matice » a odpovedajtce vlastné ¢isla &;, odkial mézeme napisat’ gV, =&V, .
Predpokladajme, Ze vlastné vektory V, tvoria bazu n vektorov linearne nezavislych,
potom 'ubovol'ny vektor W mozeme vyjadrit W=c¢V, +c,V, +...+c,V,. (12)
Ozna¢me W, vektor, ktorého zlozky su definované vztahom W, =»W , potom relacia
(12) umoznuje napisat’:
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W, =¢eV,+c e,V +...+c,¢,V, (13)
Predpokladajme, ze sme nasli taky polynom p(x), Ze vietky &, v module budd
mensie nez dané ¢. Vztah (13) vyjadruje, Ze vsetky stradnice ¢; l'ubovolného vektora

W sl nasobené Cislami, ktoré sii mensie nez ¢ .

Nech matica A je symetricka. Vlastné vektory matice A tvoria badzu z n vektorov,
ktorych zloZzky su realne, vektory su linearne nezavislé, ortogonalne a mézeme ich volit’
normované. Tieto vlastnosti umoziiuji zaujimavu interpretaciu vztahu (13).

Uvazujme normu vektora W, |W|= (\Nz)% = (cf + o+t O )%, rovnako

IpW|=( &2 + G &2+t @62} <e(d+ G+t ) odkial

|l |< 2| (14)
Modul vektora odchyliek je ¢ krat mensi nez modul zaéiato¢ného vektora. Stru¢ne
vyjadrené, ak vieme najst polynom p(x), ktory aproximuje funkciu g(x) pre n
hodndt wA, tak, Ze |g(ud,)- Mud;)|<e pre i=12,..,n, matica P(Au) je
aproximaciou matice G(Ay), potom chyba je charakterizovana jednou z relacii (16) (vo
vSeobecnom pripade), alebo vztahom (14), ked” A je symetricka matica.

3.2 Aproximacia matice e¥ polynémom p(x)

Pripad symetrickej matice A, ktorej vlastné ¢isla su realne a zaporné. Najst’
polyném, ktory rovnomerne aproximuje funkciu €* na intervale (—oo,o) nie je mozne,
(Legras, 1978).

Pre aproximéaciu e je nutna:
1) Existencia mojoranty A pre vlastné Cisla; ato podla teorému Hadamara, ktory
obsahuje tvrdenie, ze pre /=1, 2, ..., 7 mame podmienku: — A<A, <0
2) Volit ¢isla a, £a polyndm p(X) vhodného stupna tak, aby bola splnend podmienka:
‘ex—p(x)‘<g, ak —a<x<0

Pre aproximaciu zvolime krok u<u,= % . Z tejto podmienky vyplyva:

—a <ul,; <0, takze ‘e‘”’ — puh)|<e pre i=1,2,..,n, u, je konstanta, ktora
je hornou limitou kroku pre ktory vztah (5) mdze byt eSte pouzity, ak priblizne
nahradime maticu e* maticovym polynémom A(A), (P(Au) je maticovy polyném

priradeny k polynému p(x)) (Legras, 1978).

4 Aproximacia sustav diferencialnych rovnic

RieSenie parcialnych diferencialnych rovnic nas casto vedie k hl'adaniu rieSenia
sustavy diferencialnych rovnic u ktorych je poéet neznamych funkcii znac¢ne velky.
V tomto pripade je obtiazné vyjadrit’ maticu A ako aj maticovy polynom. Musime
hladat’ algoritmus, ktorym ziskame vypocet vektora y , ktory je definovany maticovym

vyjadrenim  w =A@, ¢o mozeme eSte vyjadrit’ takto:
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w=L(p) (15)
Zo vztahu (15) vyplyva, Ze priamo nevyjadrujeme maticu A.
Podobne nevyjadrujeme maticovy polyném P(Au), avsak mézeme vypoditat A(Au).¢
nasledovne: a,,a,, ...,a, su koeficienty polynomu o(x) priradeného k maticovému

polynému P(A); vytvorime  postupnost’: Up=2a,p, U =2a,,@p+u L(uo),
u,=a,,@+ulu,), ... u =a@+uLlu,,).
Jednoduchou tuvahou overime, ze vektor u, je definovany

u,=P(Au)x g (16)

Pre vypocet zloZiek vektora u, je mozn¢ vytvorit’ pre vztah (16) procediru, v pripade,
ze pozname koeficienty a;. Tym vlastne mozeme vytvorit' procediiru pre vypocet
matice L(g).

V pripade, Ze vlastné cisla matice A su komplexné c¢isla, potom priblizné

vyjadrenie e’ uskuto¢nime polynomom s premennou z definovanou v kruznici I’
s polomerom o . Ak A je majoranta v module pre vlastné ¢isla; a ak p,(z) priblizne

vyjadruje e” v kruznici I"s odchylkou menSou nez ¢, PZ(A,U) bude eSte aproximaciou
matice €™ ato v zmysle predchadzajicej tedrie.

4.2 Numericky vypocet integralu matice

Mnohé experimenty na PC ukazali, Ze pouZitie algoritmov z klasickych metdd
(Gauss, Cotes) aj Vv pripade pouZitia velkého poc¢tu uzlovych bodov viedli
k nedostatoénym vysledkom, (Legras, 1978). Pre ziskanie aproximacie definovaného
integralu:

i
[e#=9 1 (t+ s)ds
0

s dostato¢nou presnostou pri pouziti numerickej metédy, mézeme pouzit’ algoritmus,
v ktorom pouzijeme presné hodnoty matice AR interpolujeme maticu f(t+ s)

polyndmom s-tého stupna. Pre tato interpolaciu mézeme vybrat' z viacerych metod

napr. zov§eobecneni Cotesovu metodu, (Legras, 1978; Marcuk, 1987; Hrubina a kol.
2003).

Pre aproximéciu funkcie e* sme vykonali niekolko experimentov na PC s
pouZzitim programového systému MS EXCEL. Zvolili sme

a=5 -5<x<0; ¢-10"° n-5. Aplikdciou metddy najmensich Stvorcov sme
ziskali koeficienty a,, &, ..., a; (obr. 2). Teda aproximéacia funkcie e*moéze byt
vyjadrena polynémom p(x) piateho stupiia:

e* =0.00084 x° +0.01506 x* +0,11145x> + 0,44130 x* +0,97620 x +1
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Microsoft Excel - Vag.Hrub. polynomMNS
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Obr. 2 Aproximécia funkcie e* aplikaciou MNS s vyuzitim MS Excelu

Zaver

Prinosom clanku je spracovanie z teoretického hladiska problematiky
aproximacie rieSenia parcidlnej diferencialnej rovnice vedenia tepla v dvoch
dimenziach. Rovnica vedenia tepla so zaciatoénymi a okrajovymi podmienkami
pouZitim diskretizacie premennych x a y v definovanej oblasti O bola
transformovana aproximaciou spojitého operatora na sustavu diferencialnych rovnic
s konstantnymi koeficientami so zaciatoénymi hodnotami. Pre pouzitie presného
rieSenia sustavy diferencialnych rovnic v sietovej oblasti boli ukdzané moznosti tvorby
metod na vypocet matice €™ ako aj integralu z tejto matice. Numerickou metddou
krok po kroku mézeme vypogitat zlozky stipcového vektora gol(l‘), (02(1‘), ,(on(l‘),
ktory je rieSenim sustavy diferencialnych rovnic.

Cldanok bol vypracovny vrdmci riesenia vedeckého projektu VEGA ¢ 1/2212/05
» Research and development of mechatronic components and systems of bioservosystems on the
base of pneumatic artificial muscles’; ainstitusiondlng ulohy FVT TU KoSice so sidiom
V Presove ¢. 1/2006 ,, Vyskum viastnosti mechatronickych dynamickych systémov a moznosti ich
zdokonalovania *
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Normalizacia metéd
Statistického riadenia kvality

Ivan Janiga

Abstrakt.

V prispevku uvadzame najdoleZitejSie informéacie o medzinarodnej technickej komisii
ISO/TC 69 anarodnej komisii TK 71 ao ich produktoch. Uvadzame prehl'ad
Statistickych noriem publikovanych v ISO/TC 69 a noriem prebratych do sustavy STN.
Prezentujeme aj rozpracované Statistické normy ISO.

Klucové slova: Statistické riadenie kvality, technickA norma, normalizacia
Statistickych metod

1 Uvod

Riadenie kvality je podl'a STN EN ISO 9000 c¢ast’ manaZérstva kvality zamerana na
plnenie poZiadaviek na kvalitu. Statistické riadenie kvality je jedna z &asti patriacich riadeniu
kvality. Metddy pouzivané v Statistickom riadeni kvality pokryvaju prakticky celu oblast’
aplikovanej Statistiky a neustale sa rozvijaju. Organiziciam vsetkych typov a velkosti sa
najnovsie vedecké vysledky v oblasti manazérstva kvality a aplikovanej Statistiky predkladaju
vo forme technickych noriem. S rozvojom medzinarodnej spolupréace v produkcii tovarov sa
normalizécia v uvedenych dvoch oblastiach stava medzinarodnou.

2 Normalizacia na medzinarodng Urovni

Najvacsim svetovym neStatnym organom, ktory produkuje technické normy, je
medzinarodna organizéacia pre normalizaciu — ISO. Clenmi ISO st narodné normalizadné
organy zviac ako sto krajin. V ramci 1SO pbésobia aj medzinarodné technické komisie
ISO/TC 176 Quality management and quality assurance aISO/TC 69 Application of
statistical methods, ktoré maju priamy suvis s kvalitou produkcie.

Technicka komisia ISO/TC 69 bola zaloZzend vroku 1948 aje zodpovedna za
normalizaciu, terminoldgiu, prezentaciu a interpretaciu vysledkov skiSok a kontrol. Ma
zodpovednost’ aj za normalizaciu podmienok aplikacie Statistickych metod pri riadeni kvality
produktov. Termin produkt znamend nielen vyrobok ale aj proces, sluzbu, marketing, servis
predaného produkt a pod. Technicka komisia ISO/TC 69 zabezpecuje funkciu poradného
organu v oblasti aplikacie Statistickych metdd pre vetky technické komisie v rdamci ISO.

V minulosti bola normaliza¢na ¢innost’ v oblasti Statistiky zamerana predovsetkym na
terminoldgiu a vyberové metddy na preberaciu kontrolu dodavky. Dnedny subor noriem
a technickych sprav pokryva terminologiu, vSeobecné metddy (odhady, testovanie hypotéz
apod.), vyberové metody, presnost metdd a vysledkov merani (neistota, opakovatelnost’,
reprodukovatelnost’ a pod.) sposobilost’ meradiel a procesov, detekéna schopnost’ a iné.

Na plneni pracovného programu ISO/TC 69 sa ztcastiuji experti, ktori maju skisenosti
z aplikacie Statistickych metdd v réznych Specidlnych oblastiach (automobilovy priemysel,
telekomunikacie, skuSobne atd’.). Je zrejmé, ze pracovny program a technické moznosti
(metddy a pristupy), ktoré ISO/TC 69 prijima, v podstatnej miere urcuju aktivne zucastneny
experti.

Technicka komisia ISO/TC 69 zodpoveda za pripravu medzinarodnych noriem v oblasti
aplikécie Statistickych metdd a to predovsetkym v riadeni kvality. V tejto prierezovej oblasti
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neexistuju eurépske normy EN. ISO/TC 69 udrzuje integrovany systém vSeobecnych noriem,
ktoré dobre zodpovedaju sucasnému Statistickému mysleniu v praxi. Normy poméahaju
organizaciam identifikovat’ a implementovat’ vSetky doélezité Statistické okolnosti vtedy, ked’
sa vytvaraju, zbieraja, analyzujd, prezentuju, vyhodnocuja a interpretuji data.

Technicka komisia ISO/TC 69 ma pravideln spolupracu s uz spomenutou ISO/TC 176,

ktord vypracovala

normy radu ISO 9000, as IEC/TC 56, ktorej predmetom zaujmu je

spol'ahlivost’. Okrem tychto dvoch komisii spolupracuje aj s d’alSimi.

V rdmci technickej komisie 1ISO/TC 69 su vytvorené subkomisie SC, pracovné skupiny
WG a ad hoc skupiny AHG. VSetky AHG a niektoré WG podliehaja priamo TC 69. Ostatne
WG pracuju v rdmci Styroch subkomisii SC 1, SC 4, SC 5 a SC 6.

Priamo TC 69 podliehaju:

CAG1
AHG 5
AHG 4
AHG 2
AHG 3
AHG 1
WG 3
WG 9
WG 10
SC1

SC4

SC5

SC6

Chairman Advisory Group

Support that ISO/TC69 can provide to National Statistical Office
Statistical standards and software

Evaluation of Conformity

Committee on Six Sigma

Application of ISO statistical standards to the clauses of ISO/IEC 17025
Statistical interpretation of data

Random variate generation

Six Sigma

Terminology and symbols

WG 2 Addenda and corrigenda on ISO 3534-1 and 2

Applications of statistical methods in process management
WG 6  Process capability and performance measures
WG9  Quality capability statistics

WG 10 Control charts standards

WG 11 Capability and performance

Acceptance sampling

WG 1 Classification of sampling problems

WG 2  Sampling procedures for inspection by attributes
WG 3  Sampling procedures for inspection by variables
WG 4  Sequential and continuous sampling plans
WG5  Parts per Million (ppm) sampling

WG 6  Accept-zero sampling plans

WG 7 Random sampling procedures

Measurement methods and results
WG 1 Accuracy of measurement methods and results

WG 4  Statistical aspects of the preparation and use of reference
materials

WG 5  Capability of detection
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WG 7  Statistical methods to support measurement uncertainty
evaluation

3 Normalizécia na narodngj Urovni

Néarodné ekvivalenty medzinarodnych komisii ISO/TC 176 Quality management and
quality assurance a ISO/TC69 Application of statistical methods su technické komisie TK
Manazérstvo kvality azabezpecovanie kvality a TK 71 Aplikacia Statistickych metod
vriadeni kvality. Obidve TK p6sobia na Slovenskom Ustave technickej normalizacie
v Bratislave. Predmetom nasho zaujmu je TK 71, ktora bola zaloZena v roku 1996. Medzi
jej hlavné cinnosti patri prevzatie ISO noriem prekladom do ststavy Slovenskych
technickych noriem, ktoré sa oznacuju STN ISO, azastupovanie P- aO- ¢lenstva
Slovenskej republiky v TC69 a v jej subkomisidch. V sucasnosti zastupujeme P- ¢lenstvo
vTC69avSC4

Dvaja z ¢lenov TK71 pracujii ako experti v pracovnej skupine TC69/WG3 Statisticka
interpretacia dat. V tejto WG sa vytvarajd normy radu 1ISO 16269

4 Tvorba medzinarodnych noriem 1 SO

Medzinarodna norma ISO je vysledkom dohody ¢lenov ISO. Méze sa pouzivat’ bud’
v originaly, alebo zavedend prekladom do sUstavy narodnych noriem. Tvorba noriem
prebieha v Siestich etapach.

1. Etapa navrhu novej pracovnej polozky NWIP, NWI, NP.

2. Pripravna etapa, ktora konéi vypracovanim prvého navrhu CD ajeho
predlozenim na hlasovanie riadnym ¢lenom TC.

Etapa pripravy v komisii, ak je tspe$na, kon¢i zaregistrovanim CD ako DIS.

4. Etapa odsuhlasovania. V tejto etape musi byt’ anglicka alebo franctzska verzia
DIS rozoslana na patmesacné hlasovanie riadnym ¢lenom TC. Téato etapa sa
kon¢i zaregistrovanim textu ako kone¢ny navrh medzinarodnej normy FDIS.

5. Etapa schvalovania. Kone¢ny navrh FDIS sa rozposiela na dvojmesacné
schvalovanie, ktory po schvaleni postupuje do etapy vydania.

6. Etapa vydania kon¢i vydanim medzinarodnej normy.

Medzinarodné normy ISO podlichaji kazdych pit’ rokov systematickym previerkam.
Okrem noriem vydava 1SO aj Technické spravy (TR), Technické Specifikacie (TS),
Verejne dostupné Specifikacie (PAS), Priemyselné technické dohody (ITA), Pokyny resp.
prirucky (Guide’s), z ktorych niektoré su spolocné s IEC.

5 Vydanéarozpracovaneé | SO normy zo Statistickych metod

Technicka komisia ISO/TC 69 ma na internetovej stranke aktualne informécie
o0 vydanych a rozpracovanych normach. PouZili sme materiél, ku ktorému méame pristup,
a spracovali sme ho do dvoch tabuliek. V prilohe 1 uvadzame vydané normy do .
Tabul’ku vydanych noriem sme doplnili o ISO normy prevzaté prekladom do sustavy
Slovenskych technickych noriem oznacovanych ako STN ISO. V prilohe 2 si uvedena
rozpracované ISO normy z aplikécie Statistickych metdd..

6 Zaver
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So Statistickym riadenim kvality sOvisia vSetky publikacie [1] aZz [10] citované
v literatare.
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Priloha 1

Statistické metddy —normy publikované v IS/TC 69 a prebrané do sustavy STN k 24. 4. 2007

ISO/TC 69

STN

ISO 2602:1980

Statistical interpretation of test results --
Estimation of the mean -- Confidence interval

STN ISO 2602: 1993

Statisticka interpretéacia vysledkov skusok.
Odhad priemeru. Interval spolahlivosti

ISO 2854:1976

Statistical interpretation of data -- Techniques
of estimation and tests relating to means and
variances

ISO 3301:1975

Statistical interpretation of data -- Comparison
of two means in the case of paired
observations

STN ISO 3301: 1993

Statisticka interpretacia Udajov. Porovnanie
dvoch priemerov v pripade parovych
pozorovani

ISO 3494:1976

Statistical interpretation of data -- Power of
tests relating to means and variances

ISO 5479:1997

Statistical interpretation of data -- Tests for
departure from the normal distribution

ISO 10725:2000

Acceptance sampling plans and procedures
for the inspection of bulk materials

STN ISO 10725: 2005

Vyberové preberacie plany a postupy pri
kontrole nekusovych materialov

ISO 11453:1996

Statistical interpretation of data -- Tests and
confidence intervals relating to proportions

STN ISO 11453: 2002

Statisticka interpretacia Gidajov. Testy a
intervaly spolahlivosti pre podiely

ISO 11453:1996/Cor
1:1999

STN ISO 11453: 2002

ISO 11648-1:2003

Statistical aspects of sampling from bulk
materials -- Part 1: General principles

ISO 11648-2:2001

Statistical aspects of sampling from bulk
materials -- Part 2: Sampling of particulate
materials

ISO/TR 13425:2006

Guidelines for the selection of statistical
methods in standardization and specification

Zavedend starSia verzia:

TNI ISO/TR 13425: 2000

Priru¢ka pre volbu &tatistickych metéd v
normalizacii a Specifikacii (ISO/TR 13425:
1995)




ISO 16269-6:2005

Statistical interpretation of data -- Part 6:
Determination of statistical tolerance intervals

STN ISO 16269-6

Statisticka interpretacia dat. Cast 6:
Stanovenie Statistickych toleranénych
intervalov. Revizia STN ISO 3207: 1993

V plane technickej normalizacie - bude
vydana v roku 2007

ISO 16269-7:2001

Statistical interpretation of data -- Part 7:
Median -- Estimation and confidence intervals

STN ISO 16269-7:
2005

Statisticka interpretacia dat. Cast 7:
Median. Odhadovanie a intervaly
spolahlivosti

ISO 16269-8:2004

Statistical interpretation of data -- Part 8:
Determination of prediction intervals

STN ISO 16269-8

Statisticka interpretacia dat. Cast 8:
Stanovenie predikénych intervalov

V plane technickej normalizacie — bude
vydana v roku 2007

ISO/TC 69/SC 1

STN

ISO 3534-1:2006

Statistics -- Vocabulary and symbols -- Part 1:
General statistical terms and terms used in
probability

V plane technickej normalizacie

Zavedena starSia verzia:

STN ISO 3534-1: 1999

Statistika. Slovnik a znacky. Cast 1:
Pravdepodobnost a vSeobecné Statistické
terminy (1SO 3534: 1993)

ISO 3534-2:2006

Statistics -- Vocabulary and symbols -- Part 2:
Applied statistics

Zavedend starSia verzia:

STN ISO 3534-2: 1999

Statistika. Slovnik a znaéky. Cast 2:
Statistické riadenie kvality (1ISO 3534-2:
1993)

ISO 3534-3:1999

Statistics -- Vocabulary and symbols -- Part 3:
Design of experiments

STN ISO 3534-3: 2003

Statistika. Slovnik a znagky. Cast 3:
Navrhovanie experimentov

ISO/TC 69/SC 4

STN

ISO 7870:1993

Control charts -- General guide and
introduction

STN ISO 7870: 2000

Regulac¢né diagramy. V8eobecna priru¢ka a
avod

ISO/TR 7871:1997

Cumulative sum charts -- Guidance on quality
control and data analysis using CUSUM

TNI'ISO/TR 7871:
1999

Diagramy kumulativnych suctov. Priru¢ka
pre riadenie kvality a analyzu udajov




techniques

pouZzitim metédy CUSUM (kumulativnych
suctov)

ISO 7873:1993

Control charts for arithmetic average with
warning limits

STN ISO 7873: 2000

Regula¢né diagramy aritmetickych
priemerov s vystraZznymi medzami

ISO 7966:1993

Acceptance control charts

STN ISO 7966: 2000

Preberacie regulacné diagramy

ISO 8258:1991

Shewhart control charts

STN ISO 8258: 1995

Shewhartové regulaéné diagramy

ISO
8258:1991/Cor1:1993

ISO 11462-1:2001

Guidelines for implementation of statistical
process control (SPC) -- Part 1: Elements of
SPC

ISO 21747:2006

Statistical methods -- Process performance
and capability statistics for measured quality
characteristics

ISO/TC 69/SC 5

STN

ISO 2859-1:1999

Sampling procedures for inspection by
attributes -- Part 1: Sampling schemes indexed
by acceptance quality limit (AQL) for lot-by-lot
inspection

STN ISO 2859-1: 2004

Statistické prebierky porovnavanim. Cast 1:
Preberacie plany AQL na kontrolu kazdej
davky v sérii

ISO 2859-1:1999/Cor STN ISO 2859-1: 2004
1:2001
ISO 2859-2:1985 Sampling procedures for inspection by STN ISO 2859-2: 1992 | Statistické prebierky porovnavanim. Cast 2:

attributes -- Part 2: Sampling plans indexed by
limiting quality (LQ) for isolated lot inspection

Preberacie plany LQ pre kontrolu
izolovanych davok

ISO 2859-3:2005

Sampling procedures for inspection by
attributes -- Part 3: Skip-lot sampling
procedures

STN ISO 2859-3: 2006

Statistické prebierky porovnavanim. Cast 3:
Obcasna prebierka

ISO 2859-4:2002

Sampling procedures for inspection by
attributes -- Part 4: Procedures for assessment
of declared quality levels

STN ISO 2859-4: 2006

Statistické prebierky porovnavanim. Cast 4:
Postupy pri posudzovani deklarovanych
arovni kvality

ISO 2859-5:2005

Sampling procedures for inspection by
attributes -- Part 5: System of sequential
sampling plans indexed by acceptance quality
limit (AQL) for lot-by-lot inspection

STN ISO 2859-5: 2007

Statistické prebierky porovnavanim. Cast 5:
Systém sekvencénych preberacich planov
AQL na kontrolu kazdej davky v sérii




ISO 2859-10:2006

Sampling procedures for inspection by
attributes -- Part 10: Introduction to the 1SO
2859 series of standards for sampling for
inspection by attributes

ISO 3951-1:2005

Sampling procedures for inspection by
variables -- Part 1: Specification for single
sampling plans indexed by acceptance quality
limit (AQL) for lot-by-lot inspection for a single
quality characteristic and a single AQL

STN ISO 3951-1: 2007

Statistické prebierky meranim. Cast 1:
Specifikacia preberacich planov AQL
jednym vyberom na kontrolu kazdej davky
pre jeden znak kvality a jednu hodnotu AQL

ISO 3951-2:2006

Sampling procedures for inspection by
variables -- Part 2: General specification for
single sampling plans indexed by acceptance
quality limit (AQL) for lot-by-lot inspection of
independent quality characteristics

ISO 3951-5:2006

Sampling procedures for inspection by
variables -- Part 5: Sequential sampling plans
indexed by acceptance quality limit (AQL) for
inspection by variables (known standard
deviation)

ISO 8422:2006

Sequential sampling plans for inspection by
attributes

Zavedend starSia verzia:

STN ISO 8422: 1995

Preberacie plany postupnym vyberom pri
kontrole porovnavanim (ISO 8422: 1991)

ISO 8423:1991

Sequential sampling plans for inspection by
variables for percent nonconforming (known
standard deviation)

STN ISO 8423: 1995

Preberacie plany postupnym vyberom pri
kontrole meranim percenta nezhodnych
jednotiek (Znama smerodajna odchylka)

ISO 8423:1991/Cor
1:1993

ISO/TR 8550:1994

Guide for the selection of an acceptance
sampling system, scheme or plan for
inspection of discrete items in lots

ISO 13448-1:2005

Acceptance sampling procedures based on
the allocation of priorities principle (APP) --
Part 1. Guidelines for the APP approach




ISO 13448-2:2004

Acceptance sampling procedures based on
the allocation of priorities principle (APP) --
Part 2: Coordinated single sampling plans for
acceptance sampling by attributes

ISO 14560:2004

Acceptance sampling procedures by attributes
-- Specified quality levels in nonconforming
items per million

ISO 18414:2006

Acceptance sampling procedures by attributes
-- Accept-zero sampling system based on
credit principle for controlling outgoing quality

ISO 21247:2005

Combined accept-zero sampling systems and
process control procedures for product
acceptance

ISO/TC 69/SC 6

STN

ISO 5725-1:1994 Accuracy (trueness and precision) of STN ISO 5725-1: 2000 | Presnost (spravnost a zhodnost) metdd a
measurement methods and results -- Part 1: vysledkov merania. Cast 1: VSeobecné
General principles and definitions zasady a definicie

ISO 5725-1:1994/Cor STN ISO 5725-1: 2000

1:1998

ISO 5725-2:1994 Accuracy (trueness and precision) of STN ISO 5725-2: 2000 | Presnost (spravnost a zhodnost) metdd a
measurement methods and results -- Part 2: vysledkov merania. Cast' 2: Zakladna
Basic method for the determination of metdda stanovenia opakovatelnosti a
repeatability and reproducibility of a standard reprodukovatelnosti normalizovanej metédy
measurement method merania

ISO 5725-2:1994/Cor _—

1.2002

ISO 5725-3:1994 Accuracy (trueness and precision) of STN ISO 5725-3: 2000 | Presnost (spravnost a zhodnost) metdd a
measurement methods and results -- Part 3: vysledkov merania. Cast 3: Medzilahlé
Intermediate measures of the precision of a miery zhodnosti normalizovanej metody
standard measurement method merania

ISO 5725-3:1994/Cor STN ISO 5725-3: 2000

1.2001

ISO 5725-4:1994 Accuracy (trueness and precision) of STN ISO 5725-4: 2000 |Presnost (spravnost a zhodnost) metdd a

measurement methods and results -- Part 4:

vysledkov merania. Cast 4: Zakladné




Basic methods for the determination of the
trueness of a standard measurement method

metddy stanovenia spravnosti
normalizovanej metdédy merania

ISO 5725-5:1998

Accuracy (trueness and precision) of
measurement methods and results -- Part 5:
Alternative methods for the determination of
the precision of a standard measurement
method

STN ISO 5725-5: 2002

Presnost’ (spravnost a zhodnost) metdd a
vysledkov merani. Cast 5: Alternativne
metddy stanovenia zhodnosti
normalizovanej metdédy merania

ISO 5725-5:1998/Cor
1:2005

ISO 5725-6:1994

Accuracy (trueness and precision) of
measurement methods and results — Part 6:
Use in practice of accuracy values

STN ISO 5725-6: 2000

Presnost (spravnost a zhodnost) metod
a vysledkov merania. Cast 6: PouZzitie
hodn6t mier presnosti v praxi

ISO 5725-6:1994/Cor
1:2001

ISO 10576-1:2003

Statistical methods — Guidelines for the
evaluation of conformity with specified
requirements — Part 1: General principles

ISO 11095:1996

Linear calibration using reference materials

STN ISO 11095:2002

Lineérna kalibracia s pouzitim referenénych
materialov

ISO 11843-1:1997

Capability of detection — Part 1: Terms and
definitions

STN ISO 11843-
1:2002

Detek&na schopnost. Cast’ 1: Terminy
a definicie

ISO 11843-
1:1997/Cor 1:2003

ISO 11843-2:2000

Capability of detection — Part 2: Methodology

STN ISO 11843-

Detekéna schopnost. Cast 2: Metodika

in the linear calibration case 2:2002 lineérnej kalibracie
ISO 11843-3:2003 Capability of detection — Part 3: Methodology |STN ISO 11843- Detek&na schopnost. Cast 3: Metoda na
for determination of the critical value for the 3:2005 stanovenie kritickej hodnoty ozvovej

response variable when no calibration data are
used

premennej bez pouzitia kalibraénych udajov

ISO 11843-4:2003

Capability of detection — Part 4. Methodology
for comparing the minimum detectable value
with a given value

V plane technickej normalizacie

ISO 13528:2005

Statistical methods for use in proficiency




testing by interlaboratory comparisons

ISO/TS 21748:2004

Guidance for the use of repeatability,
reproducibility and trueness estimates in
measurement uncertainty estimation

STN P ISO/TS 21748:
2006

Navod na pouZzivanie odhadov
opakovatelnosti, reprodukovatelnosti a
spravnosti v odhadovani neistoty merania

ISO/TS 21749:2005

Measurement uncertainty for metrological
applications -- Repeated measurements and
nested experiments

ISO/TR 22971:2005

Accuracy (trueness and precision) of
measurement methods and results -- Practical
guidance for the use of ISO 5725-2:1994 in
designing, implementing and statistically
analysing interlaboratory repeatability and
reproducibility results




Priloha 2

Statistické metddy — rozpracované normy v ISO/TC 69 k 3. 5. 2007

Rozpracované normy

ISO/TC 69 -vydané normy, i ktoré bud STN - vydané
ktoré su v revizii ! normy, v revizii

ISO/CD 16269-4 Statistical interpretation of data -- Part 4:

Detection and treatment of outliers

ISO/CD TR 18532 |Guidance on the application of statistical

methods to quality and standardization

ISO/CD 28640 Random variate generation methods

ISO/CD TR 29901 |Applications of statistical methods -- Design
and analysis of full factorial experiments

ilustrated with four factors

ISO/TC 69/SC 1 Nazvoslovie a znacky
Nie su rozpracované dokumenty

ISO TC 69/SC 4

ISO/DIS 7870-1 Control charts -- Part 1: General guidelines

Revizia ISO 7870: 1993 | Revizia STN ISO 7870: 2000

ISO/WD 11462-2 | Guidelines for implementation of statistical
process control (SPC) -- Part 2: Catalogue

of tools and techniques

ISO/CD TR 12783 |Process capability and performance

measures

ISO/DIS 13700 Machine performance studies -- Measured

data -- Discrete parts




Rozpracované normy

ISO/TC 69 -vydané normy, ktoré budu STN - vydané

ISO/CD 22514-1

Capability and performance -- Part 1.
General principles and concepts

ktoré su v revizii normy, v revizii




Rozpracované normy ISO/TC 69 -vydané normy, ktoré budu STN - vydané

ktoré su v revizii normy, v revizii
ISO TC 69/SC 5
ISO/CD 2859-2 Sampling procedures for inspection by Revizia ISO 2859-2: 1985 ' Revizia STN ISO 2859-2:
attributes -- Part 2: Sampling plans indexed §2002
by limiting quality (LQ) for isolated lot |
inspection

ISO/WD 3951-4 Sampling procedures for inspection by
variables -- Part 4: Procedures for
assessment of declared quality levels

ISO/DIS 8423 Sequential sampling plans for inspection by |Revizia 1SO 8423: 1991 Revizia STN ISO 8423: 1995
variables for percent nonconforming (known | ISO 8423:1991/Cor 1: 1993
standard deviation)

ISO/TR 8550-1 Guidance on the selection and usage of Revizia ISO/TR 8550: 1994 —
acceptance sampling systems for inspection

of discrete items in lots -- Part 1:
Acceptance sampling

ISO/CD TR 8550-2 | Guidance on the selection and usage of Revizia ISO/TR 8550: 1994 —

acceptance sampling systems for inspection !
of discrete items in lots -- Part 2: Sampling
by attributes

ISO/TR 8550-3 Guidance on the selection and usage of Revizia ISO/TR 8550: 1994 P —

acceptance sampling systems for inspection !
of discrete items in lots -- Part 3: Sampling
by variables

ISO/DIS 24153 Random sampling and randomization
procedures

ISO/CD 28801 Double sampling plans for inspection by




Rozpracované normy

ISO/TC 69 -vydané normy, ‘ktoré budi STN - vydané
ktoré su v revizii normy, v revizii

attributes with minimal sample sizes,
indexed by producer's risk quality (PRQ)
and consumer's risk quality (CRQ)

ISO TC 69/SC 6

ISO/CD 11843-5

Capability of detection -- Part 5:
Methodology in the linear and non-linear
calibration cases

ISO/AWI 27877

Concepts of precision and uncertainty for
gualitative data

ISO/AWI 28037

Use of linear calibration curves




Dva zpiisoby vyhodnoceni robustniho navrhu

Eva JaroSova, Jifi Michalek

Abstract: The paper deals with the experiment for robust design’s analysis. Two groups
of factors are distinguished, i.e. control and noise factors. The noise factors vary during
the normal process and contribute to the response variation. In the experiment their
levels can be controlled to some extent. Robust design determines such process setting
that the process is less sensitive to the noise variation. The aim of the experiment is to
find the control factors’ levels at which consequences of the noise variation will be
reduced. That is why control factors with dispersion effects have to be identified.
Various methods are used for dispersion modeling. Two modeling strategies are
described in the paper. One of them represents the original Taguchi’s approach and uses
signal/noise ratio as a response. Only control factors are included in the model. The
other approach consists in response variable modeling. Both groups of factors are
involved in the model. Based on the fitted response model the transmitted variance
model is computed. These two methods are applied to the data taken from literature.

Key words: analysis of variance, response surface model, design of experiment,
signal/noise ratio, control and noise factors

Uvod

Cilem tohoto pfispévku je ukdzat na konkrétnim piikladé nédvrhu experimentu dva
pristupy Kk otazce robustnosti, tj. necitlivosti vic¢i ruSivym faktorim. S myslenkou
robustnino navrhu piisel na pocatku osmdesatych let G. Taguchi, ktery faktory
ovliviiyjici sledovany systém, napt. vyrobni proces, rozdélil na faktory fiditelné
a rusive. Ob¢ skupiny faktorti maji vliv na vystupni veli¢inu. RuSivé faktory se mohou
béhem normalniho procesu nekontrolované ménit, béhem experimentu jsou vSak urovné
obou typt faktori nastavovany podle zvoleného planu. Protoze rusivé faktory piispivaji
svou piitomnosti ke zvySovani variability vystupni veli€iny, je cilem nalézt takové
nastaveni urovni fiditelnych faktord, pfi némz bude vystupni veli¢ina co nejblize cilové
hodnoté a soucasné bude dosahovat co mozna nejmensi variability. Prvni ukazka feseni
vychazi z ptivodniho pfistupu navrzeného Taguchim, druha ukazka piedstavuje vyuZiti
metody odezvovych ploch.

Ptiklad navrhu a data ziskana pii jeho provedeni jsou ptijéena z publikace [2]. Navrh
se tyka konstrukce a funkcnosti airbagu v automobilu. Sleduje se pfitom spolehlivost
a ucinnost vystielovaciho zatizeni. Na zdklad¢ analyzy procesu byly stanoveny 4
fiditelné faktory, tj. obsah vodiku v plynové smési se vzduchem (A), plnici tlak plynu
(B), velikost prifezu trysky (C) a velikost plynové nadrzky (D) a 3 rusivé faktory, tj.
doba zahfivani plniciho systému (X), skuteény tlak pti nafouknuti airbagu (), ktery je
ovlivnén variabilitou v materialu a v soucastkach zafizeni a kone¢né hmotnost rozbusky
(2). VSechny faktory jsou v experimentu uvazovany na 2 urovnich, viz tab.1.
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Uroven Uroven

Faktory fiditelné 1 2 Faktory rusivé 1 2

A: Vodik (%) 12,5 14,0  X: Zahfivani pod 5min  nad 1 hod
B: Tlak (Ib/in?) 2500 3200 Y: Tlak (Ib/in®) 6500 7000
C: Tryska (mm?) 120 50  Z Rozbuska (ug) 170 200

D: Nédrzka (cm®) 400 600

Tab.1l — Zkoumané faktory a jejich tirovné

V piikladu byly uvazovany 3 vystupni veli€iny: hodnota maximalniho tlaku ve
zkuSebnim tanku (ECL), rychlost Sifeni tlaku ve zkuSebnim tanku (EC2) a tlak pii
nafouknuti (EC3). V tab. 2 jsou u kazdé z téchto veli¢in uvedeny dvé hodnoty, nejhorsi
a nejlepsi. Tyto hodnoty jsou potiebné pro vypocet nové vystupni veli¢iny OEC, jejiz
konstrukce podle [2] m& umoZnit posuzovani vlivu faktort na vSechny 3 vystupni
veli¢iny najednou. Vahy jednotlivych vystupnich veli¢in pouzité pii vypoétu OEC jsou
uvedeny v tab. 2.

Vystupni veli¢ina Nejhorsi Nejlepsi Kritérium Véha
EC1: Maximalni tlak (kPa) 400 600 VéEtsi je lepsi 0,5
EC2: Rychlost sifeni (kPa/ms) 25 8 Mensi je lepsi 0,3
EC3: Tlak (MPa) 70,5 45 Mensi je lepsi 0,2

Tab. 2 — Popis vystupnich veliéin

Pro fiditelné faktory byla vybrana ortogondlni oblast L8 (termin pouzivany
Taguchim piedstavuje dil¢i faktorialni navrh 2%, pro rusivé faktory ortogonalni oblast
L4 (navrh 2%%). Ob& oblasti jsou kiiZeny, takZe experiment obsahuje celkem 32
zkousek. Pti kazdé zkouSce se méfily hodnoty vystupnich veli¢in EC1, EC2, EC3.
Nastaveni trovni u 8 kombinaci fiditelnych faktorti a 4 kombinaci rusivych faktord je
patrné z tab.3, kde jsou pro pfedstavu uvedeny alespon hodnoty vystupni veli¢iny EC1.

Oblast L4

Oblast L8 z 1 2 2 1
B C
450 445 470 411
462 596 511 460
463 489 509 435
519 527 422 432
440 493 482 489
404 445 445 491
537 597 545 565
486 556 508 532

N D NN R R R R
N N P P NN PR
N P N RPN RPN
N P P D P DD DN - O

Tab.3 — Usporddani experimentu
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Z kazdé trojice hodnot EC1, EC2 a EC3 byly podle vzorce

OEC:M.O’S_{_ 1— EC2-8 .0,3+ 1_M 0,2
600-400 25-8 70,5-45

vypoéteny hodnoty veli¢iny OEC. Sloupce v nésledujici tabulce odpovidaji jednotlivym
kombinacim rusivych faktort.

OEC1 OEC2 OEC3 OEC4

49,95 41,25 59,07 33,93
36,87 67,63 65,59 62,45
49,28 43,82 36,07 53,06
56,08 70,90 60,50 45,78
35,51 40,47 40,27 37,06
61,50 73,76 60,96 81,05
57,58 63,90 53,86 59,47

Tab. 4 — Vypoctené hodnoty veli¢iny OEC
Vzhledem ke zpusobu konstrukce veli¢iny OEC je pii vyhodnoceni podle Taguchiho
pouzito kritérium ,,vetsi je lepsi‘.
Taguchiho pristup

Pro vyhodnoceni experimentu byla pouzita kritéria zalozena na poméru signal/Sum,
jak je u Taguchiho pfistupu obvyklé. Kritérium ,,vEtsi je lepSi* ma tvar

S/N = —10Logiz yi2, (1)
N

Kritérium ,,mensi je lepSi“ je dano vztahem

S/IN= —10Logiz Y2, )
n-T

kde y; je hodnota vystupni veli¢iny pii i-t¢é kombinaci rusivych faktori a n je pocet
kombinaci rusivych faktord. Pro kazdy fadek tab. 4 byly pro uvaZované vystupni
veli¢iny vypoéteny praméry a hodnoty SN . Na takto ziskané hodnoty byla aplikovana
analyza rozptylu.
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Analyza rozptylu pro SN
Snahou je odhalit ty fiditelné faktory, které nejvice ptispivaji k vy3sim hodnotam
veli¢iny OEC pii co nejmensi variabilité. Tabulka analyzy rozptylu v Minitabu ma tvar:

Anal ysis of Variance for SN ratios ,larger is better®
Sour ce DF Seq SS Adj SS Adj Ms F P

A 1 4,1664 4,16641 4,16641 663,65 0,025
B 1 1,8596 1,85963 1,85963 296,21 0,037
C 1 1,1726 1,17258 1,17258 186,78 0, 046
D 1 1,8939 1,89387 1,89387 301,67 0,037
A*B 1 5,7846 5,78457 5,78457 921,40 0,021
A*C 1 4,9127 4,91275 4,91275 782,53 0,023
Resi dual Error 1 0, 0063 0,00628 0,00628

Tot al 7 19,7961

VSechny faktory a uvedené interakce jsou statisticky vyznamné na hladin¢ 0,05.
Rovnice linedrniho modelu (procedura Factorial) ma pii kodovani arovni -1 a 1 tvar

odh S/ N =33,9217 +0,7217A+0,4821B - 0,3828C + 0,4866D + 0,8503AB - 0,7836 AC

Nejvyssi hodnotu, tedy hodnotu 37,6288, ma odhad SN pii nastaveni A= 1, B =1,
C=-1, D=1. Celkovy prumér, s nimz mtizeme tuto hodnotu srovnavat, je 33,9217.

Analyza rozptylu pro prumery veliciny OEC
Tentokrat zkoumame pouze vliv fiditelnych faktor na troven hodnot veli¢iny OEC.

Anal ysis of Variance for Means

Sour ce DF Seq SS Adj SS Adj M F P
A 1 109,539 109,539 109,539 100,53 0,063
B 1 40,804 40,804 40,804 37,45 0,103
C 1 43,980 43,980 43,980 40,36 0,099
D 1 58,848 58,848 58,848 54,01 0,086
A*B 1 249,622 249,622 249,622 229,08 0,042
A*C 1 225,224 225,224 225,224 206,69 0,044
Resi dual Error 1 1, 090 1, 090 1, 090

Tot al 7 729,106

Nechame-li v modelu stejné ¢leny jako pii analyze SN, bude mit tvar

odh OEC =52,465 + 3,7 A+ 2,258B — 2,345C + 2,712D + 5,586 AB — 5,306 AC .

Pokud uvaZujeme nastaveni urovni faktorti zjisténé pomoci modelu SN, zvysi se
prumérna hodnota veli¢iny OEC na hodnotu 74,426. Otadzkou ovSem je, do jaké miry je
piirustek statisticky vyznamny.

Je samoziejm¢é mozné aplikovat uvedeny postup zvlast na kazdou ze 3 vystupnich
veli¢in. V Zadném z uvazovanych ptipadi se vSak neprokazal vyznamny vliv ani u
jednoho fiditelného faktoru ¢i jejich interakce.

Model odezvy
Druhy zpiisob vyhodnoceni spoc¢iva v modelovani hodnot plivodni vystupni veli¢iny
(odezvy), ptficemz do modelu jsou zafazeny jak fiditelné, tak rusivé faktory. Vyznamné

hlavni efekty ¢i interakce fiditelnych faktorti svédéi o vlivu téchto faktor na stfedni
hodnotu odezvy, vyznamné interakce fiditelnych a ruSivych faktorti naznacuji, kterymi
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fiditelnymi faktory muzeme ovlivnit velikost variability sledované veli¢iny. Pouziva se
tzv. dudlni piistup, to znamena, Ze z ptivodniho modelu s obéma typy faktort se odvodi
dva modely, jeden pro stiedni hodnotu, druhy pro rozptyl odezvy (viz napt. [1]).
Odvozené modely obsahuji jiz jen fiditelné faktory. Model stiedni hodnoty umoziuje
vybrat drovné fiditelnych faktort vhodné pro posun stiedni hodnoty odezvy zadoucim
smérem, pomoci modelu rozptylu lze odhadnout, pfi kterych trovnich fiditelnych
faktorti by méla byt variabilita odezvy mensi.
Rovnici ptivodniho modelu mizeme zapsat ve tvaru

y(X,zB= B, ¥ Xk +z" + TA +¢, (3)

kde ¢len Xp piedstavuje hlavni efekty a interakce Fiditelnych faktord, ¢len zy hlavni
efekty ruSivych faktort (interakce ruSivych faktorGi se obvykle neuvazuji) a clen
xAz odpovida interakcim fiditelnych a rusivych faktorGi (matice A obsahuje piislugné
parametry). Predpokladdme & ~ N(0,0°) a dale nulové stiedni hodnoty a konstantni
rozptyly ruSivych faktort a jejich nekorelovanost. RuSive faktory X, Y, Zv naSem
oy
V naSem modelu uvazujeme celkem 7 faktorti, 4 fiditelné a 3 ruSivé. Pocet

kombinaci v navrhu experimentu odpovida sou¢inu 2**-2%", tedy 32. Hodnoty odezvy
jsou uréeny vysledky zkouSek pii jednotlivych kombinacich trovni. Odezvu tvoii
postupné veli¢iny EC1, EC2, EC3 a OEC. Vysledky uvadime jen pro EC1 a OEC.

Pro dobrou interpretaci vysledkli je pi1 konstrukci modelu tfeba zatadit jen

vvvvvv

ptipadé tedy povazujeme za ndhodné veli€iny s rozptyly po fadé¢ o ol

vSak tfeba zajistit, aby byl odhad smérodatné chyby efektii zalozen na dostateCném
poctu stupnii volnosti. Pfi vét§im poctu faktort je identifikace modelu pomérné pracna.
Pocet ¢lenit v modelu je zpocatku vysoky, protoze bychom pfedem neméli vylucovat
existenci interakci vyssiho fadu a. k dispozici neni obdoba stepwise metody pouZivané
v regresi. Pfi postupnych tpravach modelu je vyhodné pouzit napt. Paretiiv graf
standardizovanych efektti. Uvazujeme-li hladinu vyznamnosti o = 0,05, dostaneme pro
odezvu EC1 rovnici

odh EC1=488+12,94A+19,62B +14,5X +20,19AB-16,81AC +9,06DX .

Clen s interakci DX byl doplnén vzhledem k piitomnosti efektu rugivého faktoru X,
abychom viibec mohli aplikovat vySe uvedeny postup (efekt této interakce byl ze vSech
interakci s ruSivym faktorem X nejvétsi). Pii nevyznamnosti interakce neni ovSem
uspésnost robustniho navrhu zaruéena.

Odhad stfedni hodnoty veli¢iny EC1 pfi pevnych urovnich fiditelnych faktort je pfi
vySe uvedenych piredpokladech

odh E(EC1) = 488+12,94A+19,62B + 20,19AB —-16,81AC,

odhad rozptylu
odh D(EC1) = (14,5+9,06D)° s’ +o°.

Koeficienty v rovnicich odpovidaji kodovani urovni faktor -1 a 1 a lze je interpretovat
takto: Pozadujeme-li co nejvyssi hodnoty odezvy EC1, méli bychom volitA=1,B=1a
C =-1, volba D = -1 by méla znamenat mensi rozptyl. Ze znazornéni interakce DX na
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obr.la lze soudit, Ze pii trovni D = -1 je efekt rusivého faktoru X mensi. K vyhledani

optimalni kombinace fiditelnych faktord je mozné vyuzit metodu odezvovych ploch a

hledat priinik feSeni pro oba modely, tak jak to umoziuje napt. program Design-Expert.

V naSi préci tento program nevyuZzivadme, protoZe interpretace vysledkd je ziejma.
Model pro odezvu OEC ma tvar

odh OEC =52,466 + 3,7 A+ 2,259B — 2,344C +1,603X + 5,586 AB — 5,306 AC —3,9BX ,

odvozeny model stfedni hodnoty je

odh E(OEC) = 52,466 + 3,7 A+ 2,259B — 2,344C + 5,586 AB — 5,306 AC
a odvozeny model rozptylu
odh D(OEC) = (1,603-3,9B)°c? +&°.
Pro dosaZeni co nejvysSich hodnot odezvy OEC je tieba volit A=1,B=1aC = -1
Faktor D sttedni hodnotu OEC vyznamné¢ neovliviiuje. Volba urovné B = 1 zaroven

znamena urcitou redukci variability, jak je patrné zrovnice pro rozptyl, ptipadné
Z obr.1b, kde tsecka s mensim sklonem odpovida urovni B = 1.

-
//
510 —| L 55 —
D=1~
/
500 —| s
g . g
5] 7 (]
= 490 — e = 50
//
7/
480 — s D=-1
_ =
470 — < 4
T T T T
-1 +1 X -1 +1 X

Obr. 1a,b — Graf interakci zmodelu odezvy EC1 (a) a OEC (b)

Porovnani vysledkii obou pristupi

Pokud jde o velicinu OEC, vedou oba pfistupy k podobnému feseni. Optimalni
nastaveni urovni faktord A, B, C pro ziskani co nejvétsich hodnot OEC je stejné.
U faktoru D, kde by se podle prvniho pfistupu méla volit Groven 1, druhy pfistup
vyznamny vliv nepotvrdil. OdliSnost zavéra neni prekvapiva. Pti¢inou mtze byt jednak
pouziti charakteristiky SN, ktera v sobé kombinuje charakteristiky urovné a variability,
jednak skutecnost, ze identifikace modelu na zakladé experimentu 2** je problematicka.
Pokud bychom chtéli zkoumat vliv fiditelnych faktorti na samotnou variabilitu, nabizi
Minitab v souvislosti s Taguchiho navrhy take analyzu rozptylu, kdy odezvou je misto
poméru SN vybérova smerodatna odchylka. V tomto piipadé vychazeji efekty A, B, C,
AB a AC vyznamné, ale pii nastaveni A =1, B =1 a C = -1 je odhad smérodatné
odchylky vétsi. Nebereme-li pii této aplikaci v ivahu zfejmé poruseni predpokladu
normality, mohli bychom soudit, Ze pfi zvoleném nastaveni faktor pievazilo zvyseni
stfedni hodnoty OEC nad zvySenim variability. To je oviem zase v rozporu s vysledky
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druhého piistupu, podle n€jz vhodnym nastavenim fiditelnych faktort docilime zvySeni
hodnot OEC, ale vliv téchto faktorl na variabilitu odezvy zplisobenou rusivymi faktory
je minimalni.

Rozdilnost zavéra v pripadé EC1 je ziejma, u dalSich dvou vystupnich veli¢in byla
situace podobna. Pristup zaloZzeny na analyze S/N neodhalil, na rozdil od p¥imého
modelovani téchto veli¢in, Zadné vyznamné efekty.

Taguchiho ptistup k vyhodnocovani robustnich navrht je statistiky kritizovan pro
nedostatecnou teoretickou odtivodnénost. Sporné je pouzivani kritérii v podobé poméru
SN, aplikace analyzy rozptylu na smérodatné odchylky znamena poruSeni piedpokladu
normality, pii aplikaci na priméry se zanedbavd existence heteroskedasticity.
Taguchiho ortogonalni navrhy neptedpokladaji existenci interakci vyssiho fadu a Casto
se a priori i nékteré dvoufaktorové interakce povazuji za nevyznamné. NaS piispévek
ukazuje dali ze slabin Taguchiho piistupu k robustnimu navrhu. Pocet stupii volnosti
pro odhad smérodatné chyby efektli je ¢asto nedostate¢ny a mulze tak byt pfecenén
vyznam efektt, které ve skute¢nosti vyznamné nejsou, pripadné naopak.
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Abstrakt - Ciel'om ¢lanku je prezentovat’ niektoré metddy neparametrickej regresnej analyzy.
Neparametrické regresné metddy je vhodné pouzit® v pripadoch, ked regresna krivka
nedostato¢ne flexibilne vystihuje realne data alebo data st vyberom z iného ako normalneho
rozdelenia.

Klucové slova: neparametricka Statistika, Kendalov a Spearmanov korela¢ny koeficient,
jadrova funkcia, vazeny priemer, poradie

1. Korela¢na analyza
Mnohé problémy technickej praxe vyzaduju analyzovat n dvojic merani

{X,,Y,}",, ktoré st realizaciou nahodného vektora (X,Y). Jednou z tloh ich analyzy je

odhalit’ a popisat’ mieru zavislosti medzi X a Y. NajcastejSie pouzivanou mierou
zavislosti je korelacny koeficient:
_ E(x=E(X)(Y - E(Y))

Py = Nar (X)Var (Y)

ktorého odhad z nameranych dét je v tvare:

> (X, - XY, - )
E— , @

\/i(xi —X)PYY, -V

X,aY= Ezn .Y - Tento korelatny koeficient odhal'uje iba mieru
n="=

1)

pricom X :1 )
n

linedrnej zavislosti a nie je invariantny vzhl'adom na rastiicu transformaciu nahodnych
premennych. Preto je vhodné vypocitat’ aj neparametrické miery korelacie- Kendalov
alebo Spearmanov korela¢ny koeficient. V d’alSom ozna¢me R(X;)=R (Q(Y,)=Q,)

poradie prvku X, (Y;) vusporiadanej vzostupnej postupnosti merani {Xi}i”=1

(postupnosti {Y; },). Ak sii vo vybere pozorovania rovnakych hodndt napr. X=X,

potom ich poradia su tiez rovnaké cCisla, asice priemer ich poradi. Spearmanov
korela¢ny koeficient vyratame zo vzorca:

r,=1- _1)Z(R Q) (3)
Poznamka 1.
V pripade vicsieho poctu rovnakych hodndt sa odporuca pouzit’ modifikovany vzorec
pre Spearmanov korelacny koeficient , pozri [2].
Dvojicu merani {X;,Y;} a {X;,Y;} nazveme sUhlasnou (concordant), ak

(X; =X;)(Y;, =Y;) >0 a nesthlasnou (discordant), ak plati opatnd ostrd nerovnost.
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Ozna¢me n, pocet sthlasnych, a n; pocet nestihlasnych dvojic, n, nech je pocet
dvojic, kde X; =X, a n, pocet dvojic, kde Y, =Y,. Potom Kendalov korelacny

|
koeficient vypocitame zo vzorca:
3 N, — Ny
N = .
J(+ng+n)(n +ng +n,)

4)

Poznédmka 2.

V systéme Mathematica su pre vypocet Spearmanovho a Kendalovho korela¢ného
koeficienta implementovaneé prikazy: SpearmanRankCorrelation[vyberX, vyberY]
a KendallRankCorrelation[ vyber X, vwberY].

2. Metdda vazenych priemerov

Metoda vazenych priemerov je jednou z pomerne jednoduchych metod
neparametrickej regresie. Zakladnou myslienkou tejto metddy je myslienka, Ze
najvacsiu informaciu o pozorovani Y,, ktoré prislicha hodnote X, mozno ziskat

predovsetkym z tych hodnot Y, ktorych prislusna hodnota X; je vel'mi blizka hodnote
X, Preto by takym hodnotam vo vazenom priemere mala prislichat’ najvécsia vaha.

Oznatme z =%, kde h je diZka intervalu (3irka okna, bandwith), z ktorého

budeme vyberat' hodnoty X, . Dizka okna sa voli zvy¢ajne dvoma sposobmi, bud’ je

fixna alebo sa meni. Ak sa meni, tak je to interval, ktory obsahuje k (vopred volené
¢islo) najblizsich hodnét X, okolo X,. Aby sme hodnotam z priradili prislusnd vahu,

zadefinujeme jadrova funkciu K(z), ktora je symetricka okolo nuly, s rasticim |z|

klesé apre|z >1 nadobuda hodnotu 0. Po vypoite vah w; =K(z) odhadneme Y,
v tvare:

Y wy,
— i=1
>w
i=1

NajcastejSie pouzivané jadrové funkcie st uvedené v tabulke 1. a tvar niektorych
z nich je na obrazku 1. (v poradi: trikubicka, Gaussova, kosinusova).

Y, = f(X,) (6)

Tab. 1
jadrova funkcia K@), |Z4<1
trojuholnikova 1— | ZI
trikubicka (1_| z|3 )3
Gaussova 1 exp(— 1, )
N2rx 2
kosinusova 7 7
—cos(=2)
4 2
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Obr. 1.

3. Metdda zaloZzené na poradiach merani
Tato metéda umoznuje odhadnut’ (za urcitych podmlenok) . pre meranie X,

atiez X, pre prislusné meranie Y,. Metoda je zalozena na poradlach merani

a kK vypoctom odhadov vyuziva klasicku regresnu priamku prelozent bodmi {R, Q}.
Postupujeme v uvedenom poradi: vypoc€itame regresnt priamku poradi y = a+ bx, kde

Sro -y’

_ @-b)(n+1) 4 (6)
2 ’ n(n +1)°
Z R -
Vypocitame poradia odhadnuté pomocou prlamky porad1 pre kazdé X, a Y;. T. . pre

kazdé poradie R vypocitame Q =O(Y,) =a+bR apre Q zase R = R(X,) :_Qib—a.

Je zrejmé, ze takto ziskané poradia nemusia byt nutne celymi cislami. NavySe
v hodnotach, pre ktoré R je menSie ako 1 avéacsie ako n, sa hodnoty X, nedaju
vypoéitat’. Pomocou kazdého odhadnutého poradia zratame X aY.Ak R zodpoveda
niektorému poradiu prvku X;, potom Xi: X, . Ak R je hodnota medzi poradiami

prvkov X; < X, potom )A(i vypocitame v tvare:

. R-R
|:Xj+ (Xk_xj)' (7)
R —-R
Podobne ak Q je poradim niektorého prvku Y;, potom Y Y;, inak Qi bude hodnotou
medzi poradiam prvku Y; <Y, a Yi vypocitame v tvare:
\?i:\?j+Q‘_Q" Y -Y,) . (8)
Qk TN

Poslednym krokom tejto procedury je vykreslenie lomenej Ciary, prechadzajicej bodmi
(X;,Y) a (X;,Y).
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4. Aplikacia metdd v praxi
Obidve popisané metddy aplikujeme na subore dvojic dat ( pozri [4] ), ktoré
popisuju pocty zdravotnickych pracovnikov Y, vzhladom na pocet obyvatel'stva X,

v 68 okresoch Slovenska. Korela¢ny koeficient je r,,=0,432. Spearmanov a Kendalov
korelaény koeficient su vyssie ¢isla, r,=0,735 a r,=0,546. Dvojice dat spolu

s regresnou priamkou, tvarom regresnej priamky a koeficientom determinacie (R?) su
na obrazku 2. Dvojice dat a krivka vyhladena metédou vazenych priemerov je na
obrazku 3. Kvdli porovnaniu s ostatnymi metodami este spocitame strednu kvadraticka
chybu odhadu MSE(1), MSE(1)=15 511,13.

800 - -
y=0,0016x + 9,687
600 -+ >
* R“=0,1868
*
400 +

12000 42000 72000 102000 132000 162000

800 ]

600 -

400 -+

200 +

0
12000 42000 72000 102000 132000 162000

Obr. 3.

Spocitame teraz vazen¢ priemery hodnoét (trikubicka jadrova funkcia) pri
pohyblivej dlzke okna, obyc¢ajné aritmetické priemery vzdy 7 po sebe iducich hodnot
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advojice dat (X,,Y;) a (X,Y,). Zritame tie? stredné kvadratické chyby odhadov
MSE(2), MSE(3) a MSE(4), pricom v poslednom pripade budeme uvazovat’ pri vypocte
MSE iba (X;,Y;). Vysledky st opét uvedené v tabul’ke 2.

Tab. 2.
MSE(1) MSE(2) MSE(3) MSE(4)
15511,13 13194,21 14682,18 16772,03

V danom pripade sa ukéazala najvhodnejSou metoda vazenych priemerov.

5 Zave

V ¢lanku boli popisané dve metddy neparametrickej regresnej analyzy, metoda
vazenych priemerov ametdda zaloZzena na poradiach merani. Na konkrétnom
aplika¢nom priklade bolo ukazané, Ze tieto metoddy sa za istych okolnosti davaju lepSie
vysledky ako pouZitie klasickej regresnej analyzy.

Pod’akovanie: Tento ¢lanok vznikol za podpory grantu 1/3014/06.
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Autocorrelated Errors of Least Weighted
Squares

Jan Kalina
KPMS MFF UK
Sokolovska 83
186 75 Praha 8
Czech Republic

This paper modifies the Durbin-Watson test for weighted regression and
applies the result to least weighted squares, which is one of robust regression
methods with a high breakdown point. Such test conditioning on the weights
is exact, in contrast to the asymptotic test of Kalina (2004). This work
is supported by the grant 402/06/408 (Robustification of the generalized
method of moments) of the Grant Agency of the Czech Republic.

1 Durbin-Watson Test for Least Squares

Throughout this paper the regression model
Yi=05Xu+ - +58Xpte, t=1,...,n (1)

or in the matrix notation Y = X3 + e is assumed to be observed as a time
series in equidistant time intervals. An intercept is not required in the model
although it may be present. Later we also need the following notation. Let
Z, denote the unit matrix of size n x n, let matrix M be defined by M =
Z, — X(XTX)'X" and matrix A of size n x n by




Durbin and Watson (1950, 1951) proposed the test of autocorrelation
of errors for model (1). The one-sided test considers the null hypothesis of
independent errors e against the alternative of positive autocorrelation of the
first order. Denoting the vector of residuals of the least squares regression
by u = (uy,...,u,)", the one-sided test rejects Hy for small values of the
test statistic, which can be expressed as

d— Z?:Q(Ut - Ut—1)2 _ u’Au B e’ MAMe @)
- voul  uTu eT™™e
Do U

The distribution of (2) depends on X, so Durbin and Watson consider
the scelet decomposition of M. This allows to use the theorem of Poincaré
to find such lower and upper bounds for the critical value which do not
depend on X; their result is however valid only when an intercept is present
in the model (1).

2 Durbin-Watson Test for Weighted
Regression

After introducing the notation we modify the classical Durbin-Watson test
for the context of weighted regression. Kalina (2004) also mentions the
weighted regression case to show the contrary to least weighted squares. Here
we get further and express the distribution of the test statistics for different
situations always as a ratio of two quadratic forms.

We assume the model (1), where X is a matrix of (non-random) constants
of size n X p with rank(X) = p with p < n. The vector of random errors follows
the multivariate normal distribution

e~N(0,0°W) (3)
where 0 < 02 < oo and the diagonal matrix W = diag{wy,...,w,} contains
fixed positive weights wy,...,w,. Less reliable observations are assumed

to have errors with a large variance, which means a large value of the corre-
sponding diagonal element of W~ and a small value of the weight. The least
squares estimator is a special case with equal weights.

Let R denote the set of all real numbers. The weighted least squares
estimator is defined as

by = a ' Y, — b1 X — - — bpXy)?
W rg(bl,.%g)lezap;wt(t 1A pXip)



and is equal to by, = (XTWX)!XTWY. Further we introduce the notation
X* = W'/2X and define matrices My, and M* by

My =Z, - X(XTWX) 'X*W and M*=7ZI, — X*(X*'X*)1X*,
Residuals of the weighted regression equal

The matrix My, is symmetric only in special cases. Next we formulate some
properties of various matrices which will be used later. These can be verified
easily; we refer to Rao (1973) for basics of the matrix theory.

Lemma 1. Using the notation of above, it holds that
e MyMy =My,
e M WMy, = W/2M*W1/2;
e the matrices MiyMy,, M, WMy, ML AMy,, M, W/2AW/2My,

and M* are symmetric and positive semidefinite of rank n — p.

For weighted regression we now modify the Durbin-Watson test under dif-
ferent assumptions on the errors e. Firstly, under (3) it is reasonable to com-
pute the Durbin-Watson statistic with weighted residuals of the weighted
regression /wiuy, ..., /wyt,. Then the test statistic has the form

Z?:z(thut - \/wt71ut71)2 B u/W2AW/ 2y (4)
Z?:l wyu; B u’'Wu

and its null distribution is described below in Theorem 1.
Theorem 1. Let us denote positive eigenvalues of
W—l/QMTI/;/Wl/2Awl/2Mww—1/2

by Y1, ..., Ym—p and positive eigenvalues of M* by Ai,..., \y—p. Under the
assumption (3), the equality in distribution
WTWRAW P p S
u'Wu o ETAE?

is true for the test statistic (4), where Ex, ..., E,_, are independent random
variables with N(0, 1) distribution.



Proof: applying Lemma 1, we give a sketch of the proof only for the denom-
inator. Starting with

u’ Wu = e’ M}, WMye,

the scelet decomposition gives M, WMy, = STAS, where S is an orthonor-
mal matrix of size n x n and A is a diagonal matrix A = diag{\1,..., A\, }
containing eigenvalues of ML, WMy on the diagonal. Let t be the ran-
dom vector t = Se, which follows the normal distribution t ~ N(0,SS?) =
N(0,02Z,). Therefore under Hy

u"Wu 2 e"STASe = t At = Y \it2.
=1

Only n — p of the summands are non-zero and the scale-invariance of (4)
allows us to put F; = t¢;/o for i = 1,...,n — p. Similar reasoning gives
the expression for the numerator.

Simulating F, ..., E, approximates the null distribution of the test sta-
tistic and the critical value depends on the weights and also the design ma-
trix X. While this computation requires to obtain the inverse of a possibly
large matrix, software computes this using the same QR-decomposition which
is used for computing estimators of linear regression parameters.

The following Theorem 2 assumes homoscedastic errors. It is an analogy
of Theorem 1 for the test statistic not downweighting the residuals.

Theorem 2. Let us denote positive eigenvalues of My, AMy by v1, ..., Ynp
and positive eigenvalues of Miy My by A1, ..., Ay_p. Assuming

e~N (O, 02.’1'”)
the equality in distribution

u'Au p 3 iE?

T n—p 2
u‘u Zi:l AiE@'

is true for the test statistic (2), where En, ..., E,_, are independent random
variables with N(0, 1) distribution.



3 Durbin-Watson Test for Least Weighted
Squares

Visek (2001a) proposed the least weighted squares (LWS) estimator as a ro-
bust regression method with a high breakdown point. In the model (1) let

ul(b):YZ—leﬂ—bQXl _"'_pripa izl,...,n

denote the residual corresponding to the i-th observation for a given estimate
b = (by,...,b,)" € R? of the parameter 3. Let us order squared residuals

w(b) < uty(b) < - <, (b)

The least weighted squares (LWS) estimator of 8 is defined by

n

. 2
brws = arg in | witg) (b).
k=1
Non-negative weights wy, ws, . . ., w, must be specified at first. However only

their magnitudes are known a priori and the weights are assigned to the
data after a permutation, which is determined automatically only during
the computation based on the residuals. The least trimmed squares (LTS)
represent a special case of least weighted squares with weights equal to zero
or one only.

Kalina (2007) describes an algorithm giving a tight approximation to the
true value of the estimate and studies computational aspects of the estima-
tor. The paper also lists different references on theoretical properties of the
estimator.

Visek (2001b) studies the Durbin-Watson test statistic computed from
residuals of the least trimmed squares regression. The paper proves its as-
ymptotic equivalence with the test statistic computed from residuals of the
least squares fit. While the residuals corresponding to outliers are also in-
cluded in the test statistic, the least weighted squares would have the advan-
tage that they downweight outlying observations. Kalina (2004) examines
the Durbin-Watson test for least weighted squares and proves the test sta-
tistic to be asymptotically equivalent to the classical statistic in the least
squares context.

The exact Durbin-Watson test for least weighted squares conditioning
on fixed weights corresponds to the test for weighted regression in Chapter 2.
It is a parametric test assuming the distribution of random errors. Now we
argue in favour of the approach of Theorem 1.



For normal data Cizek (2006) presents a method for the optimal choice
of weights for the LWS estimator. The weights are chosen which estimate
the variability of each particular observation. Such estimator is asymptot-
ically efficient and asymptotically equivalent to the least squares estimator
without weighting also when the weights are very different from equal ones.
The assumption (3) is therefore natural for the Durbin-Watson test.

For data with outliers the downweighting of residuals is actually the mo-
tivation for introducing the LWS estimator and the assumption (3) is again
justified. The next theorem describes the test.

Theorem 3. The p-value of the Durbin-Watson test for least weighted
squares against the one-sided alternative of positive autocorrelation based
on (4) assuming (3) is equal to the probability

Yl mE; _ u'WIZAW!Zu
Yl aER T uw'Wu

with By, ... By gy M1y ooy Ynep and A1, ..., Ay defined in Theorem 1.
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Abstract

In this paper we construct the system of finite two-dimensional probability dis-
tributions (a convex set) by constructing of its vertices. A vertex we get in choosing
a way of filling a table n x m, where at each position (each cell) we put always the
maximal possible value for a given pair of marginal distributions. Finally, we make
an estimation of the number of vertices.

The work on this paper was inspired mainly by [2]. In this paper we want to show a
possibility, how we can construct joint distributions when given marginal ones. We will
work with finite random variables. The system of joint distributions is a convex set. We
will construct the ‘vertices’ and their convex combinations will generate further joint dis-
tributions. To each vertex we may compute the correlation of the corresponding random
vector. When choosing a particular joint distribution, which is a convex combination of
vertices, the correlation of the corresponding random vector can be computed as the con-
vex combination of correlations of vertices. The basics on joint probability distributions
the reader can find, e.g., in [9].

Another possibility how to construct joint distributions is first to get marginal (cumu-
lative) distribution functions F' and G, then to choose some copula C : [0, 1]> — [0, 1] and
to construct the joint distribution function, H : R? — [0, 1], using Sklar Theorem:

H(z,y) = C(F(x),G(y))

The copula C' contains the whole information on the dependence of random variables.
This approach was described, e.g., by P. Volauf in [10].

Construction

We are given random variables X and Y, achieving n and m different values with non-zero
probability, respectively. By a wvertex we will understand a joint probability distribution
which we get in the following way:

e We have to fill in a table n x m. We choose an element of this table, say (7, j), and
we put P; = min{P(X;), P(Y;)}. For 1 <k <nand 1<t <mlet us denote

[ P(Xy), if k£ i _ [ P, ift#j

YR B
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At least one of the values, P (X;) or Pi(Y;), is zero. The rest of the i-th row and/or
j-th column, corresponding to which of the two values is zero, we fill in with zeros.

In the second step we choose an element of the rest of this table, (i, j2), and we
put P,;, = min{P; (X;,), P (Y},)}. For 1 <k <nand 1<t <m let us denote

Pl(Xk)7 1fk‘#22

P (X =
2( k) {Pl(Xiz)_Pizjm if k =1z
Pl(YD? 1ft7éj2

B(Y,) =
2( t) { Pl(}/jz)_Pléjw ift:j2

At least one of the values, P»(X;,) or P»(Y),), is zero. The rest of the iy-th row
and/or jo-th column, corresponding to which of the two values is zero, we fill in
with zeros.

Repeating these steps we construct the joint probability distribution, which is a
vertex in the convex set of joint probability distributions.

We illustrate the construction by the following example:

Example 1 The construction of a vertex:

e First step — we choose the cell (3,2)

x¥ [ 1]2]3]4]Px)

1 0 0.2
2 0 0.3
3 0.2 0.5

P(Y;) [o1]o02]04]03

Table 1: First step of the construction

e Second step — cell (3,4)

x¥ [ 1]2]3]4]Px)
1 0 0| o2
2 0 0| o3
3 | o020 03| 05
PY;) [[o1 020403

Table 2: Second step of the construction
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e Third step — cell (1,1)

x¥ [ 1]2]3]4]pPx)
1 J[o1] o0 0 | 02
2 oo 0| 03
3 || olo2l 0 03] 05
PY;) [[o1 020403

Table 3: Third step of the construction

e The last step — we fill in the rest of the table, since this is already given uniquely

x¥ [ 1]2]3]4]pPx)
1 J[o1r] o fo1] o 02
2 |o|o 030/ 03
3 || olo2l0 03| 05
P(Y;)01]02]04]03

Table 4: Last step of the construction

Yet we compute the correlation of random variables X and Y:
EX =23, EY =29, DX =0.61, DY =0.89, E(XY)=7 = p=0.447 (1)

O

e If we want to construct the joint probability distribution with maximal joint distri-
bution function, we have to choose the cell (1,1) as the starting one and then to
proceed in the ‘right-down’ direction, or to start in the (n,m) cell and to proceed
in the ‘left-up’ direction

e In case we want to construct the joint probability distribution with the minimal joint
distribution function, the starting cell should be (1,m) and the direction ‘left-down’,
or the starting cell (n, 1) and the direction ‘right-up’.

In the next example we use random vectors (X, Y) with marginal distributions equal
to those from Example 1. We construct the joint probability distributions with maximal
and minimal joint distribution functions, respectively. The correlation coefficients will be
in these cases also the maximal and minimal possible ones by fixed marginal distributions.
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x¥ [ 1]2]3]4]pPx)
1 |[o1]o1] 0] 0] 02
2 | o]o1/02 0| 03
3 | oo o203 05
P(Y;) [[o1 020403

Table 5: The joint probability distribution with maximal distribution function

Example 2 Table 5 contains the joint probability distribution with maximal distribution
function for our fixed marginal distributions. We may construct it following the path

(1,1), (1,2), (2,2), (2,3), (3,3), (3,4).

The correlation coefficient we can compute using the means and variances of X and Y
from formula (1). E(XY') = 7.5, hence

p(X,Y) = 0.999.

Table 6 contains the joint probability distribution with minimal distribution function
for our fixed marginal distributions. We may construct it following the path (3, 1), (3, 2),
<37 3)7 (27 3)7 (27 4)’ (17 4)

x¥ [ 1]2]3]4]pPx)
1 oo o]o2] 02
2 o] o 02l01] 03
3 |01]02/02 0| 05
P(Y;) [[o1 020403

Table 6: The joint probability distribution with maximal distribution function

E(XY)=6.1 = p(X,Y)=-0.909.
Concerning the number of vertices we have the following result:

Theorem 1 We are given random variables X andY , achieving n and m different values

with non-zero probability, respectively. Assume n > m. The number of vertices, Vy, m, 1s
bounded by:

n! _ 2 (m—1)1
- < <m ™.l (m)2.
=) = em STl (ml) 4

In case n = m and the marginal probability distributions are uniform, we get

Van = nl
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Some remarks to the space of random variables

Let us denote by Q the space of all random variables defined on €.

The covariance of random variables X, Y € € is, in fact, their dot-product when
considering the space Q as a vector space. From this point of view the correlation of
random variables X and Y, p(X,Y) is the cosine of the angle between X and Y and if
p(X,Y) =0, then the random variables X and Y are orthogonal to each other.

However, also another orthogonality is possible in the space €. Namely — something
like a set-complementarity. This may be expressed in several ways. The following is
obvious:

PY=0X#0=1 & PHlwehX(w) Y(w)=0})=1

This orthogonality plays an important role in defining of conditional probability on special
algebraic structures, e.g. on so-called MV-algebras (many-valued algebras), see [3] (but
also on other algebraic structures, see [5]). These are important when handling with vague
data.

Another generalization of Boolean algebras then MV-algebras, is so-called ortho-modul-
ar lattice, OML for brevity (for details on OMLs see [8]). A possible model of an OML
is the union of certain system of Boolean algebras. If we deal with general algebraic
structures, a strange situation (from the point of view of Kolmogorovian model) may
occur (see [4, 5]), namely

p(X,Y) =04 p(Y, X) =0

How this happens? Coming back to the construction of a joint distribution on a Boolean
algebra, we must assign a probability to each pair (X = z,Y = y) and hence

PX=z,Y=y)=PX=aANY=y)=PY =y, X =1
and hence we get p(X,Y) = p(Y, X).

When constructing a joint distribution on an OML (union of Boolean algebras), saying
strictly, the joint distribution is given uniquely by marginal distributions. If we wish to
compute the correlation of X,Y on OML, we must ‘fill the whole table’ similarly to the
case when working on a Boolean algebra. However, the event X = 2 A'Y = y is not an
element of our OML, hence assigning some value P(X = z,Y = y) = p,, does not mean
assigning the same value to P(Y = y, X = x). The value P(X = z,Y = y) = p,, can
be interpreted in such a way that first the event X = x has occurred and then the event
Y = y. This means that different values p,, # p,, imply different interaction according
to the time axes (see [1, 6, 7]).
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Elektronicka uéebnica predmetu Statistika*na EF

Pavol Kral’, Alena Kagc¢akova, Gabriela Nedelova

Abstract
The main aim of the contribution is to present the electronic textbook Statistics which
is intended for educational purposes at the Faculty of Economics Matej Bel University

Banské Bystrica.
Keywords: e-learning, MOODLE, Statistics, INTEX, pdfTgX, PDF

1. Uvod

Hlavnym zémerom nasho ¢lanku je predstavit prvotni verziu multimedidlnej ucebnice
Statistiky, ktoré vznikla v ramci rieSenia projektu diStancéné vzdelavanie ekonomickych
predmetov na EF. Pévodnym zamerom bola elektronicka uc¢ebnica pokryvajica potreby
zékladného kurzu Statistiky pre vSetky odbory EF UMB bez vyuzitia LMS MOODLE.
Tento zamer bol v priebehu rieSenia projektu niekolkokrat modifikovany vzhladom na
rozne skuto¢nosti. NajdolezitejSou bolo zlicenie EF UMB s Fakultou financii UMB, ktoré
viedlo k modifikécii uéebnych osnov jednotlivych predmetov zakladného kurzu statistiky.
Druhou skutoénostou bolo vydanie vlastnej zakladnej literatiry pre predmety Statistika
1 a Statistika 2 (knihy [1, 2] pre odbory CR, FBI, EMP) a priprava klasickej printove;
u¢ebnice pre predmet Statistika (odbor VES). Vzhladom na tieto okolnosti bol pévodny
zémer modifikovany nasledujicim spoésobom. Elektronickd ucebnica bude nielen zak-
ladnou studijnou literatarou pre predmet Statistika, ale mala by sluzit aj ako pomodcka
pre Statistické spracovanie kvalifikaénych prac a vyskumnych projektov na EF UMB.
Pripravené si dve rézne implementacie ucebnice. Prvou je vyucbové CD. Druhou je
integracia materidlov do kurzu predmetu Statistika v LMS MOODLE.

2. Obsah ucebnice

Vyucébové CD obsahuje pdf sibor s textom ucebnice, datové subory vo formatoch xls,
sav (nativny format SPSS) a txt, videosekvencie s postupom riesenia v SPSS, R a Exceli,
instalacné stibory programu R. Zaradenie programu R bolo motivované snahou umoznit
aj externym Studentom, ktori nemaji pristup k programovému vybaveniu EF UMB,
pracovat s plnohodnotnym Statistickym softvérom. Online kurz v LMS MOODLE okrem

*Hf)ci presnym nézvom predmetu je Statistika 1, pouZzivame pre jednoduchost v celom ¢lanku nazov
Statistika, aby sme zdoraznili odliSnost tohto predmetu uréeného pre odbor VES od predmetu rov-
nakého nazvu, ktory je uréeny pre odbory CR, EMP a FBI na EF UMB.
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toho plne vyuZiva moZnosti systému Moodle, t.j. otvara napriklad moznost konzultécie
s vyucujicim alebo dalsimi $tudentami, obsahuje d'alsie testové tlohy a mnoho dalsich
veci. Elektronick4 ucebnica obsahuje teoretické zaklady nasledujicich celkov:

1. popisné Statistika

2. zéklady pravdepodobnosti

3. tvod do induktivnej Statistiky

4. regresia a korelacia

5. analyza kategoriadlnych znakov

6. indexy.

To je v iplnom stlade s osnovou tohto predmetu:

1. Predmet a tlohy Statistiky. Zakladné pojmy a definicie.
2. Charakteristiky trovne. Priemery. Stredné hodnoty polohy. Kvantily.
3. Variabilita, miery variability. Rozklad rozptylu.

4. Meranie dynamiky ekonomickych javov.

5. Pravdepodobnost-zékladné pojmy. Nahodné premenna. Pravdepodobnostna funk-
cia, funkcia rozdelenia hustoty pravdepodobnosti, distribu¢na funkcia.

6. Druhy a technika vyberov. Bodovy a intervalovy odhad.
7. Testovanie hypotéz.

8. Regresna analyza.

9. Korela¢na analyza.

10. Analyza zavislosti kvalitativnych znakov

Jednotlivé ¢asti obsahuju z nasho hladiska nevyhnutné mnozstvo teoretickych infor-
mécii, ktoré sa potrebné pre interpretaciu pocitac¢ovych vystupov Excelu a Statistickych
programov SPSS a R. Tento obsah jednotlivych casti je v stilade s u¢ebnymi osnovami
predmetu Statistika pre odbor VES na EF UMB, ale obsahuje aj niektoré doplnkové
Casti, ktoré priamo nadvizuja na zakladni osnovu predmetu a si velmi zaujimavé pre
praktickal aplikaciu Statistiky napr. pri spracovani kvalifika¢nych prac. Tieto Casti si:
zéklady Statistického spracovania dotaznikov, sila testu, neparametrické testy, ANOVA,
regresnd diagnostika, analyza Casovych radov. Kazdy teoreticky celok je ilustrovany
na niekol’kych vybranych problémoch, ktoré maji podla moZnosti ekonomicky charak-
ter. Kazdy problém obsahuje vzorové rieSenie s pouzitim Statistického softvéru (ak je to
mozné, pouziju sa vSetky tri programi - SPSS, R a Excel). Kde sme to povazovali za
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vhodné z hladiska spracovania vlastnej analyzy ¢itatelom, je vzorové rieSenie doplnené o
videosekvenciu ilustrujucu ako pracovat s prislusnou procedirou v nami pouzitom Stati-
stickom softvéri. V zéavere jednotlivych celkov sa nachédzaju priklady a testové otazky
na overenie dostato¢ného osvojenia prebraného uciva.

3. Technické detaily

Nagou snahou pri technickom spracovani u¢ebnice bolo dosiahnut jej platformova nezévis-
lost pri zachovani v8etkych vyhod elektronického formatu akou je napr. moznost imple-
mentécie videosekvencii, preto sme zvolili format pdf v kombinacii s elearningovym systé-
mom Moodle. Prehliada¢e PDF (napriklad zndmy Adobe Reader) st volne pristupné pre
vietky bezne pouzivané platformy (Windows, Linux, Mac OS), ¢im je zarucené bezprob-
lémova prenositelnost medzi systémami. Pouzitie systému Moodle samozrejme nie je
ovplyvnené pouzitym operaénym systémom a v podstate ani pouzitym webovym prehli-
adacom, pretoZe bez problémov funguje pri pouziti lubovolného z troch najrozsirene-
jSich webovych prehliadacov, ¢i uz bezplatnych Opera a Mozilla Firefox alebo Internet
Exploreru, ktory je stu¢astou operacénych systémov Windows. Ucebnica vo formate pdf
bola vytvoren4 s vyuZitim typografického systému TEX (BTEX 2¢ a pdfTEX z distribucie
MiKTEX 2.5). Vzorové rieSenia boli vytvorené prostrednictvom SPSS 13, R 2.4.1 a MS
Excel 2003, videosekvencie boli vytvorené programom Camtasia Studio 2, pricom tieto
sekvencie sa vo formate avi aj ako animované gif. Datové sibory sd vo forméate xls, sav a
txt. Pdf sabory samozrejme obsahuju hypertextové odkazy, popup okienka, obrazky, an-
imacie a mnohé dalgie prvky sltziace na ulahcenie osvojenia predkladanej problematiky.
Pri tvorbe pdf stborov v systémoch KITEX 2 a pdfTEX boli pouzité napriklad balicky
hyperref, fancytooltips, tikzpicture a volne pristupny balik stiborov AcroTEX education
bundle. Na tvorbu obrazkov boli pouzité okrem balika tikzpicture aj programy Corel-
Draw 11, Gnuplot, Inkscape.

4, Zaver

V naSom prispevku stru¢ne predstavujeme elektronickii ucebnicu Statistika, ktora je
uréenéd najmé pre Studentov odboru VES na EF UMB v Banskej Bystrici. Z hladiska
technického spracovania sa znac¢ne odlisuje od d'alsich elektronickych materiadlov vytvorenych
na EF UMB s pouzitim programov Zoner a Lectora (pozri [3]). Hlavnou odlisnostou
je pouzitie formatu PDF, ktory je Standardom pre elektronické publikovanie. Aktual-
nu podobu tejto uc¢ebnice najdete na http://194.160.44.57/ v sekcii projekty KKMI.
Uvedena elektronicka ucebnica by sa mala zacat prakticky pouzivat v zimnom semestri
skolského roku 2007/2008. Na zaklade praktickych sktsenosti z jej pouZivania predpok-
ladame jej dalsie zdokonalovanie a dopliiovanie, pricom by v budtcnosti mohla byt volne
pristupnd v MOODLE EF UMB. Okrem toho na tuto elektronickd ucebnicu by mala
nadviazat ucebnica viacrozmernych Statistickych metod so zameranim na ekonomické
aplikacie, ktora je hlavnym cielom rieSenia projektu KEGA Platformovo nezévisla volne
pristupné elektronickd uc¢ebnica: Viacrozmerné Statistické metoédy so zameranim na riese-
nie problémov ekonomickej praxe.
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Automatic self assesment and evaluation in teaching statistics using
the system Moodle

Zuzana Kriva

Abstract: Several years ago we have successfully implemented the course managements system
Moodle (completely free to use) into educational process of several study programs at the Faculty
of Civil Engineering of the Slovak Technical University in Bratisava. We will shortly mention
advantages which use of this system has brought to us. The paper concerns on describing one of
them: automatic self assessment and evaluation of students. As a suitable subject to demonstrate this
feature we have chosen the subject Informatics -Elementary statistics in Excel of the study program
Environmental Engineering.

Key words: the course management system, on line courses, randomization of quizzes and tests,
evaluation, quiz quesstion, elementary statistics, self assessment.

DESCRIPTION OF THE SUBJECT

The course Informatics - Elementary

statistics in EXCG' demands mathematical Porovnanie normalneho rozdelenia a -rozdelenia

skills on the level of the 1% semester and **

ability to use PC. As soon as the students @

handle the work with formulas and charts, we L — /:\

add Excel’sforms, i.e. interactive elementsas / \ — D
spin button controls and scrollbars, because / \

the experiment is the main method to explore  ** / \

and simulate various dtatistica events :
depending on varying parameters. 015 / \

As arelistic and time related goal we stated / \

to learn the students introduction to the / N
theory of probability, Bernoulli scheme, basic  ** — T~

discrete distributions and their characte-
ristics, Gauss function, normal distribution '
and its characteristics, point and interval FIGURE 1

e O 1 O e, O oo e owy s et B 7
correlation, regression and trends. Except o

standard and built-in tools we use add-ins HITHHELPORA SEROLLBAR

Descriptive statistics, Random number generation and Histogram. We place emphasize on the ability

to verify the results, whenever it is possible. ,
Moodle stranka KMaDG
The subject Informatics — Elementary statistics in Excel is

intended for full time students, but it structure can be easily ~ Hl@vns men Miestne spravy
transformed and adapted, and it can be used aso for part % wiestne spravy

time and distant students and various kinds of shorted

courses. The subject is supported by atext book[], whichis ¥

divided into two parts. Thefirst part is more theoretical and % réznorady

the second one more practical. That's why there are two on  &# prijimacie pohovory

line courses: one with lectures, which is more theoretical & Inzinierske &tidium
and supports the lectures and one more practical, which =" Bakalarske Stidium
supports seminars. »® Doktorandske Stddium

Wyhladar kurzy. ..
WiEathy kurzy...
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The URL of the main page is http://www.math.sk/moodle. Then select Bakalarske Studium
(Bachelor's study, Figure 2). Select Informatika - Statistika v Exceli /prednéSky (lectures) or
Informatika - Statistika v Exceli /Cvi¢enia (seminars). Now you must log in. You have two
possibilities: you can log in as a guest clicking on Login as a guest (Prihlasenie ako host)) (if the
course allows thistype of access), but in this mode you cannot do tests. If you want to do them and
to communicate with your teacher then you must create a new account by clicking on New Account
(Nové konto). Then you enter the moodle clicking on Login. Most of courses require password
(Prihlasovaci kI"a¢). In the case of this course you must type in nirvana.

Login here using your username and password; 1. Fill out the New Account form with your details.
(Cookies must be enabled in your browser) (3 2. An email will be immediately sent to your email address.
3. Readyour email, and click on the weh link it containg,
Usemamelkriva— 4. your account will be confirmed and yuu_will be logged in.
i Lagin | §. Mow, selectthe course you want to participate =
Password: [=====] 6. I you are prompted for a "enrogrestkey—sg  click hereto createa
has given you. This will "g "wouinthe courg new account
7. YOU Can now access full course. From now
SOrme courses may allow guest access: enter your personal username and password (in the form on this page) to
Iog in and access any course you have enrolled in.
Login as a guest |
—n Create new account |
FIGURE 2

THE MAIN MENU OF MOODLE INQUIRING THE TYPE OF STUDY (ON THE

LEFT). LOGGING IN THE MOODLE(ON THE RIGHT).
The system Moodle was appreciated as a great help in many aspects. We shortly emphasize the
problems, which it helpsto solve:
e good availability of lectures/lecture notes (important especially for part-time and distance
students),
o lessexpensive delivering of study materials, not depending on number of students,
e updating of lectures: it is easy, comfortable, very interactive,
e unequal level of skills: supporting both less and more able students,
¢ it enables the higher interactivity in making experiments, it supports access to large data sets and
examples prepared by teachers,
e it offersagood tool for self assessment , important for part-time and distance students,
e with its full randomization of quizzes and tests, including the random questions from a database
of questions and automatic evaluation, it offers a tool for fast and correct evaluation of students,
important e.g. in courses suffering from lack of time,
e thepossibility to assign and correct problems via Internet
« comfortable communication between a teacher and a student.

The moodle on line subject we described was often used also for teaching some electives and part
time students with typical problems: lack of time and great amount of students. Use of automatic
testing became a must. Soon after launching the subject we could aso clearly see the necessity to
press the students to prepare by testing during the lessons. Thus, there were two kinds of tests we
need to perform: short tests for self assessment performed during the lessons and tests for evaluation
of the students by ateacher.

The short tests for self assessment typicaly contain 3 multiply choice questions. The questions are
same for all students. After the test their solutions are discussed. Similar questions are used in final
tests. A teacher has a possibility to view the result of every student and moodle offers the statistics of
the test. Thusthetest is afeedback not only for students but also for ateacher.

The main requirements on the short tests are:

e to be short and time restricted
e to beautomatically evaluated
e thalr results and statistics are available.
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The final tests are written during the last week of the semester, they require more questions, this
time different for every student. The time restriction is natural, but the tests must contain amount of
questions, that time for their solution is about 80 minutes and they cover all the semester material.
The questions must be different, because the students have the possibility to communicate via e-mail
and to watch great amount of studentsis difficult.

The main requirements on the final tests are:

¢ to contain different questions

e to beautomatically evaluated

¢ to show the correct answers and to be automatically evaluated.

In the following text, we will show severa ways how to prepare test. First we show how to prepare
short test with the same set of questions for al students which are suitable for self-assessment. Then
we show use of random question to generate test with different questions, and at the end, we will
show, how to organize database of questions to prepare the test as well as possible.

SIMPLE TESTS FOR SELF ASSESSMENT

Tests included in lessons are intended for self assessment: they should help the student to check
understanding of basic notions of the lesson by themselves. A teacher asks a question and specifies a
multiple choice answer. Each attempt is automatically marked and the results can be viewed anytime
the student, (but also the teacher) needs. In this way students prepare for the fina test, which is
composed of similar test questions. The test is afeedback not only for students but also for ateacher.

1 (202 Dane su nasledovne data. Vyberte, ktory karelany koeficient je pre
dané data spravny.
3,94 0,49 1,72 545 0,52 7.6 9,166
17,9 5,03 11 082 2,06 9.0 a2
Odpoved:  # 5 0,093949
b 0,994
gl
©d05
FIGURE 3

MULTIPLE CHOICE QUESTION. THE MARKED OPTION BUTTONS SHOW THE ANSWERS OF A STUDENT.

Creating a new test question. Every question must belong to some category. Thus the first step we
must perform isto select (or to create a new) category. After we select a type of question: here, the
questions are of multiple choice

type. There are two typeS of Create new question: [Choose... @

multiple choice questions - 'mm”q”es“”mmechmce

single answer and multiple Page;Lue&fFAalse
. a M SwWer

answe. We usually use multiple Action Question name [Son Numerical

answer: In response 10 &  «a&x [ Bemoulliho schema: hcdz'tcclr‘]'iit;d

question (that may include an  ««a £x ™ Binom -vypocet De scription

i Ko sEx T Bi ick tred o Fandom ShortAnswer hMatching
Image or an EXCGI table’ or a NOMICks, STecna, Embedded Answers (Cloze)

—

link to some Internet file «&@&xT Charakieristiky sibong
containing data), the respondent chooses from multiple answers. After choosing a type of question,
we must fill in a corresponding form — we must type a question, set of possible answers and set
evaluation.(see Figured). Assigning 100% to the question means, that the correct question is

evaluated by 1 and the wrong by 0. We would like to note, that there are many other possibilities
how to evaluate.
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Category: | Regresia =]

IRegresnE’L priamka

Question: | Trebuchet =lfiEen =1 =l B rug R 2| & B e | o o
=== EEEE Lk —dbeew DOOE@ ©|@
o HTMLedrare (F) Pre data
3,94 0,45 1,72 -5,45 0,52 7.6 9,166
17.9 5,03 11 922 206 799 3z

je Wasou Ulohou najst regresnd priamku y=k*x+q. Rovnica regresnej priamky je pre
dané data uréena parametrami:

HTML cesta:

Possibility 1: [k= 31968 q=5.5243 Grade: [100% =]
Feedback: |
Possibility 2: [k= 65243 -3 1988 Grade: [Ziadne =]
Feedback: |
Possibility 3; [k= 3.388.q=-35.051 Grade: [Ziadne =]
Feedback: |

FIGURE 4

FORM FOR CREATING A TEST QUESTION.
CATEGORY OF QUESTIONS

Rather than keeping al questions in one big list, we can create categories to keep them in. Each
category consists of a name and a short description. Each category can also be "published”, which
means that the category (and al questionsin it) will be available to al courses on this server, so that
other courses can use the questions in their quizzes. This feature can be reset, whenever we want.
Categories can aso be created or deleted at will (see Figure 6). You can also arrange the categories
in a hierarchy so that they are easier to manage. The 'Move into category' field lets you move a
category to another category. By clicking on the arrows in the 'Up/Down’ field, you can change the
order in which the categories are listed. The upper part of Figure 6 displays creating a category
‘New', which is a subcategory if acategory 'IS. The description is 'Demo category'. The category will
not be public. To createit, click Add button.

USING RANDOM QUESTIONS

Let us consider the situation, that we have three categories of 4 Random question T
questions T1,T2 and T3 for short tests. Every category contains 3
questions. We want to create a new test, where the questions are 2 + ¢ Random guestion T

selected from existing categories in random way: eg. two
questions from T1, two questions from T2, etc. We can use atool
called random question. As we have aready mentioned, questions  , 4
are of severa types. A random question i naquizisreplaced by a
randomly-chosen question from the category that was set. In this 5 * ¢ Random guestion T3
way we obtain a set of different tests covering the same topic. The
easiest way how to add a random question to a test is to click on
‘Add 1 random question’ in the lower part of the Create new FIGURE 5
guestion section. The questions and answers can be permuted. Using Random Questions

3 1 3 Random guestion TZ

Fandom guestion T2

6 T 4 Random guestion T3

HIERARCHY OF THE CATEGORIES

The quality and the success of the final test depends also on a good structure of question categories.
E.g. let ushave acategory of 6 questionson interva estimates of 3 types, every type 2 questions. If
we select two random questions from this category, it can happen, that all questions test the same
type of interval. On the other hand, sometimes we want only one question on this topic. Our
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experience is, that if we create a good structure of question categories, we are able to create good
tests with varying number of questions and various level of details.

The new versions of moodle enable the tree structure of categories: i.e. every category can have
subcategories. An example of structure of categories is displayed in Figure 6. The top category
Cvic.lZP2 is intended for the second year of environmental engineering and it contains four
subcategories. One of them, IS (interval estimates) contains another three categories: 1S1,1S2 and
IS3.

Add category: @

Parent category Category Category information Publish Action
[1S = [ Mew [ Demo category e =] Add
Modify categories: @

Category Information Questions Publish Remove Up/Down Move into category:

£ Cvic IZP2 18 = X i [wren =]

&£ 1S Interval estimates 0 = x + [cvicizre =1
£ 151 i sigma given 6 e X $ [cvicizrz /15 =]
5 1S2 mi, sigma unknown 5 - X t4  [cvicizrz /13 =l
5 1S3 for sigma 7 - X t4  [cvicizrz /18 =l
# Discrete distributions 7 - x T [ CvicizP2 =l
% Descriptive stetistics 8 = X t4  [ovicizre =1

% Resgression 7 - X [cvicizrz =l

FIGURE 6
Hierarchy of categories

When we create a random question and select a category IS, that a question about any interval typeis
generated. If we select e.g. 1S1, question of the first type interval is generated. We can set one
question for every interval type.
In this example, the ‘publish’ field is not set. The Category: | I =
author (owner) of this category see al his WDisplay questions from sub-categories too
categories, but in other courses, these categories are I Also show old questions

not available. If 1 want to make my categories

available to other courses, the top category must be

set to public. In fact, it is not possible to see only Create new question: | Choose.. -
Sl Its parent Category, and also the parent Category Import questions fram file (3) | Export questions to -
of this parent category must be set to public, but it~ Action Question name |Sort alphabetically = |

means, that al Cvic.IZP2 category must be public. FIGURE 7

The ‘publish’ field can be switch on and off Displaying of subcategories s optional
arbitrarily.

We can move question only between categories of ours. If we work with categories and questions of
some other course, the option for moving questions between categoriesis not avialable.

QUESTIONS AS A TEXT FILE
Preparing the database of questions, we often face these two problems:
1. wewant to have several questions differing just by numbers

2. wewant to print the database questions.
Both can be solved by importing/exporting the questions (see Figure 7).
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This function allows us to export a complete category of questionsto atext file. In some file formats
some information can be lost when the questions are exported. This is because many formats do not
possess all the features that exist in Moodle questions. Also some question types may not export at
al. Good advice is to check exported data before using it in a production environment. There are
several supported formats for import and export of database questions: in this paper we will concern
only on one of them - format .gift.

GIFT isthe most comprehensive import/export format available for exporting Moodle quiz questions
to atext file. It was designed to be an easy method to for teachers write questions as a text file. It
means also, that we can prepare the quiz questions locally at home, without use of moodle, and
importing them into the system, we can create new categories.

The basic structure of a multiple choice question issimple: thelist of answersisclosed in {}, wrong
answers are prefixed with atilde (~) and the correct answer is prefixed with an equal sign (=) . They
can be placed into the text arbitrarily. Questions must be separated by an empty line.
Example:
Tossing a cube labeled 1-6 ten tinmes, the probability of getting a 3 at nost 4
times is {

=0, 984538033

~13/119

~0, 154160914

~0, 024180374

.

The reference $F$4 is an exanple of {
~rel ative
~m xed
=absolute } reference.

In addition to these basic question types, this format offers the following options: line comments,
guestion name, feedback and percentage answer weight.

¢ line Comments._It is apiece of text, that will not be imported into Moodle. This can be used to
provide headers or more information about questions. All lines that start with a double backslash
will be ignored displaying in moodle.

/1 Subheading: difficult question bel ow
What's 2 plus 2? {=4, ~5, ~3}

e question Name. It can be specified by placing it first and enclosing it within double colons:

::Bernoulli schene:: Is it difficult? {=no,~yes}
DISPLAYING THE LIST OF QUESTIONS
We want to display all questions of a category pokus. We set the category in the section for creating
new questions and click on the button Export questions to a file. New dialoque box is displayed (see

Figure 8). Leave the gift format set and again, click Export questions to file. The list of question is
displayed and can be printed.

157



1. Aka je pravdepodobnost, ze ak S1-krat hodite kockou, trojka Wam padne najwiac 10 -krat?

2 Aka e pravdepodobnost, ze ak 83 - krat hodite kockou, trojka Yam padne najwiac 13 -krat?

3. Aka je pravdepodobnost, ze ak 65 - krat hodite kockou, trojka Wam padne najviac S -krat?

4. Aka je pravdepodobnost, ze ak 1071 - krat hoa#slemslonn drailon WiSma madna pobdos O LaeSen

Export questions to file@

5. Aka je pravdepodobnost, ze ak 119 - krat he

Categony: Cwic IZP2 Fuzka (INF2)
6. Aka je pravdepodobnost, ze ak 110 - krat he File format: |GII-_|'fDrmat -'_l @

7. Aka je pravdepodobnost, ze ak 31 - krat hoc File name: [quizinf2-cvicizp2_suzke-20070510-1550

Export questions ta file |

8. Aka je pravdepodobnost, Fe ak 95 - krat hoo.

FIGURE 8
Displaying list of questions with help of export.

Note: The first question asks about probability of getting a3 at most 10 times, tossing a cube 51
times. Other questions differ just by numbers.

MODIFYING QUESTIONS

If we click on Download the exported category file, we get the source in gift format, containing the
guestions (similar to Figure 10). The file, to which we exported the questions is often useless,
because we do not have an access to it, however, we can display it and save it locally.

The list of questions displayed in Figure 8 can be created in several ways. First, we could type the
first question in moodle, export it, download it, copy the questions and modify them. We can modify
them directly in atext file, or in moodle, editing the questions. Which method is better depends on a
type of question and its format (simple text, table picture, link etc.). Also we can directly type the
first question in agift file.

In the next text we display the possibility, which can be used at least in the case of simple question
like thoese in Figure 8. We can use directly Excel and his functions for generating random
numbers.In Excel we prepare sheet like this, following the gift format:

A B | D | E F |G
s Bermmouliho schema::Aka je pravdepodobnost’, ze ak a5 -
krat hodite kockou, trojka Wam padne najviac 5 -krat?{
= 0,000749355
~ 119

~ | 0,100749355
~ | 0,000557075

0|~ R =k —

h

FIGURE 9
The cells containing the formulas (now displaying like numbers are set in following way:

F2: =21+CELA.CAST(NAHCISLO()*100) [=21+INT(RAND()*100)]
E3: =1+CELA.CAST(NAHCISLO()*20) [=1+INT(RAND()*20)]

B4: =BINOMDIST($E$3;$F$2;1/6;1)

B5: =E3/F2
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B6: =B4+0,1

B7: =BINOMDIST($E$3;$G$2;1/6;0)

Pressing function key F9 causes generating new random numbers and anew question, in fact. We
copy them into a gift file. Be aware, that you must work in asimple text editor (or save as atext, not

in Word format). The part of such text is displayed below in Figure 10. The spaces need not be
deleted. The questions are correctly displayed in Moodle.

::Bernoulliho schéma 5::Aka je pravdepodobnost, ze ak 119

krat hodite kockou, trojka Vam padne najviac 13 -krat?{
= 0,054160914

~ 13/119

~ 0,154160914

~ 0,024180374

::Bernoulliho schéma 6::Aka je pravdepodobnost, ze ak 110

krat hodite kockou, trojka Vam padne najviac 16 -kréat?{
= 0,327740225

~ 8/55

~ 0,427740225

~ 0,089220593

FIGURE 10
Part of a gift file obtained by copying from Excel.

CONCLUSION

Already the first tests, which did not use random questions, proved that the moodle tests could be a
very useful tool for evaluation of students. Then “bugs’ (e.g. a weak student finished the test very
fast and very well) had to be removed. Applying of random questions partially removed these
problems, but still, we must be careful when set the properties of tests. At the end, these tests became
an excellent tool for comfortable and fast evaluation, moreover, appreciated also by students as
complex and objective. There are several moodle on line courses on statistics in our server. We
suggest organizing a good database of questions, created and used by teacher of these courses.
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Introduction

Partial least squares regression is a well-recognised method for modelling relationship between
multivariate variables. Since its first publication this methodology has been used in econometrics,
chemometrics, biometrics, sensometrics and recently, some applications in technology and qualimetrics also
appeared [ 2], [ 5], [ 6]. We show an application in brewery, which can be however easily transferred into
other branches. The goal is to predict input process parameters to generate desired output quality parameters
using PLS regression.

Partial Least Squares

To find relationship between two groups of variables and predict one from another a statistical
procedure based on the Partial Least Squares (PLS) approach was used. PLS was first published in form of
an iterative algorithm by Herman Wold [ 1] in the late 1960s. Later the method was identified
mathematically and widely used, see for example [ 4]. Though PLS is a widely recognised method, it is
included only in a few commercial software packages, such as Unscrambler (CAMO) [ 9], or QC-Expert
(TriloByte) [ 8]. The latter was used throughout this paper.

Assume that we have n rows of the measured process parameters, that form a matrix X(z x p), and the
same number of measured corresponding quality parameters in matrix Y(# X ¢), where not necessarily n > p,
g. In order to extract maximum information (variability) into lower-dimensional space PLS uses an analogy
to well known orthogonal principal component approach (PCA) and transform X and Y into scores and
loadings:

X=TP +E (D
Y=UQ +F

To ensure maximum relevance of chosen X-components to Y values, the two transformations are tied
together by common scores matrix T. Dimensionality (number of columns) of T is typically smaller than that
of X and Y and columns in T, U are orthogonal. This improves stability of the model and maximizes
information gain. Noise and irrelevant useless information concentrates in ,,garbage* matrices E(n x p) and
F(n x ¢g). Writing U = TB (where B is a square diagonal matrix) gives us the tool for prediction of Y from X:

Y =TBQ’ (2)

with T = XP~ computed from the new X-data, A~ denoting Moore-Penrose pseudoinversion of a matrix.
Denoting R = BQ’ gives

X=TP +E
Y=TR+F (3)

which demonstrates the connection between X and Y through T.

Loadings and scores can be used to plot a PLS-Biplot, a graphical diagnostic tool analogical to Gabriel
biplots [ 3] used with principal component analysis. With this plot we can see a projection of values in



matrices X or Y into 2d-plane by plotting first two columns of T or U respectively. First two rows of P’ or
Q’ will then give projection of the original X or Y-variables into the first two PLS-principal components. If
we then have coordinates of a certain position in PLS-Biplot t = (#, t,), we can predict corresponding row of
values of X and Y using

x = tP,’, from which also y = tBQ’ (4

where P, are the first two columns or P.

Unlike classical least squares or Principal Component Regression (PCR), in PLS regression, X and Y
are equivalent, or interchangable. This property predetermines PLS for use in biotechnology to predict
properties or activity of a product from chemical composition or structure and vice versa. Multivariate
statistical modeling is thus a very fertile platform for newly emerging interdisciplinary sciences.

Software for predictive modelling

The PLS methods are not yet too common in commercially available packages. It is implemented in
Norwegian software Unscrambler by CAMO and Czech software QC-Expert by TriloByte. General
recommended criteria for selecting a PLS-R software include validation features to check relevance and
stability of the model, plotting and visualization capabilities and user-friendliness. With some knowledge and
effort it can be programmed into opened systems like Matlab or S-Plus. Other statistical and data mining
packages (e.g. S-Plus, I-Miner, SPSS, SAS) involve other modelling methods like generalized additive
models, neural networks, regression and classification trees, logistic regression, N-neibourhood, Bayes
models, and others. GUHA methodology is implemented in a public domain software available from
http://www.cs.cas.cz.

Modelling Relationship between chemical composition and sesoric value relationship

From a major Czech brewery we had a set X of data from chemical lab (chromatography,
spectroscopy, etc.) and a corresponding set Y with the descriptive sensoric assessment of the same beer
samples. Table X had over 25 columns of concentrations of the chemical compounds for each sample, table
Y had 12 columns corresponding to different sensory attributes (like sweet, bitter, tart, caramel, astringent,
etc.) marked from O to 10. There was total of 140 beer samples for the data analysis. These two data tables
were related by computing the PLS-R model, which allows to estimate with certain precision sensoric
marking from known chemical composition. Even more attractive possibility for the quality engineers and
production managers was to try to predict the chemical composition for a desired set of sensory properties
which would help to design new different products. The two plots in Figure 1 illustrate (A) prediction of
isoamyl-acetate (banana flavour) concentration form a given sensory profile and (B) prediction of sensory
attribute ,,body* (which can be described as the fullness of the beer’s taste) of the beer from known chemical
composition. The two marked points on the plot (B) are outlying non-alcoholic beer samples, which were
then removed from the data. As the plots suggest, there are significant relationships between chemical and
sensoric domains.

As the data from technology are often polluted with various false values or outliers, some robust
modifications of PLS algorithm [ 7] may be used. As tests of statistical significance for parameters in PLS
are complicated or unavailable, cross-validation techniques are necessary to prove prediction capability of
the calculated model. In this work, an 80% repeated random validation on testing samples were used with
good results. The data used in was clean of outliers, as tested by robust multivariate hotelling statistic, a
classical non-robust PLS2-R algorithm was employed.



Figure 1 Prediction of Y variable: Body of the taste from chemical composition (A), Level of
isoamyl acetate in beer predicted from different tastes (B).
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The data collected within 3 months of production from both the sensoric evaluation and chemical
analysis was used for constructing PLS-Biplot, a tool which extracts the most possible information into a 2D
or 3D picture so that one can see distribution of the measured samples from all brands over the sensoric or
chemical domain space. The matrices T, P, U and Q are used for construction of this plot. Individual
samples are represented with dots, different beer brands form clusters. Figure 2 shows a PLS-Biplot in
sensoric domain. Products are distributed rather unevenly with vacances. Those gaps may indicate uncovered
market oportunities, which may thus leave room for competition. It may be of concern of the company’s
leadership to fill those gaps with appropriate products designed by PLS-R statistical modelling. The
T,-coordinates of the center of vacancy (2, -0.2) were transformed using ( 4) into the space of sensoric values
and then into the chemical composition space. Though the transformation is carried out through a reduced
dimension it may be a useful lead for model-aided product design.

Figure 2 PLS-Biplot of the beer samples in the sensoric evaluation domain
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Conclusion

The PLS-2 regression methods have been used in analysis of multivariate data to give a model of
relationship between controllable process and chemical parameters and the subjective sensorically evaluated
quality parameters of food products. The model fitted about 40% of the overall variance in data and can be
used to improve stability and planning product quality parameters. A surprising side effect of PLS-Biplot
was the discovery of possible gaps in product portfolio. Taking advantage of the linear character of the
evaluated PLS model, an aid was given how to set up the technology to fill the gap. The use of the PLS to
plan and achieve desired quality parameters was suggested.
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ABSTRACT

During food design and production there is a lot of measurable quantitative, semi-quantitative and qualitative
parameters. They characterize (a) properties of raw materials, (b) conditions of the production process like
temperatures, flow rates, yeast parameters, and (c) properties of the final product. The latter is usually measured by
three ways — objective instrumental measurements (chemical and biochemical analysis, physical and mechanical
testing), objective descriptive sensoric measurements (evaluations by trained panelists) and subjective hedonic
measurements (via consumer market surveys).
In brewery and beer industry it is obvious that chemical composition of a beer brand determines in some way its
subjective sensoric properties. It is however very difficult if at all possible to find any simple relationship usable to
estimate sensoric perception of the product given only its chemical composition. This is mainly because the
relationships are non-linear with too many interactions between assays. Interaction between assays A and B means for
example that A will have a different effect on the taste depending on presence or absence of B. Another problem is non-
linearity of human perception itself: it will distinguish between moderate tastes much more sensitively than between two
say, extremely bitter tastes. Many methods have been used as approximate tools for relating objective and subjective
data, including neural networks, regression trees, logistic models, generalized linear models. In recent years it appears
promising to use so-called bi-linear models, among which the Partial Least Squares regression (PLS-R) has a dominant
position.
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Abstrakt

V prispevku su uvedené ukazky vyuZitia niektorych funkcii pri vyhodnocovani
experimentov. Navrhovanie (planovanie ) experimentov sa uskutoc¢tiuje za ucelom
zlepSovania technologickeého procesu a k tomu prispievaju aproximécie funkcii v
experimentalnych metodach.

Klicové slova: Vyhodnotenie experimentov, aproximadcie funkcii, Statistické funkcie.

Vyznamnym procesom pri zhotovovani suciastok je obrébanie, ktorého cielom
je dat’ materialom alebo polovyrobkom tzv. funkénti presnost’ charakterizovanu
rozmermi, a pozadovanym stavom obrobenych povrchov.

Presnost’ obrabania, nerovnosti a odchylky pri obrabani

Rozvoj tedrie obrabania kovov spdsobuje zvySovanie poziadaviek na
zmen§ovanie nepresnosti rozmerov a odchylok tvaru stéiastok a na kvalitu obrobenych
suciastok.

Presnostou obrdbania rozumieme [2] stupeit zhodnosti obrobenej suUéiastky
s vykresom suciastky a technickymi poziadavkami. Presnost’ suciastok definuju
tolerancie rozmerov a odchylok tvaru a vzajomnej polohy.

Nepresnosti tvaru, rozmerov a polohy suciastok je mozné charakterizovat’ ako
odchylky  skutoénych rozmerov ~od nominalnych, ktoré s definované
toleranciou,odchylky od spravneho geometrického tvaru (ovalita, kuzelovitost’, atd’.),
odchylky vzajomnej polohy stéiastok a montaznych jednotiek.

Odchylky, ktoré vznikaju pri obrébani su rozdelené do niekol’kych skupin:

1.Teoretické odchylky st odchylky geometrického tvaru suciastok od
teoretického tvaru.

2. Odchylky zapricinené nepresnostou vyrobného stroja zavisia od presnosti
prace stroja.
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3. Odchylky sp6sobené zmenami teploty . Ich pri¢inou st zmeny teploty
vzduchu a ohrev materialu teplom, ktoré vznika pri obrabani.

4. Odchylky, ktoré spdsobuju upinacie sily vznikaja pri upinani suciastok, ked’ sa
deformuje nielen material, ale aj povrch stéiastok v mieste kontaktu s upinacim
elementom.

5. Odchylky zapricinené rozmerovym opotrebovanim nastroja .

Dalsie odchylky mézu vzniknat nespravnou volbou nastavovanej zakladne
materidlu a dodatoénym uvolfiovanim zvySkovych napiti, ktoré vznikaju pri vyrobe
polovyrobkov a pri obrabani suciastok.

Kvalita obrobeného povrchu

Kvalita obrobeného povrchu je hodnotend [1] ako integrovanad charakteristika
strojovych stciastok a je vyjadrena

a) geometriou obrobeného povrchu — najma odchylkami od idealneho stavu,
b) hodnotenim dosiahnutého stupna drsnosti povrchu [1],

c) fyzikalno — mechanickymi vlastnost'ami povrchovej vrstvy — tvrdost’, spevnenie
a zvySkové napétia,

d) fyzikalno —chemickym stavom povrchu.

Geometricky stav obrobeného povrchu sa podrobuje rozboru urovanim velkosti a
pri¢in vzniku odchylok .

Obrobeny povrch vzdy obsahuje uréitd odchylku od pozadovaného geometrického
tvaru.

Stbor mikronerovnosti povrchu meranych na uréitej dizke | je vyjadrovany
drsnost'ou obrobeného povrchu. Aby bolo mozné kvantitativne hodnotit’ drsnost’
povrchov, bola prijata eurépska norma normy ISO 4287. Geometricka Specifikacia
povrchu — Charakter povrchu. Drsnost’ povrchu je definovana ako Cast’ geometrickych
odchylok s relativne malou vzdialenostou nerovnosti. Citovand norma definuje
skutoény povrch ako povrch, ktory ohrani¢uje suc¢iastku a oddel'uje ju od okolitého
prostredia. Menovity povrch je idealne hladky, menovity tvar je ureny vykresom
alebo inou technickou dokumentaciou. Veli¢iny drsnosti sa vyhodnocuju od zdkladného
povrchu, ktorym je v priestore patri¢ne posunuty menovity povrch, a to v reze kolmom
na zakladny, vzniknuty rez predstavuje prieCny profil. NajcastejSim hodnotiacim
kritériom drsnosti povrchu je strednd aritmeticka odchylka profilu Ra. je to stredna
aritmeticka hodnota absolitnych odchylok profilu v rozsahu zakladnej dizky. Vyskova
charakteristika drsnosti povrchu ur¢ena vzdialenostou medzi Ciarou vystupkov profilu a
Ciarou priehlbni profilu v rozsahu zakladnej dizky je najvid§ia vy$ka nerovnosti
profilu Rz[1].

Drsnost’ obrobeného povrchu pri sustruzeni

Drsnost povrchu definovani na vykrese mozno povazovat’ za limitni hodnotu
nerovnosti, ktoré sa mézu v technologickom procese obrabania dosiahnut’. Jednoduchy
pristup k identifikacii makrogeometrie obrobeného povrchu vych&dza z priameho
kopirovania tvaru rezného klina na obrobeny povrch.
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Mierou kvality obrobeného povrchu, t.j. jeho drsnosti, je velkost' jeho vyvySenin a
prehibenin, ktoré na obrobenej ploche zanechal hrot néstroja. Ich velkost' a tvar zavisi
na druhu obrébania a na reznych podmienkach.

Zavislost Rz = Rz(vc) v experimentoch potvrdzuje doterajSi experimentalny
poznatok, Ze srasticou hodnotou reznej rychlosti v, klesa hodnota najvicsej vysky
nerovnosti obrobeného povrchu Rz. Vynimkou st hodnoty reznej rychlosti od 0 -5
m.min . Podl'a dostupnych pramefiov takéto rezné rychlosti v, sa v praxi nevyuzivajd,
pretoze dosledkom ich zavedenia by bola nizka vyrobnost.

Aproximécie experimentalnych zavisostiRa= Ra(v,) a Rz=Rzv,) grafmi
funkcii pre material VT 6

Konstantné parametre rezného procesu:

posuv f = 0,2 mm, hibka rezu ap=0,5mm, r, =1 mm, polomer obrobku d = 53,5
mm.

Rz, Raum VT 6

12

10 -+

87 )

O T T T T 1
0] 20 40 60 80 100

Ve m.min*t

Obr. 1 Aproximaciu Ra = Ra(v,) vyjadruje graf (1), aproximéciu Rz= Rz(v,) graf (2) .
Vyhodnotenie experimentalnych zavisosti Rz= Rz(v,) a Ra = Ra(v,)

Experimentalne ziskana zavislost' drsnosti obrobeného povrchu od reznej
rychlosti je vyjadrend nasledujucim vztahom pre najvacSiu vychylku nerovnosti
obrobeného povrchu sustruzenim
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Re = K 1)
VZ

C

kde k,, m, nezavisia len od obrabaného materialu.
Na zéklade experimentalnych charakteristik predpokladame, ze, veli¢ina k,vo vztahu
(1) je funkciou posuvu f a strojového ¢asu t_, t.J.

k,=k,(f,,) (2)

Z predchadzajucich experimentalnych vysledkov st hodnoty k , m, zo vztahu
(1) m, =3.10" pre ocel’ 13 270, ocel’ 12 050.1 a pre titdnovu zliatinu VT 6 nadobuda
hodnotu m, =3.10° .

Strednu aritmetickd odchylku profilu Ravyjadrime analogicky, t.j. funkciou

ka

Ve

(3)

Ra ~

Z experimentalnych zavislosti navrhované vyjadrenie vzt'ahu (1) pre zéavislost’
najvicsej vysky nerovnosti obrobené¢ho povrchu je v tvare

Rz ~ kz( ]:n’ Ts) (4)
Ve ?
Mocninova funkcia (4) vyjadruje najvacsiu vyska nerovnosti obrobeného
povrchu Rz od reznej rychlosti v,.
Na zéklade experimentov je vyjadrend aproximovana zavislost mocninovou

funkciou Rz~ M

c
m, je konStanta, ktord je urend pre obrabany materidl experimentdlne. Hodnoty

merani su vyhodnotené pomocou funkcii popisnej Statistiky. Pomocou Statistickych
testovacich metdd nasleduje uréovanie veli¢in &, a m,, ktoré zavisia od ostatnych

parametrov rezného procesu a podmienok experimentu. Budeme uprednostiiovat’
skimanie medzi dvoma kvalitativnymi znakmi.

, kde veli¢ina £, je funkciou posuvu a strojového ¢asu 7 a
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Abstrakt

V prispevku je vySetrovand ohrani¢enost’ rieSeni danej nelinearnej diferencialne;
rovnice druhého rddu pomocou polarnych suradnic. Transformaciou je ziskany systém
integralnych rovnic, ktoré umoziuju vyjadrit’ ohrani¢enost’ rieseni toho systému.

Kluicové slova: Nelinedrna diferencidlna rovnica druhého rdadu, ohranicenost’ rieseni
nelinearneho diferencidlneho systému prvého radu, poléarne stradnice.

Analyzou diferencialnej rovnice druhého radu v tvare
(M 4, () + M)X + BX)X + K(X)x=u (1)

je mozné vyjadrit’ niektoré vlastnosti funkcii, ktorymi popisujeme pohyb technického
zariadenia (napriklad umelého svalu)[1]. Rovnica (1) je Casto v tvare

(M 4, ()+ MX + BX)X + K(X)X= F, + F 4,
alebo
(M () + M )X + BX)X + K(X)x= M, g+ F )

Vyznam premennych v rovnici (1) je napriklad nasledovny: x, ktoré je funkciou ¢asu t
je x= Xt) a oznatuje drahu zavazia s hmotnostou M 4, (t) @ X je prva derivécia drahy
podla ¢ , vyjadruje rychlost’ zmeny, X' je druha derivacia drahy podla ¢, vyjadruje
zrychlenie, K(x)je funkcia, ktora vyjadruje vlastnosti materialu, z ktorého je pohybujlce
sa teleso, funkcia B(x) vyjadruje vlastnosti telesa, ktoré zabezpeCuje pohyb,g je
tiazové zrychlenie, M, je hmotnost’ zavazia, ktoré zabezpeGuje pohyb telesa, M,y (t) je
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hmotnost’ zdvazia pre pohyb zariadenia, F_je sila, ktora zabezpecCuje pohyb telesa, F, je
sila, ktord vznika pri pohybe piestu, ktory umoziuje ¢innost’ telesa [1].

Budeme vysSetrovat’ ohranienost’ rieSeni diferencidlnej rovnice (1), kde oznac¢ime
M(t)=M 4, @)+ M_, u=F_+Fy,, F, =M g, zéroveit M(f)#0, u= (1) st spojité
funkcie na intervale J.

Rovnicu (1) vyjadrime pomocou systému diferencialnych rovnic [5]

%(0=%()
1025 g B g0 @

kde x = x(t)=x, X = Xx(t)=X.

Nech 7((f) :( ( ) ( )) je vSeobecné rieSenie systému (3). O kazdom rieSeni x(t) pre ktoré
)g(to)z X X(l‘) X, t, e J predpokladame, Ze existuje na intervale J. Oznaéme

h> t, >0 pravy koncovy bod intervalu J a J, =<1‘0,/7) [6].

RieSenia rovnice (1) budeme vySetrovat’ v tomto prispevku v zjednoduSenej technickej situécii.

Polozme v rovnici (1) B(x,)=0, «(t)=0, potom diferencialna rovnica (1) je vyjadrena
systémom

X =%
Kx)

2 =7 /V/(l‘))q' (4)

kde — KU%) e G,(D,RA)=C,(D=Jx R R).

M(r)

a,) Nech v systéme (4) je K(x)=0, potom vietky riesenia X¢), te J, systému
(4) st také, Ze x,(¢f)=c, ce Rjekondtantaa x(¢)= dt-t), ce R [6].

a,) Nech v systéme (4) je K()g) #0

Nech ku kazdému netrividlnemu rieSeniu x(t), t € J, systému (4) existuje funkcia
r(t)>0 afunkcia U?) taka, ze Uf)e C,(J, R), Ut)=0, kde C,(J, R) je priestor
derivovatelnych realnych funkcii jednej realnej premennej t definovanych na intervale J.
Nech pre v3etky rieSenia X; (t) ted,, i =12 plati

X (#)= r(z)cos W2)
x(#)= rlg)sin 1) (5)
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Funkciu r(t) nazyvame polérou funkciou a funkciu 1{#) uhlovou funkciou [6].

Systém (4) vyjadreny pomocou rovnic (5) je v tvare

r'(f)cos K1) - r(t)sin K£)V(¢)= r(t)sin K2)
F(Bsin D)+ {p)cos dew(e)=— KLADCOSUD) e g ©

M(t)

Uskuto¢nime na systéme (6) Gpravy [5], [6] a ziskame rovnice

r't) = sin K #)cos A1) - K(&, rlz)cos 1)) cos U¢)sin Az) @)

r(t) M(t)

V(#)= - (sin o) — KEADOSHO) coc e )2 2k )7 ke Z jocel

M(1)

¢islo.

Ozna¢ime pomocou symbolov |,, i =1,2 nasledujice integraly takto

/, = f(sin At)cos Y1) - Kz, rt)eos J'(l‘))sin Ut)cos y(f))df

M(2)

/ :f[_ (sin o) - KEADeOS LD) y(z‘))zja’z‘, {0+ ks D)% ke Z, ©

M(t)

Iy

kde zapis J{t) , te J,vyjadruje spojitd funkciu.

Definicia. RieSenie x(t) systému (4) nazyvame Xx; —ohranic¢enym, ie{l, 2}, ak X; (t) je
ohranic¢ena funkcia na intervale J;.V ostatnych pripadoch x(t) je X; —neohranicené riesenie.
RieSenie x(t) systému (4) nazyvame x; —zhora ( x; —zdola) neohranicenym, i € {1, 2}, ak
X (t) je zhora (zdola) neohrani¢ena funkcia na intervale J, [6].

Veta. Nech pre vsetky spojité funkcie y(z‘) te J, existuju integraly |,,1, (8) ako
v tvrdeniach a) aZ f). Potom o kazdom netrivialnom rieSeni x(t), t e J, systému (4) plati, Ze je

a) X, X, —neohranicené, ak |, =0, |, = +o0,

b) X, X, —neohranitené, ak /; =0, /, =L, Le R je kondtanta, L+ u(to);t%, keZje

celé ¢islo,

C) X, X, —ohranicené takeé, ze Xl(t)—>0, ak |, =—oo, |, ==,
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d) X, X —ohraniené, také, 7e X, (t)— 0,ak /, =—w, /, = L, kde L, € R je kontanta,

L +U(fo)¢%

, ke Z je celé &islo,
e) X,X, —ohraniené, ak /, =N, N>0, /, =*o,
f) X, X, —ohraniCen¢,ak /, =N, N>0, /,=L, LeR jekonstanta,

L+ uty)+ % ke Zje celé &islo.

Dokaz. Ak integrujeme (8) v intervale <t0 : h>, dostaneme

r(h)=r(t, )exp f(sin «(t)cos 1) - all r(lgz:z(‘;s LU «(f)cos u(z‘)] dt

Uh) = ty)+ f(— sin ofe)? - KD UD) oo u(r»ZJdr ©

4 M(1)

Vzhl'adom na predpoklad, ak existuje konecna (nevlastnd) hodnota r(h) >0
(r (h) = oo), t.j. ak polarna funkcia r(t) je ohrani¢ena (neohranicenad), tak kazdé netrivialne
rieSenie X(t), t € J, systému (4) je X, X, —ohrani¢ené ( X, X, —neohranic¢ené). Situacia
x (t) = 0, x,(t) — 0 nastéva prave vtedy, ak |, = —oo resp. ak r(h)=0 [4], [5],[6].
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Commutative and non commutative s-maps

Olga Nanasiova, Katarina Trokanova, Ivan Zembery

Abstract

In this paper we will study the properties of the set of all s-maps on an quan-
tum logic. We will show, that it is possible to construct such sequence of non
commutative s-maps, which converges to commutative s-map.

Introduction
1. Introduction and the basic notions

In [3] was introduced s-map on a quantum logic and there has been shown that it is
not commutative in generally. Let L be a quantum logic and let p be s-map. We say,
that s-map p is commutative if for each a,b € L, p(a,b) = p(b,a). If L is a Boolean
algebra, then p(a,b) = p(a A b,a A D) for each a,b € L. It means, that it is the measure
of intersection. It cannot be proved that two observables are compatible by using s-map,
but it is possible to recognize their non compatibility [4]. In this paper we will study the
set of all s-maps on a quantum logic.

In this part we will briefly recall the notions as an orthomodular lattice, a state, s-map

and their basic properties. These notions have been introduced and more details can be
found in [5])-[7].

Definition 1. 1 Let L be a lattice (a nonempty set with a partial ordering <, the lattice
operations supremum \V and infimum A) with the greatest element I and the smallest
element O. Let 1: L — L be an unary operation on L. Then (L,O,1,V, A\, L) with the
following properties:

1. VYa € L Fla* € L such that (at)t =a andaVat =1
2. Ifa,b € L and a < b then b+ < a*
3. Ifa,be L and a <b thenb=aV (at Ab) (orthomodular law)

is called an orthomodular lattice (briefly an OML).

Definition 1. 2 Let L be an OML. Then elements a,b € L will be called:
e orthogonal (a L b) if a < b*;
e compatible (a < b) if a = (a Ab)V (a AbL)
Definition 1. 3 Let L be an OML. A map m : L — [0, 1] such that
(1) m(O) =0 and m(I) =1

(it) If a L b then m(a V b) = m(a) + m(b)
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1s called a state on L.

Definition 1. 4 Let L be an OML. Then L will be called a quantum logic if there exists
a state m on L.

Definition 1. 5 (3) Let L be a quantum logic. A map p : L?> — [0, 1] will be called s-map
if the following conditions hold:

(s1) p(I,1) =1;

(s2) if a L b then p(a,b) = 0;

(s3) if a L b then for each ¢ € L:
plaV b,c) = pla,c) + p(b, )
ple,a V' b) = ple, a) + p(c, b).

Definition 1. 6 (3) Let p: L* — [0,1] be s- map. Then p will be called commutative if
p(a,b) = p(b,a) for each a,b € L

The s-map has been introduced in [3] and there the following properties have been
proved.

1. For each a € L a map v(a) = p(a,a) is a state on L.
2. If a < b, then p(a,b) = v(a A b) = p(b,a).
3. For each a,b € L p(a,b) < p(b,b) and p(a,b) < p(a,a).
In [3] can be found the example of the s-map p on OML L, which is not commutative.

2. S-map and convex combinations

Let us denote P the set of all s-maps on L, Pg the set of all commutative s-maps on L
and Py the set of all non commutative s-maps on L.

Definition 2. 1 Let C' be a subset of P. C is said to be convez, if for all py and py € C
, kpr+ (1 —k)py € C for all k € [0, 1]

Proposition 2. 1 Let L be a quantum logic. The sets P and Ps are conver.
Proof. It follows directly from the definition of P and Pg

Proposition 2. 2 For any p € Py there ezists ps € Pg such that for each ¢ < d p(c,d) =
ps(c, d)

Proof. It is enough to put
1
ps(aa b) = 5(29(@, b) + p<b7 a))
It is clear, that for ¢ < d, p(c,d) = ps(c, d) holds.
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Proposition 2. 3 Let p € P and let pi(a,b) = kp(a,b) + (1 — k)p(b,a). Then
(i) pr € P
(i1) If p € Ps, then p; € Ps,

(iii) If p € Py, then py € Ps iff k = 0.5.

Proof. The statements (i) a (i7) follow from the convexity of P and Pg, respectively. (ii7).
It is clear, that p;(a,b) = %p(a, b) + ép(b, a) € Pg, for any p € P.

Conversely, suppose that p(a,b) is non commutative. Then there exist a,b € [ such that
p(a,b) # p(b,a). Let pi(a,b) = kp(a,b) + (1 — k)p(b, a) be commutative.

Then

pia,b) = kp(a,b) + (1 = k)p(b, a) = kp(b, a) + (1 — k)p(a,b) = pi(b, a).
kp(a,b) + p(b,a) — kp(b,a) = kp(b,a) + p(a,b) — kp(a,b).

p((l, b) - p(b7 (I)) =0

Since p(a,b) — p(b,a) # 0, k = 3.

Definition 2. 2 Let L be a quantum logic and let p, € P forn =1,2,.... We say, that

pn converges to p (p, — p) if for each a,b € L

lim p,(a,b) = p(a,b).

Remark 2.1 Ifp, € P (p, € Ps) and p, — p forn=1,2 ..., thenp € P (p € Ps). It
means, that P and Pg are closed.

Theorem 2. 1 Let p € Py and

pn(a,b) = kpn—1(a,b) + (1 — k)pu—1(b,a), forn =1,2,3,... and k € (0,0.5) U (0.5,1).
Then

(1) pn € Py for alln=1,2,3,....

(i4) lim py(2,y) = 3(p(a,b) + p(b, a)) € Ps.

Proposition 2. 4 Let X be a non empty set and let f : X x X — R be a function. Let
the following sequence of functions be defined f, n =0,1,2... by the way

fO(l',y) = f(x,y)

and
fria(2,y) = kfulz,y) + (1= k) fuly, @)
where k € (0,1). Then

T fu(e,) = 5(f(e,0) + f(0,2))
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Proposition 2. 5 Any function fni1(x,y) = kfa(z,y) + (1 — k) fu(y,x) can be written
in the form

folz,y) = anf(z,y) + b f(y,z) where a,+b, =1.

Proof. The proof is by induction on n. The case n = 1 the proposition is clear, since
a; = k and b; = 1 — k. Suppose the proposition is true for some n, it means a, + b, = 1.
By the definition

foi(z,y) = f(z,y)[kan + (L= k)b,] + f(y, x)[kb, + (1 — k)ay,).

It follows

ani1 = ka, + (1 — k)b,
and

buy1 = kb, + (1 — k)a,,
consequently

api1 +bpi1 = an(k+1—-Fk)+0b,(1 —k+k)=1.

Proposition 2. 6 Any function fni1(x,y) = kfa(z,y) + (1 — k) fu(y,x) can be written
in the form

folz,y) = anf(z,y) + buf(y,z) where a, — b, = (2k —1)".

Proof. The proof is again by induction on n. The case n = 1 the proposition is
clear, since a; = k and b; = 1 — k. Suppose the proposition true for some n, it means
a, — b, = (2k — 1)". By the definition f,1(z,y) = ani1fu(2,y) + bpi1fn(y, x) where
ani1 = kap + (1 — k)b, a b1 = kb, + (1 — k)a,. Consequently a1 — b1 = (2k —1)" 1.

Proposition 2. 7 Any function f,1(z,y) = kfu.(z,y)+ (1 —k) fu(y, ) where k € (0,1)
can be written in the form

falz,y) = anf(z,y) + b f(y,z) where lim (a, —b,) = 0.

n—oo

Proof. We want to show Ji_)rglo(an —b,)=0forall k€ (0,1). If k € (0,1), then 2k € (0,2)
and so 2k — 1 € (—1,1). Therefore {a,, — b, }5°, is a geometrical sequence, where |q| < 1.

Proposition 2. 8 Any function f,1(z,y) = kfu(z,y)+ (1 —Fk) fu(y, ) where k € (0,1)
can be written in the form

fn<x>y) = anf(x7y) + bnf(ya .23) where nhi{olo an = nlg{olo by =

L N

Proof. Using Proposition 2.7 lim (a,, — b,) = 0 and Proposition 2.5 b, =

n—oo

— a, we get

lim (a, — 1+ a,) =0.

n—oo
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It means

Then

consequently JLI&(Q%) = land lim a, = 1. By Propositin 2.5 a,,+b, = 1, so lim b, = 1

lim (2a,, — 1) = 0.

n—oo

lim (2a,, — 1) + lim 1= lim 1,

n—oo n—oo n—oo

5-

Proof of Theorem 2.1. The statement (i) follows from Proposition 2.3 (ii).
Using Proposition 2.4 - 2.8, nlirglopn(x,y) = 1(p(a,b) + p(b,a)). From Proposition 2.3 it

follows 1 (p(a,b) + p(b, a)) € Ps.

Remark 2. 2 The set Py of all non commutative s-maps is not closed.
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Maps on a quantum logic
Ol'ga Nénasiova, L'ubica Valdskova

Abstract

In this paper we will study functions G of two variables on a quantum logic L,
such that for each compatible elements a,b € L  G(a,b) = m(a V b) or G(a,b) =
m(aAb), where m is a state on L.

1. Introduction and the basic notions

Let (2, S, P) be a probability space and let A, B € S. The measures of random events
ANB, AUB and AAB = (AN B°) U (A°N B) play an important role in statistical
procedures. Indeed, we can study these measures as functions of two variables A, B € S.

In this paper we will assume an orthomodular lattice L with a state m as a basic
model. This structure is also called a quantum logic, but we will not use this notion.
We will study functions G of two variables on an orthomodular lattice L, such that for
each a,b € B, where B is a Boolean sub-algebra of L, G(a,b) = m(a V b) (j-map [10])
or G(a,b) = m(a/Ab) (d-map [10]), where a/Ab = (a A b') V (at A b) and the function
p(a,b) = m(a Ab) (s-map [8]).

In this part we will briefly recall the notions as an orthomodular lattice, a state, s-map,
j-map, d-map and their basic properties. These notions have been introduced and more
details can be found in [3-10].

Definition 1. 1 Let L be a lattice (a nonempty set endowed with a partial ordering <,
the lattice operations supremum V and infimum A) with the greatest element I and the
smallest element O. Let L: L — L be an unary operation on L. Then (L,O,1,V,A, L)
with the following properties:

1. Ya € L Fla* € L such that (a*)r =a and aVat =1
2. Ifa,b € L and a < b then b+ < a*
3. Ifa,be L and a <b thenb=aV (at Ab) (orthomodular law)

is called an orthomodular lattice (briefly an OML).
Definition 1. 2 Let L be an OML. Then elements a,b € L will be called:
1. orthogonal (a L b) if a < bt;

2. compatible (a < b) ifa= (a Ab)V (a AbL).

Definition 1. 3 Let L be an OML. A map m : L — [0,1] such that
1. m(O) =0 and m(I) =1
2. If a L b then m(aV b) = m(a)+ m(b)
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1s called a state on L.

Example 1. 1 Let Q = {1,2,3,4,5} and let a = {1,2,3} , b=1{3,4}, [ =Q , O = (.
Let L={I,0,a,a b,b}. Then (2, L) is not a measurable space, because anNb = {3} ¢ L.
On the other hand, there exist an additive set function m on L. For examplem : L — [0, 1]
, m(a) = 0.6, m(a®) = 0.4, m(b) = 0.4, m(b°) = 0.6, m(0) =0, m(I) = 1.

Comment 1. 1 We can see, that the set complement has the same properties as L and
so L from Example 1.1 is an OML and m is a state on L.

Comment 1. 2 The OML L from Ezxample 1.1 can be described as an union of two
Boolean algebras B, = {0, I,a,a*} and B, = {O, I,b,b}, but it is not a Boolean algebra.
Indeed a,b are not compatible ((a ANb)V (a AbY) =0 < a).

2. Special non additive maps

The purpose of this part is to introduce a non additive maps G, which include j-maps
and d-maps as a special cases. By means of this gentle generalization we would like to
find more important properties of j-map and d-map.

Definition 2. 1 Let L be an OML. A map G : L? — [0,1] will be called a special non
additive map (a SNAM) if the following conditions hold:

(G1) G(O,I) = G(I,0) = 1;
(G2) G(a,b) = G(a,0) + G(O,b) fora L b;
(G3) Ifa L b, c € L then
G(aVb,c) =G(a,c)+ G(b,c) — G(O,c)
G(c,aVb) = G(c,a) + G(c,b) — G(c, 0).

Comment 2. 1 [t is clear, that the maps v1(a) = G(a, O) and v2(a) = G(O, a) are states
on L, it follows directly from the Definitions 1.3 and 2.1. In the next lemma we can see,
that v = v,.

Lemma 2. 1 Let L be an OML and let G be a SNAM. Then the following statements
are true:

1. G(a,at) =1 for alla € L;
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2. G(O,a) = G(a,0) foralla € L ;

3. G(a,b) = G(b,a) for all compatible a,b € L.
Proof. 1. Let a € L. Then I = a V a* and from (G1)-(G3) we get

1=G(I,0)=G(aVa*,0) = G(a,0)+ G(a*,0) — G(O,0) = G(a,0) + G(a™,0)
and analogically

1=G(0,I)=G(0,aVa') = G(O,a) + G(O,a").
Hence a L at, then G(a,0) + G(O,a*) = G(a,at). And so
2=G(I,0)+G(O,I) = Gla,a™) + G(a*, a).

And so
G(a,at) = G(at,a) = 1.

2. Let a € L. Then
G(I,0) =G(a,0) + G(a™t, 0),

then
G(a,0) =1— G(a*,0).

It follows from (2.)
1= G(a*t,a) = G(a™,0) +G(O,a),

then
G(0,a) =1— G(a*,0).

And so
G(a,0) = G(O,a).

3. Let a L b. Then G(a,b) = G(a,0) + G(O,b) = G(O,a) + G(b,0). It follows from
G(a,b) = G(b, a).
Let a < b. Then
G(a,b) = G(a,aV (a* A D)) = G(a,a) + G(a,a™ Ab) — G(a,O).

Since a L at A b we get

G(a,b) = G(b,a).
Let a <> b. Then a = (a Ab) V (a Abt). Then

G(a,b) = G((a Ab) V (a AbT),b) = G(a Ab,b) + G(a Ab*,b) — G(O,b).
Because a Ab < b and a A bt L b, we get
G(a,b) = G(b,a).
(Q.E.D.)
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Comment 2. 2 As any a € L is compatible with I, we have G(a,1) = G(I,a). But the
last statement is not true in general. It means, that there exists a SNAM G and a,b € L
such that G(a,b) # G(b,a). If G(a,b) # G(b,a) we know, that a,b are not compatible.
This fact can be rewritten as follows: a > (a Ab) V (a A bY). On the other hand, if
G(a,b) = G(b,a), it does not imply a < b.

Some properties of SNAMs depend directly on value G(I, ). These relations are de-
scribed in the following propositions.

Proposition 2. 1 Let L be an OML and let G be a SNAM. Then the following statements
are equivalent:

1. G(I,I)=1
2. G(a,I)=1 foralla € L
3. G(a,0) = G(a,a) foralla e L .

4. G(a,b) < G(a,0) + G(O,b) for all a,b € L.

Proposition 2. 2 Let L be an OML and let G be a SNAM. Then the following statements
are equivalent:

1. G(I.I)=0

2. G(a,a) =0 foralla € L

3. G(a,I) = G(O,a") for alla € L
4. G(a,0) = G(a*t,I) foralla € L

5. G(a*,b) = G(a,bt) for alla,b e L .

Lemma 2. 2 Let L be an OML and let G be a SNAM on it. Then G(a,a) < G(a,b) and
G(b,b) < G(a,b).

The following propositions result from our previous considerations.

Proposition 2. 3 Let L be an OML and let G be a SNAM. Then G is a j-map if and
only if G(I,I) =1.

Proposition 2. 4 Let L be an OML and let G be a SNAM. Then G is a d-map if and
only if G(I,I)=0.

Comment 2. 3 If L is a Boolean algebra, the functions G can decribe an operations
analogous the set’s operations on a set algebra (an union and a symmetric difference).
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Let L be a Boolean algebra and let G be a SNAM. It is easy to show, that for all a,b € L
G(a,b) = G(a Ab,a Ab) + G(a™ Ab,O) + G(O,a AbY).

If G(I,I)=1, we get

G(a,b) = G(a Ab,a AD) + G(a™ Ab,a™ Ab) + G(a Abt aAbh).
Let us denote G(a,a) = v(a), it is easy to see, that v is a state on L. Then

G(a,b) =v(aAb) +v(a" Ab)+v(aAbt) =v(aVb) = q(a,b).

And if G(1,1) =0, we get
G(a,b) = Gla* Ab,0) + G(O,a A bF).
Now, let us denote G(a,O) = v(a), again we can see, v is a state on L. And so
G(a,b) = v(a AbT) +v(at Ab) = v(aAb) = d(a,b),

where aAb is a symmetric difference of a,b. It has been shown in [9] and [10].
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Abstract
Brief introduction to long memory process and fractional integration is provided. Hypothesis
testing for short-term memory is described and computed. The riverflow time series of Slovak
rivers are tested for short memory and fractional integrated time series are modeled with
ARFIMA, STAR and LM-STAR models.

Keywords. Fractional integration, long memory, ARFIMA model, STAR model, LM-STAR
model.

1. Introduction

Adequately modelling of financial and environmental time series is crucial for
understanding the economic and natural processes. Long memory processes constitute a
broad class of models for stationary and nonstationary time series in economics and
other fields (see [1, 2, 4]). Their key feature is persistence, high correlation between
events that are remote in time. Long memory processes have in recent years obtained
considerable interest from both theoretical and empirical researchers in time series .

In this paper the monthly average riverflow is investigated by means of fractional
integration techniques. The structure of the paper is as follows: Section 2 describes a
fractional integrated process. In Section 3, the test of short memory is presented and
Hurst coefficient is computed for some riverflows. Section 4 proposes ARFIMA
models, STAR models and LM-STAR models for standardised observed time series or
residuals time series without systematic components in order to determine the best
model specification for the time series. Section 5 analyses the selected models of
hydrologic time series.

2. Fractional integrated processes.

In the analysis of stationary ARMA models autocorrelation function converges
exponentially to zero. That means the events separated by increasing time lags are
uncorrelated. In hydrologic practice there are often time series with strong dependence
between events with an increasing time lags.

The process y; is said to be integrated of order d, or 1(d), if

(1- B)d Vi = &,
where B is the lag operator and ¢; is a stationary and ergodic process with a bounded
and positively valued spectrum at all frequencies. We denote the covariance stationary
process 1(0). The I(1) process requires the first order differencing to become stationary,
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etc. If order d has fractional value, -0.5 < d < 0.5, the process (1 - B)?y; = & is called
fractional integrated process. For 0 < d < 0.5, y; is a long memory process, its
autocorrelations are all positive and decay at a hyperbolic rate. For -0.5 <d <0, the sum
of absolute values of the process autocorelations tends to a constant, so that it has short
memory (antipersistent).

3. Short memory testing, estimation of an integrate coefficient by Hurst
coefficient

To discover long memory in time series we can use first empirical analysis by:
- time series plot,

- sample correlation function plot at long lags,
- sample spectrum plot.

An illustrative time series discussed in this paper is the univariate time series of
monthly average Bebrava flow at station Biskupice, basin Vah.

The hydrologic time series which are analysed in this study are the standardised
time series and the residuals time series from additive model with constant trend,
seasonal and cyclical components.

The member of the standardised time series are computed by the form (see [2, 3])

mi; =(yij— Vi )/§;
where

y;j is the monthly average of riverflow, i=1,...,12, j=1,....N (N represents
number of years),

N
y, = %zyij is the monthly mean and §; =

j=1
standard deviation.

N
> (i - i)°
i=1

is the monthly
(N-1)

StandFow The  standardised .BEBRAVA river flow
@lﬂl Residualsof .BEBRAVA river flow

8
6
4
2
t
2
Fig. 1la: Standardised time series plot Fig. 1b: Residualstime series plot
To test the null hypothesis Hy :  there is only short memory in the time series,

the asymptotic behavior of the rescaled range statistic (R/S) can be considered.
The rescaled range statistic R/S denoted Q (m) is defined as

- 1 k B ) k B
QM) = g |, max ;(yt ~Ym) - min t;(yt ~Vm)

where y,, and S(m) are the sample mean and the standard deviation of the series vy,
t=1,...m, 1<m<N.
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As the number of observations increases, the rescaled range statistic normalised
by the square root of the number of observations, V(m)=Q(m)/~/m (normalised
rescaled range) converges to the distribution function of random variable V given as

Fu(v) =1+2 3(1-4k2 v?)e 2k’
k=1

Using normalised rescaled range statistic the null hypothesis can be rejected even
when short memory is present in the time series. The rescaled range must be modified
so that its statistical behavior is invariant over a general class of short memory process.
To account for the short-term memory in a time series the rescaled range is

accomplished by the modified rescaled range (5 (m,q):

k k
1
- max (Yt =Ym)— min Yt =Ym) |,
om(a) 1sksm§ e l<k<m; e

Q(mg) =

q ~ .
where 6%,(q) = 65(m) + 2 J_gle(q) ¥;, 65(m) and §; are estimates of the sample

variance and lag j autocovariance of the series y;, t=1,...m. The weights wj(q) are

defined as
_ J
wi(q)=1- —.
i(a) q+1

The modified rescaled range statistic Q(m,q) and rescaled range statistic
Q (m) differ in how the range

k k
RM = | max > (Yt=Ym)= min > (Yt~ Ym)
1<k<m i 1<k<mig
is normalised, é(m) iIs normalised by the sample variance S(m) and (S(m,q) by a
weighted average of the sample autocovariance up to lag q. The asymptotic behavior of

the Q(m) and Q(m,q) will be the same only when 6,(q) and the sample standard
deviation S(m) converge to the same number as the sample size increase. The (5 (m) and

Q (m,q) will generally convergence to different limits in the presence of statistically
significant autocorrelation.

Rejection of the null hypothesis at a particular significant level implies that a
hydrologic time series may have statistically significant long memory. However, non-
acceptance of the null hypothesis could only be the outcome of the test, even if only
short memory is present in the time series.

Based on Hurst’s hydrological analysis rescaled range statistic was proposed
method to estimate the Hurst exponent H. Then fractional parameter d is: d = H — 0.5.

The Hurst exponent H can be estimated by performing linear regression of (see
[4]):

log(R/S)m = H log(m) + log c.

When de(0, 1):
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1. autocorrelations are all positive, decrease hyperbolically and have an infinite sum,

n
>.px — © as n— oo, such series are said to exhibit long memory because data in the
k=0

distant past exerts small but non-negligible effects on the present,
2. spectral density is infinite at zero frequency.

V(m)N V(m) V(m,q)N V(m,q) | V(m,q) | V(m,q)
i =Q[a,m}/Nm =Q1[a,m,q)/Nm
River Qr[n:n}z m=n/4 0 [m:n/g] m=n/2 | m=n/4 | m=n/4 H d
g=n/5 g=n/10 | g=n/5 | g=n/10
Bebrava 1.476 1.338 0.244 0.255 | 0.238 | 0.248 |0.772|0.272
Bela 2.352 1.660 0.494 0.469 | 0.315 | 0.298 | 0.752 | 0.252
Boca 1.582 1.972 0.336 0.373 | 0.412 | 0.458 | 0.669 |0.169
Cierny Hron 1.923 1.639 0.343 0.395 | 0.288 | 0.332 | 0.738|0.238
Ipel 1.750 0.916 0.263 0.311 | 0.287 | 0.340 | 0.738|0.238
Kysuca 1.192 1.051 0.431 0.399 | 0.387 | 0.360 | 0.748|0.248
Krupinica 1.859 1.876 0.517 0.504 | 0.513 | 0.500 | 0.738|0.238
Lubochnianka 2.927 2.429 0.613 0.612 | 0.531 | 0.530 | 0.734|0.234

Table 1 : Results of short memory testing of standardised time series

V(m) V(m) V(m,q) V(m,q) | V(m,q) | V(m,q)
River =Q[a,m]/Nm =Q1[a,m,q)/Nm H d

m=n/2 m=n/4 m=n/2 m=n/2 | m=n/4 | m=n/4

g=n/5 g=n/10 | g=n/5 | g=n/10
Bebrava 1.949 1.090 0.341 0.328 | 0.191 | 0.184 | 0.678|0.178
Bela 1.897 1.454 0.310 0.316 | 0.231 | 0.236 | 0.509 | 0.009
Boca 1.428 1.513 0.450 0.407 | 0.482 | 0.441 | 0.551|0.051
Cierny Hron 1.620 1.168 0.229 0.225 | 0.170 | 0.168 | 0.624 | 0.124
Ipel 1.326 0.799 0.139 0.135 | 0.084 | 0.081 {0.653|0.153
Kysuca 1.160 1.020 0.071 0.067 | 0.063 | 0.060 |0.653|0.153
Krupinica 2.029 1.132 0.332 0.335 | 0.179 | 0.181 | 0.652|0.152
Lubochnianka 2.254 1.912 0.646 0.652 | 0.557 | 0.562 | 0.655|0.155

Table 2 : Results of short memory testing of residuals time series

The null hypothesis is rejected at 5% level of significance if the value of
normalised rescaled range statistic V(m) or V(m,q) is not contained in the interval
[0.809,1.862] (see [2]). If the value of normalised rescaled range statistic VV(m) was not
greater than 1.862 we have computed modified rescaled range statistic V(m,q).

4. ARFIMA and STAR models of fractional integrated time series

ARFIMA model

If we find that a differenced process is a stationary process, we can look for an
ARMA model of that differenced process. In practice if differencing is used, usually
d=1, or maybe d=2, is enough.

The process Y is said to be an autoregressive integrated moving average process
ARIMA(p,d,q) if its d—th difference Adyy is an ARMA(p,q) process. ARIMA(p,d,q)
model has the form (see [5]):
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®y(B) A’ yi =p+ Oq (B) &,

where
p,d,q are non-negative integers Oq(2)=1+01z+ ...+ Oy " and
Op(z)=1-dp1z—...—¢pz° are polynomials of order p and q and & is a zero mean

sequence assumed to be Gaussian random variables. We suppose that the mean p=0.

ARFIMA(p,d,q) model (an autoregressive fractional integrated moving average)
generalizes ARIMA(p,d,q) model where coefficient d takes fractional values.

The fractional integrated time series { Ay, }+ from original series {y;} is:

d)/t =Vt dOtl Vi1t dOtz Yot ...
according to the fractional coefficient d.
Coefficients “a; are:
dOL1 =—d
Yo = Yoy (i-1-d)fi, =2 3...

We have used ARFIMA estimation method follows two step approach. In the first
step an estimate of fractional power d is obtained, in the second step ARMA estimation
technique is applied to the transformed time series (filtered by the fractional
differencing operator).

STAR model (see e. g. [7])

To capture nonlinear dynamics, STAR models (the smooth transition
autoregressive) allow the model parameters to change according to the value of a
threshold variable g;. In each different regime, the time series y; follows a different
AR(p) model.

The standard two regimes STAR model of order p for a univariate time series V;
is given by

Yyt = ®1(B) yi (1 - G(qr; ¢) + D2(B) y: G(ar ; ©) + &

where

®1(B), ®2(B) are autoregressive polynomials with the shift operator B,

G(qy; ©), is a so-called transition function, i.e. a non-decreasing surjective map of
the values of a so-called threshold variable g: to the interval [0, 1],

g: is the threshold variable divide the domain into two different regimes
concerning the location parameters c in each regime,

& is1.i.d.(0, o).

Now the observations y; switch between two regimes smoothly in the sense that
the dynamics of y; may be determined by both regimes.

As the transition variable g; we usually use lagged variable y.q .

LSTAR model

The LSTAR models (logistic smooth transition 1
autoregressive) are regime switching models in which 0'8/
the regimes switch happens gradually through the 00
logistic function in a smooth fashion (see e. g. [7]): A

G(as v: ©) = : v S

" L+exp(-v(a,—c))
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The location parameters ¢ determines the location of the two regimes that
correspond to extreme values of G(qy; c), 1.e. zero or one, (can be interpreted as the
threshold), G(c; vy, c) =%.

The smoothing parameter v > 0 determines the speed and smoothness of transition
between regimes with respect to changes in the transition variable q;. For an LSTAR
model, G(q;y; ¢) = 0 and G(q;y; ¢) = 1 correspond to "lower"” and "upper" regimes.

ESTAR model
Another choice for G(q;y;c) is the exponential function given by (see e. g. [7]):

1
=+

G(a: v, ©) =1 - exp (-v(@ - ¢)). >0, Ny

which gives an exponential STAR (ESTAR) model .
For ESTAR model, G(qs;y; ¢) = 0 and G(qyy; €)

= 1 correspond to "inner" and "outer" regimes. As in

LSTAR models, ¢ can be interpreted as the threshold,

and y determines the speed and the smoothness of
transition.

LM-STAR model

When modeled time series is a long memory time series STAR model is called
LM-STAR (long memory STAR).

In spite of the similarity between LSTAR and ESTAR models, they actually allow
for different types of transitional behavior. We have constructed all these models for
two types of datasets:

a) residuals without systematic components of observed riverflow data (models indexed
with r),
b) standardised observed riverflow data (models indexed with 0).

5. Analysisof selected modelsfor hydrologic data

The gauging stations provide continuous records of the riverflow through time
(see e. g. [6]). The monthly average flows of Slovak rivers observed from November
1968 to October 1999 (n=372) are examined by means of fractional integration
techniques, used for analysis and forecasting with ARFIMA and LM-STAR models.
The data have been divided into in-sample part, M =360 observations and out-of-
sample part, P = 12.

Fitting ARFIMA model

@ BEBRAVA river flowwithARFIMAModel of standardisedseries

1969 1974 1979 1984 1989 1004
Fig.2a :Observed time series and ARFIMA,(p=1,d=0.27,g=0) standardised series model
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@ Model of .BEBRAVA river flowwith ARFIMAresiduals model

Fig.2b :Observed time series and ARFIMA,(p=1,d=0.178,0=0) residuals series model
|1 1

8 8
6 6
4 4
2 2
2 4 6 8 10 12 Time 2 4 6 8 10 12 Time
Fig. 3a:Observed out of sample time series Fig. 3b: Observed out of sample time series
and forecast with ARFIMA, model and forecast with ARFIMA, mode

Fitting LM -STAR model

The notHy average o .BERDA. river flow
12
10
8
°F |
4L A [f g N 1 ‘ ! % 3 i l l
2 E t ’ i : | (W) L 1 b F‘ l.‘ll‘ i I } l' 1 "
j -I IR I ¥i 4 %l‘ :."
' 'I‘I A\l I ‘ ( I J U Al !
1969 1974 1979 1984 1989 194 1999

Fig.4 :Observed time seriesand LM-LSTAR, model of standardised diferenced series

2 4 6 8 10 2

-2

Fig. 5:Observed out of sample time series and forecast with LM-ESTAR, model
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Residuals variance 62 (30 years)

Model Bebrava | Bela | Boca | Lubochnianka | Cierny Hron
Original data 3.482 |8.449|2.526 1.525 6.894
Syst. Components| 2.449 |3.098 |1.589 0.931 4.924
AR(D) 2.462 |3.368|2.973 1.773 9.905
ARFIMA, 2.004 [2.969|1.474 0.764 4.095
ARFIMA, 2.154 13.365|1.423 0.835 4.500
LSTAR, 1.047 |5.680|1.889 1.086 6.185
LSTAR, 1.094 |3.365|1.276 0.382 2.462
LM-LSTAR, 2.059 |[3.062|1.394 0.857 1.394
LM-LSTAR, 2.017 |4.563|1.607 0.619 4.805
ESTAR, 1.638 |7.464|2.155 0.986 2.531
ESTAR, 1.744 |3.369|1.749 0.392 2.428
LM-ESTAR, 2.021 |2.873|1.469 0.848 4.612
LM- ESTAR, 2171 |3.724|1.560 0.903 4.768

Table 3 : Summary of ARMA, ARFIMA, STAR and LM-STAR moddls of somerivers

Forecast errors (12 months)

Bebrava Bela Boca Lubochnianka | Cierny Hron

Model RMSE | MAE|RMSE |MAE |RMSE | MAE | RMSE | MAE|RMSE| MAE
AR(D) 1.987 | 1.007| 1.016 |1.007| 1.182 | 1.106 | 1.399 |1.030| 1.424 | 2.076
ARFIMA, | 1.224 |0.851| 0.720 |0.605| 0.634 | 0.501 | 0.797 |0.710| 1.182 | 0.784
ARFIMA, | 1.310 |0.851| 0.516 |0.461| 0.789 | 0.561 | 0.773 |0.637 | 1.336 | 0.972
LSTAR, | 0.539 |0.475| 0.672 |0.492| 0.430 |[0.3621| 0.494 |0.431| 1.025 |0.9708
LSTAR, 0.508 | 0.455| 0.276 |0.231| 0.093 | 0.268 | 0.261 |0.221| 0.598 | 0.580
LM-LSTAR,| 1.574 |1.085| 0.961 |0.778| 0.886 | 0.702 |0.89419|0.794 | 1.574 | 1.157
LM-LSTAR, | 0.779 |0.987| 1.009 |0.889| 0.555 | 0.435 | 0.407 |0.356| 0.840 | 0.619
ESTAR, | 0.536 |0.453| 0.840 |0.751| 0.662 | 0.559 | 0.487 |0.446| 0.910 | 0.803
ESTAR, 0.367 |0.321| 0.239 [ 0.186| 0.367 | 0.301 | 0.253 |0.221| 0.555 | 0.500
LM-ESTAR,| 1.574 |1.076| 2.060 | 1.290 | 0.794 | 0.619 | 0.912 |0.761| 1.439 | 1.058
LM-ESTAR, | 0.681 | 0.640| 0.928 |0.914 | 0.530 | 0.466 | 0.420 |0.369| 0.550 | 0.483

Table 4 : Summary of ARMA, ARFIMA, STAR and LM—STAR forecast errors of some rivers
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Conclusion

The results show the hydrologic time series can be specified in terms of fractional
integrated statistical models with orders of integration significantly smaller than 0.5.
Thus, the riverflows seem to be stationary.

We have tested for short memory riverflows time series from Slovakia regions.
After hypothesis testing the most of riverflows series seems to be the long memory time
series. In such case LM-STAR models may be considered for data description or data
forecasting.

From results presenting in table 3 is evident that the LM-LSTAR, model is the
best one for Cierny Hron riverflow and LM-ESTAR, model is the best one for Bela
riverflow data description. For data forecasting only model LM-ESTAR; for Cierny
Hron riverflow has the better results than STAR models. This leads to conclusion the
long memory STAR models may be in some cases better than short time models.
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Introduction

Reliable simulation of heat propagation in the envelopes of buildings, determined
(especially in exterior layers) by the moisture content in pores, under the day and
year quasi-periodic climatic conditions, belongs to the crucial computational prob-
lems in civil engineering. Most software packages (both commercial and research
ones) implement rather complicated algorithms with strange material characteris-
tics that cannot be obtained easily for particular insulation materials in practice;
on the other hand, they neglect some significant processes, as long- and short-wave
radiation from and to the earth atmosphere totally. The fundamentals of the the-
ory of heat propagation in building structures, based on the laws of conservation
from classical physics, needed in this paper, are introduced and explained in [1] and
[10]. The more detailed analysis of sources and mechanisms of radiation activities
is contained in [7] where also the mathematical basis and the main ideas of numer-
ical algorithms for the computational modelling and simulations, reported in this
paper, are formulated. From the Central European view, even such complex compu-
tational systems as WUFI (“Wéarme Und Feuchte Instationédr”) at the Frauenhofer
Institute for Building Physics or DELPHIN at the Technical University in Dresden,
as well as other HAM (“Heat, Air and Moisture”) packages, referenced in [6], are not
able to couple heat propagation including both types of radiation from the external
environment with moisture redistribution properly.

The heat and moisture propagation in building envelopes is driven by the climatic
changes, whose character is nearly periodic — they occur in day and year cycles,
and is conditioned by both insulation and accumulation properties of particular
layers of building structures. We shall demonstrate that the reconstruction of an
old panel block of flats is able to prepare better conditions for the condensation
of atmospheric vapour on and near the exterior surface of a building envelope; the
logical consequence of the occurrence of such wet locations is the population of algae
as a visible surface damage and a starting point for further destructive processes.
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Moreover, the thermal technical material characteristics, namely in case of materials
with high porosity, differ dramatically in the wet state and in the dry state; this
highlights the significance of the theory and practice of the identification of basic
material properties. However, the main result of this paper is the presentation of
selected results of numerical simulations for one commonly used structure of the
insulation system: firstly with neglected radiation, then respecting the radiation
influence. Finally we shall mention some practical recommendations for the producer
of building insulations, how to prevent or reduce the damage caused by radiation.

Observations and measurements

The effects of growing of algae thanks to the presence of liquid water can be easily
observed on both new bulding structures and reconstructed bulding envelopes. Fig.
1 shows that the algae population if often more durable than the attempts to hide
the damage by additional coatings, here as a part of some commercial advertisement.

Figure 1: The damaged wall with visible growing algae

To quantify the sources of such phenomena, it is important to know the de-
velopment of the temperature field on the damaged surface. The Faculty of Civil
Engineering of BUT develops new ecological insulation materials, based on the wood
waste, and identifies their properties. Fig. 2 documents the thermo-visual measure-
ments of several samples, provided by various coatings, installed on a roof under
real climatic conditions; the temperature of outer environment decreases by 2.7 K
in 43 minutes here.

Figure 2: Two typical outputs from the thermo-visual measurements of nine samples

However, the inexpensive and precise measurement device for the reliable quan-
tification of emissivity of various coatings, conditioning the process of thermal ra-
diation, is not available. The surfaces of most coating materials are not perfect
planar, they can be better characterized as rather ragged. Such insufficiency does
not admit direct measurements, based on the monitoring of the intensity of rays, re-
flected from the surface. This difficulty can be avoided by the integral measurement
of the reflected diffusive radiation from the surface, known as the ”ball” method,
implemented at the unique FTIR (Fourier transform infrared) spectrometer Bruker
IFS-66/S. The gold-coated interior sphere of the measurement device handles the
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wide spectral range from the near to the far infrared one, in practice the wavelengths
from 5 to 20 pm. Some necessary measurements for selected coating materials have
been done at the National Institute of Chemistry in Ljubljana (Slovenia), as docu-
mented in [4]. However, the above described measurements are expensive and not
available for common use, thus the indirect method with the plate stationary mea-
surement device Holometrix Lambda 2000, is used: it is based on the measurement
of the thermal resistance of a plate which serves as a carrier of the analyzed coating.

Let us remind that more complex projects, analyzing climatic changes, as the
SWERA project, mentioned in [7], makes use of various pyrheliometers, pyrgeome-
ters and albedometers. Nevertheless, the quantitative outputs from particular mea-
surements differ substantially; therefore some authors even try to avoid all determin-
istic settings of values of model parameters, using the correlation analysis, Monte
Carlo simulations, etc.

Identification of material properties

The basic thermal technical characteristics, namely the heat conduction coefficient
(decissive for the thermal insulation ability of materials) and the heat capacity (cru-
cial for the thermal accumulation process), can be fortunately obtained by more re-
liable methods than the parameters from the preceding section. This characteristics
are related to the dry material state; this is difficult to guarantee by most classical
measurement methods, especially in case of the heat capacity. This was the moti-
vation for the development of the original inexpensive measurement device, whose
efficiency comes from the non-trivial numerical simulation of the heat propagation
under artificially arranged simple initial and boundary conditions; the detailed de-
scription of such device has been presented in [2], the complete mathematical and
numerical analysis, based on the Fourier method, will appear in [3].

The study of uncertainties in measurements is important also in this case. The
approach of [3] and [2] involves such analysis as its integral part (some steps from the
proposed algorithm of identification of two basic thermal technical characteristics
can be used for the quantification of the uncertainties in measurements, t0o), in
other cases this must be done separately by standard probabilistic and statistical
methods — this is needed e.g. for accreditation of each technical laboratory.

A special methodology must be used for the experimental analysis of the process
of moisture transfer in the pore space of material layers; this process is much slower
than the heat transfer, depends on the number and size of macro- and micro-pores,
capillary channels, etc., and under real climatic condidtions can be modified by phase
changes, as from vaper to liquid water (as metioned above) or from liquid water to
ice. Moisture (in all admissible phases) in porous system of building materials
replaces air. Water molecules adsorb on surface of pores in an initial period of
filling porous system by water and form mono-molecule layer and filling of pores by
adsorbed water; this is accompanied by formation of local heat bridges and enormous
increase of the heat conduction coefficient; macro-pores are then completely filled
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by water during progressive penetration of moisture, while the speed of increasing
of value of the coefficient is not so fast. The extensive experimental work in this
research branch is connected with the development of WUFI, as documented in [5];
the methods of testing of insulations for extreme use are discussed in [9].

Numerical simulation

For the analysis of simultaneous processes of heat and moisture transfer, including
the radiation influence, the original software code (written in Pascal), based on the
finite difference and volume methods, was created at the Faculty of Civil Engineering
at BUT. The necessary mathematical and numerical preliminaries are sketched in
[7]; all inputs and outputs of this program are able to be compared and identified
with long-time observations and laboratory measurements.

Fig. 3 shows the evolution of temperature and moisture during a time period of
one month (March, only a short cut from all simulation results is presented here),
obtained from the one-dimensional model — the heat propagation is active only in
one direction, perpendicular to all material layers. The drawn curves correspond to
various points of particular material layers. The first (left-hand side) part of Fig.
3 has been obtained under the assumption of zero radiation, its second (right-hand
side) part includes radiation, because of the present lack of reliable data due to the
rather simple recommendations of the Society of German Engineers by [8].

The following table presents the typical sample of both measured and simulated
temperatures (in Celsius degrees) on the external surface:

time (hour) 19 20 21 22 23 0 1 2 3 4 5 6

environment | 13.2 121 11.0 99 88 76 65 54 44 36 32 3.3

dewpoint 45 41 37 33 30 26 22 19 15 1.1 0.7 05

measured 15.8 139 120 101 82 64 47 32 22 1.7 19 3.0

radiation 159 14.0 120 101 81 6.3 46 32 21 17 20 3.1

no radiation | 16.3 14.7 129 11.2 95 79 6.4 51 41 3.7 39 49
Although the condensation is not active here (the dewpoint has not been reached),
this table is able to illustrate the fact that the simulation results coincide with
practical observations much better for the computation with included influence of
radiation than for that with neglected radiation. The moisture contect in all layers
near the exterior surface is increased because of the low diffusive resistance of the
thin outer porous silicate layer; the sorption effect can be highlighted by the presence
of condensed liquid water. The consequential volume changes, bringing additional
stresses into constructive and insulation materials, can be even more dangerous than
the most visible population of algae.

Figure 3: Comparison of the temperature’and moisture development without and
with radiation

Conclusions
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The computational modelling of heat propagation, incorporating moisture redistri-
bution and influence of atmospheric radiation, based on the proper formulation of
the conservation laws of classical physics, produces better approximation of real phe-
nomena than the simplified formulae from (still valid) technical standards. However,
the quantitative analysis of the process of slow moisture propagation, determined by
the microstructural phenomena in the pore space, is not quite reliable and requires
a lot of experimental and theoretical study in the near future; morever, this process
can be modified significantly by radiation effects from external environment.

Nowadays the possibilities for repairs of damaged surface of constructions are
limited — we are not allowed to solve such problems by changing nature. To reduce
the thermal insulating ability of masonry is unreasonable. Chemical agents are the
only mean of protection against algae; those agents do not have long-term effect
and are not environmentally harmful. The choice of building materials must respect
the emissivity, which should be low in the long-wave infra-red spectrum. Several
Czech producers of building materials are therefore interested in practical outputs
from the project, covering both the design of new insulation materials, the progress
in the methodology of measurements of material properties and the development of
the above demonstrated modelling and simulation software.
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Metoda funkcie uzito¢nosti vo viackriterialnom rozhodovani

Milan Terek!

Summary. The paper deals with the normative approach to multiattribute decision making.
In the first part the axioms of the expected utility and the principle of the maximization of
expected utility are described. Then the using of the additive utility function is illustrated
on the simple example from the area of the application of the Taguchi method.

1 KPacové slova: viackriterialne rozhodovanie, aditivna funkcia uzito¢nosti, Taguchiho
metoda

Uvod

V prvej casti prispevku uvedieme zakladné poznatky o tedrii uZzitoCnosti. Na
zaklade niekol’kych axiém ,rozumného* spravania v rozhodovacich situdciach
v podmienkach neurcitosti mozno dospiet’ k poznaniu, Ze rozhodovatel, ktory pri
rozhodovani reSpektuje tieto axidmy, sa rozhoduje na zaklade maximalizacie o¢akavanej
uzitoc¢nosti.

V druhej Casti si vSimneme problém viackriterialneho rozhodovania. PodrobnejSie
si v§imneme tzv. normativny pristup, ktory je zaloZzeny na mnozine axiém o Strukture
preferencii rozhodovatel’a?.

1 Axiomy ocakavanej uzito¢nosti a princip maximalizacie o¢akavanej uzito¢nosti

Uvedieme najprv axiémy spravania rozhodovatel’a, ktoré¢ vedu k rozhodovaniu na
zéklade ofakavanej uzito¢nosti®.

2Uplnost. Pre F'ubovol'né dva varianty ¢, @, , rozhodovatel’ bud’ preferuje ¢, pred @,
(a,<a,), alebo preferuje a, pred a, (a,<a,), alebo je indiferentny medzi a, a a,
(a, Oa,).

3 Tranzitivnost. Pre Pubovolné tri varianty 4,, 4,, 4; plati: ked ¢, < @, a a,< 4d;,
potom a, < d;.

! Tento prispevok vznikol s prispenim grantovej agentury VEGA v ramci projektu &islo 1/3182/06
ZlepSovanie kvality produkcie strojarskych vyrobkov pomocou $tatistickych metod.

Opisny pristup je zalozeny na parovych porovnavaniach variantov vzhladom na vsetky kritérid.

Podrobnejsie napriklad BEROGGI (1999).

3 V literatare o tedrii uzitocnosti sa uvadzaju rozlicné systémy axiom, aj ked’ rozdiely medzi nimi nie st
velké. My sme sa pri formuldcii systému axiom opierali najmé o publikdcie CLEMEN — REILLY (2001)
a BEROGGI (1999).
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4Spojitost. Rozhodovatel je indiferentny medzi désledkom A a neuréitou udalostou,
ktora obsahuje len vystupy A, a A,, prifom A, ~ A ~A,. To znamena, e
mozno formulovat’ taka referen¢nu hru s pravdepodobnost'ou p [1 (0, 1), pre ktora
rozhodovatel je indiferentny medzi touto referencnou hrou a A.

SRedukcia zlozenych neurcitych udalosti. Rozhodovatel je indiferentny medzi
zloZzenou neurcitou udalostou (komplikovand kombinicia hier alebo lotérii)
a jednoduchou neurcitou udalostou, ktora vznikla redukciou zlozenej neurcitej
udalosti pomocou Standardnych operacii s pravdepodobnostami.

OSubstitiicia. Rozhodovatel' je indiferentny medzi povodnou neurditou udalostou,
ktora obsahuje vystup A, a neurcitou udalostou, v ktorej je vystup A nahradeny
takou neurcitou udalostou B, Ze rozhodovatel je indiferentny medzi A a B.

TMonoténnost. Ked existuju dve referen¢né hry s rovnakymi vystupmi, rozhodovatel
preferuje hru s vac¢Sou pravdepodobnostou ziskania preferovaného vystupu.

8invariancia. Na uréenie preferencii rozhodovatela medzi neuréitymi udalostami st
potrebné vyplaty (alebo dosledky) a prislusné pravdepodobnosti.

9Konecnost. Neuvazujeme o nekoneéne dobrych alebo zlych dosledkoch.

Mozno asi suhlasit’ stym, ze tieto axiomy predstavuju rozumny zaklad na
rozhodovanie.

Ked’ akceptujete uvedené axiomy 1 az 8, mali by ste prijat’ aj tento navrh:
Majme dve neurcité udalosti B;a B,. Ked axiomy 1 az 8 platia, existuju ¢isla u,,u,,...,u,
, ktoré reprezentuju preferencie (alebo uzitocnosti) spojené s dosledkami tak, ze celkova
preferencia medzi neurcitymi udalost’ami je vyjadrena o¢akavanymi hodnotami u. Ak teda
akceptujete axiomy 1 az 8, potom mozete najst funkciu uzitocnosti, pomocou ktorej
ohodnotite dosledky, a rozhodovat’ by ste sa mali na zdklade maximalizacie o¢akéavanej
uzito€nosti.

2 Viackriterialne rozhodovanie

Postup viackriteridlneho rozhodovania sa pokusime ilustrovat’ na jednoduchom
priklade z oblasti aplikacie Taguchiho metod.

Priklad. Uvazujeme 4 faktory: F,, F,, F;, F, adve ozvy K, K,— vykonové
charakteristiky typu ,,the smaller the better*, ktoré povazujeme za kritéria rozhodovania.
Experiment sa realizoval podla Taguchiho ortogonalneho navrhu L, (34) . Vtabulke 1 je

uvedeny navrh L, (34) ( namiesto Cislic 1, 2, 3 sme na oznacenie urovni faktorov pouzili
Cislice (= 1), 0 a 1) a vysledky experimentu — hodnoty kritérii — oziev K, a K,
v poslednych dvoch stipcoch
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Tabul'ka 1. Ndavrh a vysledky experimentu
Pokus ¢islo
E F2 F3 F4 KI K2
1 -1 -1 |-1 |-1 350,81 22,14
2 -1 0 0 0 353,53 26,69
3 -1 1 1 1 346,05 22,19
4 0 -1 0 1 348,51 26,63
5 0 0 1 | -1 348,70 25,77
6 0 1 -1 0 351,57 25,89
7 1 -1 1 0 354,33 17,59
8 1 0 |-1 1 345,21 17,77
9 1 1 0 | -1 350,00 18,59

V stlade s Taguchiho koncepciou nebudeme uvazovat’ interakcie. Pre kazdy faktor
separovane odhadneme pre kazda Groven vel'kost straty”, pomocou hodnoty vyberového
priemeru.
Vysledky st v tabul’ke 2. Vyraznej$im pismom su v tabul’ke 2 zapisané minimalne
hodnoty, pre kombindacie kritérium — tiroven faktora. V tabul'ke 2 vidiet’, Ze ani jeden
faktor nema optimalnu tu isti urovei pre jedno aj druhé kritérium.

Tabul’ka 2. Straty pre kombinacie kritérii a urovni faktorov

Kl KZ
faktory | F, F, F, F, F, F, F, F,
urovne
-1 350,13 | 351,22 | 349,20 | 349,84 | 23,67 | 22,12 | 21,93 | 22,17
0 349,59 | 349,15 | 350,68 | 353,14 | 26,10 | 23,41 | 23,97 | 23,39
1 349,85 | 349,21 | 349,69 | 346,59 | 17,98 | 22,22 | 21,85 | 22,20

2 Aditivna funkcia uZito¢nosti

u, = wk,+ w,K,

Viackriterialnu funkciu uzito¢nosti mozeme definovat’ ako aditivnu:

kde w,,w, st vahy kritérii.
St zname viaceré metody na ohodnotenie véah kritérii: metdda rovnakého
ocenovania (pricing out), metdda vykyvného vézenia (swing-weighting) a metoda
porovnania lotérii (lottery weights)®.
Pri aplikécii aditivnej funkcie uzito¢nosti sa v prvom kroku normuju hodnoty
oboch kritérii pre jednotlivé pokusy podla vzt'ahu®

0

S Pozri napr. CLEMEN (1991), CLEMEN — REILLY (2001), TEREK (2006).
6 Pozri MILANL A. S. — EL-LAHHAM, C. - NEMES, J. A. (2004).
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prei=1,2 ;/=1,2,..,9

kde i je index kritéria a / je index pokusu.
Potom mozno hodnoty aditivnej funkcie uzitocnosti pre jednotlivé pokusy
vypocitat’ podl'a vztahu

Nu, = w,NK,, + w,NK,, pre /=1,2,..,9
Predpokladajme, ze podl'a niektorej z uvedenych metdd stanovenia vah kritérii ste
urcili w;= 0,8, w, =0,2.V tabulke 3 st pre jednotlivé pokusy normované hodnoty

kritérii a hodnoty aditivnej funkcie uZitocnosti.

Tabul’ka 3. Normované hodnoty kritérii a hodnoty aditivnej funkcie uzitocnosti

pokus ¢islo NK,, NK,, Nu, pre
w,=0,8, w, =0,2
1 0,1114 0,1089 0,1109
2 0,1123 0,1313 0,1161
3 0,1099 0,1092 0,1098
4 0,1107 0,1310 0,1148
5 0,1107 0,1268 0,1139
6 0,1117 0,1274 0,1148
7 0,1125 0,0865 0,1073
8 0,1096 0,0874 0,1052
9 0,1112 0,0915 0,1073

Potom sa pre kazdy faktor vypocita priemerna hodnota aditivnej funkcie
uzitoCnosti pre kazda uroven faktora a najdu sa optimalne urovne faktorov. Vysledky
vypoctov su v tabulke 4.

V tabul’ke 4 st vyraznej$im pismom uvedené minimalne hodnoty priemerov
aditivnej funkcie uZitonosti v jednotlivych stipcoch, ktoré uréuju optimalne irovne
faktorov.

Tabul’ka 4. Hodnoty priemerov aditivnej funkcie uzitocnosti pre kombindcie urovni

faktorov
pre vahy | w,=0,8,

w, =0,2
faktory | F, F, F, F,
urovne
-1 0,1123 | 0,1110 | 0,1103 0,1107
0 0,1145 0,1117 0,1127 0,1127
1 0,1066 | 0,1106 | 0,11033 | 0,1099

Optimalna kombin4cia Grovni faktorov je
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(E’F27F3’F4)0:(17 la_ 1, 1)

Nutnou podmienkou pouzitia aditivnej (ordinalnej) funkcie uZitocnosti
v podmienkach ur¢itosti je vzadjomna nezavislost’ kritérii vzhl'adom na preferencie’. Ked’
rozhodujeme v podmienkach neurcitosti, je nevyhnutné splnit’ silnej$iu podmienku.

3 Urc¢itost’, neurcitost’ a funkcia uzito¢nosti

Ked ide omodel rozhodovania v podmienkach urcitosti, pouziva sa niekedy
namiesto terminu funkcia uzito¢nosti termin hodnotova funkcia (value function) alebo
ordindlna funkcia uzitoc¢nosti (ordinal utility function)®. Hodnotova funkcia vyzaduje len
usporiadanie urcéitych (deterministickych) vystupov podla preferencie rozhodovatela.
Neuvazuje o lotériach alebo neurcitych vystupoch.

Ked' ide orozhodovanie v podmienkach neurcitosti, mal by sa pouzivat’ skor
termin kardindlna funkcia uzitoc¢nosti’. Kardinalna funkcia uZito¢nosti zohl'adiiuje vzt'ah
rozhodovatela k riziku tak, Ze lotérie st usporiadané sposobom, ktory je konzistentny so
vztahom rozhodovatel'a k riziku. Vseobecne ide vlastne o porovnavanie rozdeleni
pravdepodobnosti alebo lotérii.

V naSom priklade ide len o usporiadanie deterministickych vystupov'.

Vsetky metédy na ohodnotenie vah, ktoré sme spomenuli st vhodné
v podmienkach urcitosti aj neurcitosti.

Zaver
Zaoberali sme sa len aditivnou funkciou uzitoCnosti, ktord je aditivnou
kombinaciou preferencii pre individualne funkcie uZitoénosti. Mozno uvaZovat aj o

multiplikativnej funkciu uzitocnosti (multiplicative utility function), pripadne inych
formach funkcie uzito¢nosti"

Literatura

7 Hovorime, Ze kritérium Y je nezavislé od kritéria X vzhladom na preferencie, ked’ preferencie pre
Specifikované vystupy Y nezavisia od hodnoty kritéria X.

8 Pozri napr. CLEMEN — REILLY (2001), BEROGGI (1999).

? CLEMEN - REILLY (2001), 5.620.
' Niekedy mozno pri odhadovani vystupov vyuzit’ aj toleranéné intervaly (pozri GARAJ — JANIGA
(2005)).

1 Pozri napr. MILANI, A. S. — EL-LAHHAM, C. - NEMES, J. A. (2004), MIETTINEN, K. M. (1998),
KEENEY, R. L. — RAIFFA, H. (1976).

203



BEROGG]I, G. E. G.: Decision Modeling in Policy Management. An Introduction to the
Analytic Concepts. Norwell, Massachusetts: Kluwer Academic Publishers. 1999.

CLEMEN, R. T.: Making Hard Decisions: An Introduction to Decision Analysis.
Boston: PWS — Kent, 1991.

CLEMEN, R. T. — REILLY, T.: Making Hard Decisions with Decision Tools. USA:
Duxbury Thomson Learning, 2001.

GARAIJ, 1. — JANIGA, 1.: Jednostranné tolerancné medze normdalneho rozdelenia
s neznamou strednou hodnotou a rozptylom. One sided tolerance limits of normal
distribution with unknown mean and variability. Bratislava: STU, 2005.

KEENEY, R. L. — RAIFFA, H.: Decisions with Multiple Objectives. New York: J. Wiley
and Sons, 1976.

KEENEY, R. L. — RAIFFA, H.: Decisions with Multiple Objectives: Preferences and
Value Tradeoffs. New York: J. Wiley and Sons, 1993.

MIETTINEN, K. M.: Nonlinear Multiobjective Optimization. Norwell Massachusetts:
Kluwer Academic Publishers, 1998.

MILANI, A. S. — EL-LAHHAM, C. — NEMES, J. A.: Different Approaches in Multiple-
Criteria Optimization using the Taguchi Method: A Case Study in a Cold Heading
Process. Journal of Advanced Manufacturing Systems, Vol. 3, No 1 (2004), 53 — 68.

TEREK, M.: Uvod do analyzy rozhodovania a bayesovskej indukcie. Bratislava:
Ekonom, 2000.

TEREK, M.: Viackriteridalne rozhodovanie v Taguchiho metode. Slovenska Statistika a
demografia 2/2006. s. 21 — 39.

Kontakt: doc. Ing. Milan Terek, PhD., Katedra Statistiky, Ekonomicka univerzita,
Dolnozemska cesta 1, 852 35 Bratislava. tel.: 02-67295713, e-mail: terek@dec.euba.sk

204



Sklsenosti s vyucbou Statistickych predmetov s podporou SPSS na EF
UMB

Vladimir Uradni¢ek, Gabriela Nedelova

Abstract: Since the academic year 2006/2007 we have started to teach statistics and related
courses at our faculty following new study programmes. Lectures, exercises and seminars of
these courses were runned with a support of newly implemented statistical software SPSS
version 13.0 (Statistical Package for Social Sciences). Totally 1444 students were taught
following the reformed courses. The reform got a financial support by a grant No.
11230100060 of the European Social Fund. In the present article we briefly dissucuss
outputs of the reform.

Key words: statistics, teaching, SPSS

1. Uvod

Od akademického roku 2005/2006 zacalo zrekonstruované oddelenie Statistiky a ekonomickej
analytiky Katedry kvantitativnych metdd a informatiky etapu modernizacie a transformacie
vyucby aj predmetov Statistického zamerania na Ekonomickej fakulte UMB. Ciel'om tejto
modernizécie a transformécie je v obdobi do septembra 2009 najma :
e modernizacia vyucby zakladnych a derivovanych kurzov S$tatistiky s vyuZitim novej
softvérovej podpory (SPSS) a
e reforma obsahovej naplne jednotlivych predmetov.

2. Vychodiska reformy a modernizacie vyucby S$tatistickych predmetov

Hlavnym cielom reformy obsahu vyucovanych Statistickych predmetov na EF UMB je
zabezpecit'® vysSiu kvalitu ziskanych poznatkov vo védzbe na moderné ponimanie podstaty
ekonomickej vedy (pozri napr. ¢lanky a najméa diskusiu odbornej verejnosti na www.etrend.sk
— Bieda slovenskej ekonomie (november 2006) -  Bieda kritikov slovenskej ekondmie
(Diskusia) (december 2006); Forum: Co (nie) je ekondmia, kto (nie) st ekonémovia; Posledna
utopia (Diskusia) (december 2006).

Medzi z&kladné parcialne ciele reformy patria:

- primerané zavedenie novej softvérovej podpory (SPSS) do vyucby Statistickych
predmetov;

- Standardizovanie uciva pri zachovani Specifik osobnosti jednotlivych vyucujucich
(aby absolvovanie tychto kurzov u ucditelov Ekonomickej fakulty UMB bolo
atraktivne aj pre Studentov z prostredia mimo EF UMB);

- prehodnotenie sposobu vykladu uciva — snaha o maximalne priblizenie moZnosti
vyuZitia Statistiky ako nastroja v ekonomickej praxi, vo vazbe na profil absolventa
prislusného Studijného programu aambicie fakulty obstat’ pri nadchadzajicej
komplexnej akreditacii ako pracovisko univerzitného typu. S tym Gzko savisi aj nova
koncepcia preverovania vedomosti a zrucnosti, ktoré Student pri $tidiu Statistiky
ziskava (nejde len 0 memorovanie, ale o schopnost’ studenta tvorivo riesit’ nastolované
problémy pomocou poznatkov a zruénosti, ktoré ziska v procese Studia);

- vedenie Studenta k naro¢nosti voci vyu€ujucemu, ale aj voci sebe samému; priviest
Studenta k poznaniu, Ze uspech je vo velkej miere determinovany aj primeranym
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stupiom samoS$tadia a aktivneho vyuZzivania modernych metdéd vyucovania;
vSestranné realne (nielen verbalne) naplnovanie jednotlivych atributov kreditového
systému $tadia (napr. aj priebezna praca pocas celého semestra);

- snaha o vyvolanie zaujmu $tudenta o preniknutie do hibky, objavenie krasy ekonémie
ako vedy, najdenie a porozumenie suvislosti a nadvaznosti, zapajanie Studentov do
vedeckych projektov oddelenia, ich ucast’ na pravidelne organizovanych vedeckych
seminaroch oddelenia Statistiky, prezentacia Studentov EF UMB na odbornych
seminaroch a konferenciach Statistického zamerania doma a v zahranic¢i (prikladom je
aktivna ucast’ Studentov odboru Financie, bankovnictvo a investovanie na Prehliadke
prac mladych demografov a Statistikov v ramci Medzinarodného seminaru Vypoctova
Statistika v Bratislave v rokoch 2005 a 2006; zapojenie Studentov do pripravy
medzinarodnej konferencie FernStat organizovanej oddelenim Statistiky v spolupraci
so Slovenskou Statistickou ademografickou spolo¢nostou, aktivne zapajanie
Studentov do projektov VUGA a od roku 2007 aj projektov typu VEGA);

- zabezpeCenie vSetkych zdkladnych kurzov Statistiky vlastnou literatirou
prednasajtcich (literataru ponukat prostrednictvom Standardnej celorepublikovej
kniznej distribuénej siete, a nielen v predajniach s lokalnym vyznamom) v slovenskom
jazyku (do roku 2007), vo svetovom jazyku (do roku 2009),

- priebezné prenaSanie skasenosti z ekonomicko-finan¢nej praxe do vyucovacieho
procesu — zohl'adiovanie potrieb praxe na zékladné vedomosti a zruc¢nosti z oblasti
Statistickych metod. Viaceri ¢lenovia oddelenia Statistiky a ekonomickej analytiky
KKMI maju konkrétne skusenosti zo spoluprace s odbornou praxou — Skolenie
zamestnancov danovych uradov, realizicia analyz Skodovej kvoty komercnej
poistovne, Skolenia tverovych analytikov slovenskych komerénych bank, realizacia
analyz a modelovania rizika priemyselnych havérii a i.

- jednoznac¢na profilacia vedeckej ¢innosti ¢lenov oddelenia — osobitne prostrednictvom
jednotlivych vedeckych projektov (snaha o ziskanie projektov VEGA, KEGA a najma
medzinarodnych vedeckych projektov), hostujuce prednaSanie na inych vysokych
Skolach najmd v zahrani¢i, publikovanie vystupov vedeckej prace (kvantita
zabezpeCena v Standardnych typoch publikacii — zborniky a odborna tlac; kvalita —
aspon jeden ¢lanok v karentovanych casopisoch za obdobie dvoch — troch rokov —
v zavislosti od typu, regionalnej prislusnosti a jazykovej mutécie karentovaného
Casopisu), aktivizacia ¢lenov oddelenia pri svojej popularizécii v odbornej domécej
a zahranicnej Statistickej komunite, organizovanie pravidelnej medzinarodnej vedecke;j
konferencie (FernStat). ZvySovanie kvalifikacie ucitelov by malo mat’ odraz aj vo
zvySovani kvality nielen ich vedeckej, ale aj pedagogickej ¢innosti.

3. Vyucba $tatistickych predmetov s podporou SPSS

V ramci projektu Eurdpskeho socidlneho fondu: Modernizacia vzdeldvania ucitelov
prirodnych vied a ekonomov, na ktorého realizécii v obdobi rokov 2005 — 2007 participuju aj
zamestnanci oddelenia Statistiky a ekonomickej analytiky Katedry kvantitativnych metod
a informatiky EF UMB, bol za ucelom modernizacie vyucby Statistickych predmetov
zaktpeny softvérovy produkt SPSS. Ako uvadza spolo¢nost’ SPSS CR, spol. s r.0. na svojej
webovskej stranke (www.spss.cz) ,,Spolo¢nost’” SPSS CR, spol. s r.0. bola zaloZena v roku
1995 a je vyhradnym distribatorom softvéru SPSS, vytvorenym nadnarodnou spolo¢nost'ou
SPSS Inc., aposkytovatelom analytickych a Statistickych sluzieb v Ceskej a Slovenskej
republike. Medzi z&kladné produktové rady patri systém SPSS pre Statistické aplikacie, ktory
je modularny aumoziuje napojit dalSic externé programové doplnky.“ Od tohto
akademického roku bol systém SPSS 13.0 prirodzenym spdsobom vyuzivany vo vyucbe
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viacerych predmetov kvantitativneho charakteru. Celkovo bol uvedeny softvérovy produkt
vyuzity v tomto akademickom roku pri vyucbe 1433 Studentov dennej a externej formy Stddia
v predmetoch Statistika (1134 S$tudentov), Ekonometria (45), Finan¢na analytika (36),
Finan¢no-ekonomicka analyza podniku — (168), Kvantitativny manazment (40) a Statistics
(10). Z z&kladného modulu, ktorého zakladny nastroj Analyse znazoriiuje obrazok 1, boli
vyuzivané pre jednotlivé predmety najma nasledovné polozky ponuky Analyse:

v predmetoch Statistika a Statistics — Descriptive Statistics, Tables, Compare Means,
Correlate, Regression, Time Series;

v Ekonometrii, Finan¢nej analytike, Finan¢no-ekonomickej analyze podniku a
v Kvantitativnom manazmente — Descriptive Statistics, Compare Means, General Linear
Model, Correlate, Regression, Loglinear, Classify, Data Reduction, Nonparametric Tests,
Complex Samples.

5593 suhset.sav - SPSS Data Fitne

File Edit Wiew Data Transform | Analvze Graphs  Utliies  Windos  Help

= Reports 4
|oo:| e o {u_
EIE'@ !I —j|r—| —1 Descriptive Statistics v @@
i 1 rales 4
id el e Rsre HesTs *1 sibs &
1 1| Warking fi General Linear Model ] .
3 > [Warking f Mixed Models ] 3
- Ccrrelate ]
3 3WWorking fi — 2
- £gIession b
4 4 kamg_ P Loglinear 3 4
5 ] Retire  Classify » 1
B ] Felire  Deta Reduckon 3 2
7 7Working i Se3le r 2
=] =1 HE'.irE!- Nenparametric Tesks k 3
E] 9|Working fi 1IN Series ¢ 1
10 10[Warking p ;“I;’_"‘“la'R ' 1
. ultiple Response
11 11 Warking fi oo eepase 1
- Missing Yalue Analysiz...
12 12 Wnrk!ng fE Cemplex Samples 4 L
13 13 Wnrklng fim TITETTTETDT = 0
14 14 Fecired | separated 24 3

Obrazok 1 Dialégové okno SPSS Data Editor
Pramen: Vlastné spracovanie

VyuZivanie nastrojov produktu SPSS naSlo pozitivnu odozvu medzi $tudentami. Studenti
ocenili, ze pri ich vyucbe sa vyuziva jeden z celosvetovo najrozSirenejSich Statistickych
softvérov pre stolové PC.

4. Analyza vysledkov Gspesnosti dtudentov z predmetov Statistika 1 a Statistika 2

Tabul’ka 1 udava prehl'ad dosiahnutych vysledkov za obdobie rokov 2002/2003 az 2006/2007
Studentmi EF UMB. Podl'a §tadijného poriadku fakulty Student ziska kredity za predmet
(,,vyhovel®), ak z cekového pocétu bodov za jednotlivé formy hodnotenia Studijnych vysledkov
vramci predmetu dosiahne asponn 65 precent. Tabulky 1 — 4 uvadzajd len vysledky
hodnotenia Studentov dennej formy Stadia.
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Tabulka 1 Absolutne vyjadrenia vysledkov z predmetu Statistika 1

Pocet Studentov
Skolsky rok| vyhoveli |nevyhoveli|nezacastnili sa| spolu
2002/2003| 117 47 39 203
2003/2004| 150 72 34 256
2004/2005| 128 66 84 278
2005/2006 | 232 152 153 537
2006/2007 | 379 216 153 748

Tabulka 2 Percentualne vyjadrenia vysledkov z predmetu Statistika 1

Pramen: Vlastné spracovanie

Podiel Studentov
Skolsky rok |vyhoveli | nevyhoveli | nezagastnili sa| spolu
2002/2003 | 57.64 23.15 19.21 100
2003/2004 | 58.59 28.13 13.28 100
2004/2005 | 46.04 23.74 30.22 100
2005/2006 | 43.20 28.31 28.49 100
2006/2007 | 50.67 28.88 20.45 100

Tabulka 3 Absolutne vyjadrenia vysledkov z predmetu Statistika 2

Pramen: Vlastné spracovanie

Pocet Studentov
Skolsky rok |vyhoveli| nevyhoveli | neziéastnili sa| spolu
2002/2003 76 22 30 128
2003/2004 56 26 11 93
2004/2005 33 37 27 97
2005/2006 128 54 14 196
2006/2007 228 70 14 312

Pramen: Vlastné spracovanie

Tabulka 4 Percentuéalne vyjadrenia vysledkov z predmetu Statistika 2

Podiel Studentov
Skolsky rok |vyhoveli | nevyhoveli | nezagastnili sa| spolu
2002/2003 | 59.38 17.19 23.44 100.00
2003/2004 | 60.22 27.96 11.83 100.00
2004/2005 | 34.02 38.14 27.84 100.00
2005/2006 | 65.31 27.55 7.14 100.00
2006/2007 | 73.08 22.44 4.49 100.00

Pramen: Vlastné spracovanie

Vzhl'adom na skuto¢nost’, ze od akademického roku 2005/2006 zahtiia analyza aj Studentov
Studijného odboru Financie, bankovnictvo a investovanie (po zlaéeni s Fakultou financii),
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zaujimala nas Statisticka signifikancia rozdielov v dosiahnutych vysledkoch prave medzi
akademickymi rokmi 2005/2006 a 2006/2007 (zavedenie SPSS do vyucby).

Tabulka 5 Pomocné vypocty

Predmet
Statistika 1 Pocet §tudentov Podiel $tudentov
v Skol. roku | vyhoveli | nevyhoveli | spolu |vyhoveli %|nevyhoveli % | spolu %
2005/2006 360 337 697 51.65 48.35 100.00
2006/2007 379 216 595 63.70 36.30 100.00
Predmet
Statistika 2
2005/2006 161 216 377 42.71 57.29 100.00
2006/2007 228 70 298 76.51 23.49 100.00

Prameii: Vlastné spracovanie

Teoreticky zaklad:
Nech X je nahodné premenné z binomického rozdelenia Bi (my, ;) a Y je nahodné premennéa
z binomického rozdelenia Bi (my, m2); X a Y su nezavislé nahodné premenné.

Odhadom m; je pq =L; odhadom =, je p, =i.
my my
Dalej plati:
md-m) n m,(1-15) .
m, m,
Ak predpokladame, Ze parametre binomickych rozdeleni sd rovnaké, m;= n, =w, potom
testujeme nasledovné hypotézy:

E[lpi—p2] =mi-m; Dlp1i—p2] =

Hypotézy: 1. .Ho: m=m 2. Ho: mi=mo 3. Ho: mi=mo
Ha: 7 # o Ha: T > 1o Ha: mi<mo
Odhadom mt je p= RSAS :
ml + m2
Za predpokladu platnosti Hy je E[p1 — p2] =0 a
Mm-m=““”+“L“=mrmﬁi+iJ.
m, m, m,  my
Testovacia Statistika
U= P1-P2

%wm(1+lj
mp My

mé za predpokladu platnosti Hy asymptoticky (pre dostatoéne velké m; a m;) N(O,1)
rozdelenie.

Nakol'ko v naSom pripade su splnené poziadavky na korektnost’ testu o zhode parametrov m; a
m, dvoch binomickych rozdeleni (o zhode dvoch relativnych pocetnosti) testovali sme
hypotézu, Ze po modifikovani vyuéby predmetov Statistika 1 a Statistika 2 sa vo vieobecnosti
zvysil podiel Uspesnych Studentov v danom predmete (t.j. tych, ktori z predmetu vyhoveli).
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Ho: my = my vS. Ha! m1 < my , kde m; zodpoveda ,,starému‘ systému vyucby (reprezentuji ho
vysledky akademického roku 2005/2006) a m,; zodpoveda ,,novému* systému vyucby
(reprezentuju ho vysledky akademického roku 2006/2007). Vysledky testu uvadza tabul’ka 6.

Tabul'ka 6 Vysledky testu

Statistika 1|  pa P2 P u p-hodnota
0.52 0.64 0.57 -4.36 0

Statistika 2|  p: P2 p u p-hodnota
0.43 0.77 0.58 -8.83 0

Pramen: Vlastné spracovanie

Z vysledkov vyplyva, Ze voboch pripadoch mdzeme na vietkych beznych hladindch
vyznamnosti zamietnut’ nulova hypotézu o rovnosti oboch parametrov n; a my, t.j. potvrdil sa
predpoklad, Ze inovacia vyucby predmetov (aj pomocou zavedenia softvérového produktu
SPSS do vyucby) viedla vo vSeobecnosti k zvySeniu podielu Gspesnych Studentov v danom
predmete.

5. Zaver

Z percentualnej analyzy vysledkov Gspednosti Studentov z predmetu Statistika 1 (tabulka 2),
resp. Statistika 2 (tabulka 4) vyplyva, Ze po realizacii prvych zmien vo vyu¢be uvedenych
predmetov sa podarilo zastavit' nepriaznivy klesajuci trend poctu Studentov, ktori vyhoveli
z danych predmetov. Statisticku signifikanciu rozdielu v podiele tspednych Studentov ,,pred*
a ,,po‘ uskutocnenych zmenach potvrdili aj vysledky testu v tabul’ke 6. Tieto vysledky este
umociiuje skutoCnost, Ze napriek zhorSujicej sa kvalite prijimanych Studentov na Stdium,
doslo pri nezmenenych poZiadavkach na ziskanie prislusného hodnotenia, k zvySeniu podielu
uspesnych Studentov v sledovanych predmetoch.
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Abstrakt

Po zavedeni Struktirovaného Studia registrujeme na fakultdch technickych
univerzit rapidny pokles po¢tu hodin uréenych pre matematické predmety. Ked'ze
navrat vyssieho poctu hodin matematiky nie je redlny, autorka ¢lanku uvadza konkrétne
moznosti pocitacovej podpory vyucby numerickej matematiky (s vyuzitim Matlabu a
Excelu), o prispieva k rieSeniu nacrtnutej problematiky.

Klucove slova: numerické integrovanie, Matlab, MS Excel, blended learning

Uvod

Vzhladom na naro¢nost’” matematickych vypoctov v technickych aplikaciach sa
vyuzivanie vypoétovej a informacnej techniky v edukécii matematiky na technickych
univerzitich stdva nevyhnutnostou asamozrejmostou. V sulade so zavadzanym
systtmom manazérstva kvality je potrebné priebezne aktualizovat' obsah aj formy
vzdelavania a do vyuéby zavadzat nové, moderné prvky.

Pre ulahéenie Studia matematiky v bakalarskych Studijnych programoch na
mnohych fakultach technickych univerzit zaznamendvame zvySené Tusilie ucitelov
matematiky implementovat’ vyuZzivanie pocitacov do vyucovacieho procesu. S ohl'adom
na kladny postoj novoprijatych Studentov k pocitatom sa predpoklada, Ze zavadzanie
kombinovanej formy vyucby - blended learning (kombinacia klasickej prezentacnej
formy vyuCovania — prednaska a cviCenia a e-learningovej podpory — elektronicke
materialy pristupné na internete ¢i pocitacovej sieti) urobi matematiku pre mnohych z
nich atraktivnejSou, ale hlavne nazornejSou a pochopitelnejSou. VyuZivanie
informa¢no-komunika¢nych technolégii (IKT) totiz umoziuje sprostredkovat
vizualizaciu predstav o abstraktnych matematickych pojmoch - ¢im sa skracuje
samotny proces ucenia sa [2]. Pozitivne skisenosti s implementéaciou IKT v edukécii
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numerickej matematiky maju ucitelia na mnohych fakultach technickych univerzit
v Cechach ana Slovensku. Ich skusenosti potvrdzuju, e sa osvedéila vyutba metdd
numerickej matematiky s podporou vhodného pocitatového programu (napr. Matlab,
MS Excel, ...) na tzv. pocitatovych cvic¢eniach [1].

2 Numerické integrovanie (kvadratura)
Ked’ze hodnotu urcitého integralu nezépornej funkcie 7 mozeme interpretovat
ako obsah plochy pod jej grafom, numerickd kvadratira a numerické integrovanie

b
oznacuju to isté: aproximovat’ ur¢ity integral I f(x)ax funkcie £ naintervale [a, 4] na

zéklade hodn6t funkcie £ v koneénom poéte bodov x; intervalu [a,5]. Integrovanie
pomocou zndmych Newton-Cotesovych vzorcov spoéiva v myslienke rozdelenia
intervalu [a,6] sietou bodov (X)), F=12,..,n prifom a=x <X <.<Xx, =b na
jednotlivé podintervaly [ X, ,+1] na ktorych potom néasledne aproximujeme funkciu
finterpolaénym polynémom P’. Vdaka aditivite integrovania aproximaciu integralu
/ na [a, b] dostaneme s¢itanim aproximacii ziskanych na podintervaloch [x;, x., |:

/= ff ax= j AX dx+j A(X) . jf a’x~nixflp’ )
a X X1 =lox

Ak P’ je ,dobra“ aproximéacia funkcie f na [X X, |, tak IP’ a’x je ,,dobra“

7 /+1

Xi

Xis1
aproximéacia | f(x)ax achyba integratného N-C vzorca je mensia. Pre rovnomernd

X

siet” bodov (x) je x,

i+1

— X, = h = konst., uzly interpolacie su rozlozené rovnomerne.

V zavislosti od stupha § interpolaéného polynému P’ (pisaného v Newtonovom &i
Lagrangeovom tvare) ziskavame odpovedajlce elementarne N-C vzorce: obdiznikovy,
lichobeznikovy, Simpsonov, Booleov a Milneho vzorec (pisané postupne pre
§=0,1,2,3,4, kde s=m-1, m je pocet uzlov interpolacie). Pre elementarne N-C
vzorce mozeme pisat vieobecny kvadraturny vzorec /=(b—a).w.f v ktorom wje
riadkovy vektor vah a f je stipcovy vektor funkénych hodnét ( 7-hodnét) v uzloch

interpolacie, tj. f=[f,, £, .., f,] 7. Pre riadkovy vektor vah plati: ak m=2,

w= EE ak m=3, w= 151 ak m=4 w= 1§§l ak m=5,
2'2 6 6 6
= lgggl . Aplikovanim elementarnych N-C vzorcov na podintervaly
90 90 90 90 90
[x,, x,, | vyuZitim vztahu (1) ziskavame zlozené N-C vzorce, uvedené napr. v [3].
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3 Kvadratura svyuzitim Excelu a Matlabu
Vypocditajme aproximaciu integralu funkcie f(X)= x2e™* na intervale
[a, b]= [0,3], ked’ pouzijeme rovnomernu siet’ uzlov s krokom /~=0,3. Zistime, Ze

pracujeme s desiatimi podintervalmi, pretoZze pre ich pocéet 7 plati: n= (b;ha). Ak sa

rozhodneme pouzit’ Excel, ktorého nepopieratelnou vyhodou je jeho dostupnost’, do
prislusnych buniek Excelu (podl'a obr. 1) si zapiSeme zname hodnoty a,b, /. Kedze
Excel nepracuje s premennymi, ale s odkazmi na bunky, do bunky E3 zapiSeme vztah
pre n v tvare =(E2-E1)/E4, &im ziskame pocet podintervalov 7. V stipci A si
vytvorime ¢iselntt postupnost’ s diferenciou uréenou krokom h. Ak do bunky B2
vpiseme vztah =(A2"2)*EXP((-A2)"3), po odklepnuti cez Enter a kopirovanim obsahu
tejto bunky (relativny odkaz) dostaneme vypocet potrebnych f -hodndt v uzlovych
bodoch interpolécie. V bunkéch 11, 12 a I3 si v danom poradi vpisané zloZzené N-C
vzorce: obdiznikovy, ktorého zapis v Exceli je =E4*(SUMA(B3:B12)), lichobeznikovy
uréeny predpisom =E4/2*(B2+2*SUMA(B3:B11)+B12) a Simpsonov zloZeny vzorec v
tvare =E4/3*(B2+4*B3+2*B4+4*B5+2*B6+4*B7+2*B8+4*B9+2*B10+4*B11+B12).
Po potvrdeni cez Enter ziskame potrebné vysledky. Tento integral sa da vypocitat aj
analyticky, jeho presna hodnota je (1— e )/3= 0,3. Vieme teda zistit, akej skutoénej
chyby sa dopustame pri aproximadcii podl'a jednotlivych metdd (obr. 1).

B Microsoft Excel - cv.90sIm11.05hod

(] soubor  Upravy Zobrazit  Wio¥t Format  Nastroje  Data  Okno  MapoySda  Adobe PDF Mapovads

PN EEE 3 oA P E KB F 9 e e S a2 s @
: Al CE S0 | B 7 U === S ool S8 FEE b &-A-E
= - & =EA27(B24+25SUMAB3:B11)+B12)
A | B lc] b | E|JF] & | H \ I | J

1 [x VY a 0 oM integral 0,333336224
2 0 0 b 3 LM integral | 0,333336224_|
3 0,3 0,08760251 n 10 SM integral 0,333374017
4 0,6/ 0,29006471 h 0,3

5 0,9 0,39073682 presna hodnota integr. 0,333333333
6 1,2 0,25580064 oM skutoé&.chyba 2,89098E-06
7 1,5 0,07699077 LM skutoé.chyba 2,89097E-06
8 1,8 0,00950035 SM skutoé.chyba 4,06837E-05
9 2,1 0,00041922

10 2,4 5,7113E-06

11 2,7 2,063E-08

12 3 1,6916E-11

13

Obr. 1 Numericka integracia v Exceli s danym krokom delenia, resp. poctom podintervalov

K tym istym vysledkom sa dopracujeme vyuZitim Matlabu, kde uvadzam
lichobeznikovlu a Simpsonovu metddu. Po naeditovani prikazov  (zrejmych z obr. 2)
do jednotlivych promptov (prikazovych riadkov) a odklepnuti cez Enter dostavame tie
isté vysledky ako v Exceli.
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=) MATLAB
File Edit W¥iew ‘“Web Window Help

0O = ﬁ ? | Current Directory: | W ATLABERSH] teeork VlE]

Cormmand Window

¥» a=0:h=3; h=(b-a)/10; x=linspaceia, b, 11):
3% Fu=(®.*2).Fexp(-x.*3)

»>» format long

»» Lich=h*{ (fx(1)+£fx(11))/2 + sum(Ex{2:10)) )

Lich =

0.33333622430750
»x Simp=ih 3% (Ex (1) +4%Ex (2)+2%Ex (3) 45 Ex (A1 +2 ¥ Ex (5] +d%Ex (G )+2%Ex (7 ) 445 £x (5)+2FEx () +4¥Ex (10)+Ex (11) )
Simp =

0.33337401706E250

T

4\ Start

Obr. 1 Numericka integrécia v Matlabe s danym krokom delenia, resp. poctom podintervalov

4 Kvadratira s poZadovanou presnost'ou

Niektoré integraly nevieme vypocitat’ analyticky, napr. aj integral z funkcie
f (X): ex , 0 ktorej je zname, Ze jej primitivnu funkciu nie je mozné vyjadrit’ ako
kombinaciu elementarnych funkcii. V doésledku toho nespozname skutocnu chybu,
ktorej sa aproximaciou dopustame, mozeme ziskat’ len odhad chyby danej aproximacie.
Vypocitajme obdlznikovou, lichobeznikovou a Simpsonovou metédou aproximaciu

1,4
integrélu f e* dx v Matlabe, ked pouzijeme rovnomernu siet s krokom h=0,2.
0

Poznamenajme, Ze v obdiznikovej metode vyuzivame stredy podintervalov Z, z,,..., Z,,

c¢omu zodpoveda uvedeny prikaz v prompte, ako aj hodnoty za f(z) po potvrdeni.

>>7=0.1:0.2:1.4, fz=exp(-z." 2)
Z=

0.1000 0.3000 0.5000 0.7000 0.9000 1.1000 1.3000
fz=

0.9900 0.9139 0.7788 0.6126 0.4449 0.2982 0.1845
>> format long
>> obd=0.2* sum(fz)
obd =

0.84459661318441

>>format short
>> a=0; b=1.4; h=(b-a)/6; x=linspace(a, b, 7), fx=exp(-x."2)
X =
0 0.2333 0.4667 0.7000 0.9333 1.1667 1.4000
fx =
1.0000 0.9470 0.8043 0.6126 0.4185 0.2564 0.1409
>> format long
>> Lich=h*( (fx(2) + fx(7))/2 + sum(fx(2:6)) )
Lich=
0.84215435326511
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>> a=0;b=1.4; h=(b-a)/7; x=linspace(a, b, 8);
>> fx=exp(-x."2);
>> format long
>> Lich=h*( (fx(1)+fx(8))/2 + sum(fx(2:7)) )
Lich=

0.84262767770934

V Simpsonovej metode je potrebny parny pocet podintervalov, prikazy st nasledovne:

>> a=0; b=1.4; h=(b-a)/6; x=linspace(a, b, 7), fx=exp(-x."2)
X =
0 0.2333 0.4667 0.7000 0.9333 1.1667 1.4000

fx =

1.0000 0.9470 0.8043 0.6126 0.4185 0.2564 0.1409
>>format long

>> Simp=(h/3)* (Fx(1) + 4*fx(2)+2* Fx(3)+4* fx(4)+2* fx(5)+4* Fx(6) +x (7))

Simp =
0.84392718862057

Ak by sme chceli porovnat presnost’ ziskanych vysledkov, mozeme dany

integral vypocitat' s vopred stanovenou presnostoue¢,

¢o prezentuje ukazka vypoctov

v Exceli (obr. 3.), kde sme ziskali vysledky s presnostou £=5.10"° a &£=5.10".
Nevyhodou kvadratary so stanovenou presnostou je nutnost’ istej analytickej prace pri
urcovani poctu podintervalov 77 zo vztahov pre odhad chyby daného N-C vzorca:

IR M, (b-a)’
LichobeZnikova metéda: n> 2(+a), kde M, = m[a%<]| f"(x) (2)
& xela,
5
Simpsonova metéda: n>4 Mab-a)® , kde M, = max|f W(x)‘ (3)
180¢ xela,b]

Potrebujeme totiz vyhodnotit’ monoténnost’ a ohranicenost’ funkcie ‘ f (i)(x)‘ , avsak aj tu

si mozeme pomdct’ vyuzitim uvedenych programovych prostriedkov.

Microsoft Excel - cv. 90slm11.05hod

] soubor  Opravy  Zobrazik Vo3t Format Maskroje  Data  Okno Mapowdda  Adobe POF
NI~ NP W= TE- W - < [N T N TR [~ T N o ¥ s R
i Arial CE 10 = | B 7 U |= = = |68 2, ooo 50 308 | EE =
D53 -~ k)
o [ B [ [S | D | E | F [ €] [ H
1 a o
2 |b 1,4 Lk =] 2 n== 9 563820715
3 |presnost 1 0,005 Sk 1 h4 12| n== 2910011657
4 |presnost 2 0,00005 Shd 2 4 12| == 9 202264855
5 |LM n= 10 h= 0,14
FENE n= 4 h= 0,35
I EE n= 10 _h= 0,14
[5]
9 | presnost’ 0,005 [presnost’ 0,005 presnost’ 0,00005
10 LKA | EE Sha 2
11 |x ¥ b4 b o ¥
12 u] 1 [n] 1 [n] 1
13 0,14 0980590831 7 0,235 0804705905 0,14 0,9580590531
14 0,258 09245945157 0,7 0E12626394] 0,258 0924594515
15 0,42 05352826037 1,05 0332030045 0,42 0,8352826035
16 0,56 07302112947 1.4 0,140850421) 0,56 0,730811294
17 0.7 0E12626304[integral 0843851035 0.7 0612525394
15 0,54 0493512195 0,54 0,493512195
19 0,95 0,352739759 0,93 0,352739759
20 1,12 0285246945 1.12| 0,285246945
21 1,26 0204415621 1,26| 02044156521
22 1.4 0,140855421 1.4 0,140855421
25 |integral 0 545329591 2] integral 0 5433359094
A

Obr. 3 Numericka integrécia v Exceli s poZzadovanou presnostou
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Po ur¢eni hodnét M, a M, prepiSeme do bunky G2 vztah (2) v tvare
=(E2/(12*B3)*(B2-B1)"3)"(1/2) a do bunieck G3 a G4 vztah (3) v tvare =(((B2-
B1)"5*E3)/(180*B3))(1/4). Ked’ze chceme celociselny pocet podintervalov, pri Simpsonovej
metdde dokonca parny, pri uréovani podintervalov vyuzivame zaokruhlovanie, t.j. napr. pre
uréenie poctu podintervalov v lichobeznikovej metéde zapiSeme do bunky C5 formulu
=ZAOKR.NAHORU(G2;1). V bunkach B23, D17 a F23 su zapisané zloZzené N-C vzorce pre
dantl metddu, ¢im ziskame vysledky s pozadovanou presnostou.

Ak by sme sa vratili k vysledkom aproximacie integralu f(x)=x’e™
ziskanym v Matlabe, mozeme prehléasit, ze pri danom pocte podintervalov dal

obdiznikovy vzorec presnejsiu hodnotu ako lichobeznikovy, aviak nie ako Simpsonov
VZorec.

Zaver

Na zaklade skusenosti s vyuc¢bou numerickej matematiky v pocitacovej ucebni
mdzeme vyjadrit' presvedCenie, Ze kombinovanie klasickych metéd vyucovania s
novymi modernymi metddami vyuZzivajucimi vhodné programové systémy vedie k
zefektivneniu vyucovacieho procesu.
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Abstrakt

Ciel'om prispevku je overenie vhodnosti vyuzitia metédy DoE v oblasti delenia
materidlov vysokorychlostnym hydroabrazivnym pridom, ktord je vyhodnd pre firmy
ktoré pouzivaji ISO 9000, ktord je v novom zneni zamerand na vykonanie ¢innosti
firiem zaloZenych na procesoch a ich zlepSovani. Prave vo vyskume sa ponukaji
planované pokusy ako prostriedok k zlepSovaniu vyskumne;j ¢innosti.

Klicové slova: kvalita, planované experimenty, vysokorychlostny hydroabrazivny prid

Uvod

Technologicky proces prebiehajici pri deleni materidlov vysokorychlostnym
dynamicky a stochasticky proces. Analyticky spdsob identifikécie tohto procesu sa javi
ako neefektivny a malo prakticky [9,10]. Jeho aplikovanim nie je moZné ziskat’ tplny
model procesu, pricom sa zanedbdava vplyv urCitych veli¢in, nie si zname presné
hodnoty niektorych vstupnych faktorov, ktoré sa navySe ¢asom menia a v mnohych
pripadoch riadiaci pracovnik uplatiiuje intuiciu, ktord je mozné nadobudnut’ len pri
mnohondsobnom vykondvani danej ¢innosti, ¢o je z Casového hladiska neefektivne [11,
12]. Matematicko - Statistické metddy umoznuji zostavenie Statistickych modelov aj z
relativne vel’kého poctu vstupnych udajov [13]. Hodnotenie kvality delenia
vysokorychlostnym hydroabrazivnym pridom v suicasnosti nie je uspokojivo
rozpracované, hlavne ¢o sa tyka aplikdcie viacrozmernych Statistickych metdd, kedZe
sucasné analytické rieSenia progresivnych technologickych procesov su postavené na
intuitivnej a empirickej platforme riadiaceho technoléga [2, 3, 5]. Pri deleni materidlov
vysokorychlostnym hydroabrazivnym priadom je potrebné zabezpecit pozadované
kvalitativne charakteristiky obrobenej plochy, ¢o je podmienené znalostou priebehu
funkénych zdvislosti medzi parametrami kvality vyrobku a procesnymi faktormi
vyrobného systému ¢o mda vyrazny vplyv na optimaliziciu, zlepSovanie kvality



prevadzky progresivnych technologickych systémov delenia. Tieto modely redlnych
situdcii naplnené konkrétnymi c¢islami a ich kauzalitu umoZiuji analyzovat a
vyhodnotit’ planované experimenty (Design of Experiments — DoE).

Charakteristika technologického procesu

Technologicky proces delenia hydroabrazivnou eréziou sa uskutoCfiuje na
vyrobnom zariadeni pomocou nastroja — vysokorychlostného hydroabrazivneho pridu,
ktorého vlastnosti nie st degradované v Case prevddzky na rozdiel od klasického
obrdbacieho rezného noza. Pomocou faktorov (obr. 1) sa vytvara obrobend plocha a
tvori ako obalovd plocha trajektérie pracovného pohybu vysokorychlostného
hydroabrazivneho pridu. Ide o zlozity Specificky spdsob obrdbania charakteristicky
tym, Ze sa pouziva mnohoklinovy nastroj, ktorého rezné kliny st tvorené brisnymi
zrnami (abrazivom), ktoré si v kvapaline ndhodne orientované. Vysokorychlostny
hydroabrazivny prud studenym spdsobom vytvara na obrobku reliéf, s dvoma
zretelnymi oblastami pozdiZ steny rezu, ktoré su charakterizované odli§nou textirou
povrchu. Vytvoreny reliéf sa z hl'adiska kvality (posudzovanej pomocou parametra
profilu drsnosti Ra povrchu vo zvislom smere) rozdel'uje na hornd eréznu zénu, ktord
sa vyznacuje niZ$imi ¢iselnymi hodnotami parametra profilu drsnosti Ra a na dolnd
eréznu zonu, ktord sa vyznaCuje vySSimi Ciselnymi hodnotami parametra profilu
drsnosti Ra [4, 6].

Objemové mnozZstvo
,,,,,,,, - odstraneného
materialu Vm [m3s™]

‘Technologické faktory ‘ ‘Faktory vplyvajice na hydrodynamicku kvalitu néstroja‘
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Obr. 1 Grafické znazornenie vzdjomného posobenia faktorov na kvalitu obrobenej
plochy.

Rozsah a velkost tychto zén zavisi od faktorov AWJ [4]. Na kvalitativne
charakteristiky novovytvorenej plochy (obr. 1) a na dber materidlu vplyva mnozstvo
faktorov, prostrednictvom pracovného ndstroja a jeho kvalitativnych charakteristik,
ktoré sa rozdeluji do dvoch skupin (priamych a nepriamych procesnych faktorov)



ovplyviiujicich aj okrem inych parametrov (odchylka kolmosti, aj parameter profilu
drsnosti Ra .

Experimentalna procedira

Pri deleni materidlov nepdsobia faktory AWJ samostatne (obr. 1), ale spolocne
vo vzdjomnej interakcii. Takéto procesy umoziuji analyzovat’ faktorové experimenty,
pri ktorych sa zrealizuju pokusy pre vSetky kombindcie drovni uvazovanych faktorov
[8]. Pre analyzu faktorov, aich vzdjomné zavaznosti ich vplyvu na kvalitu delene;j
plochy sa vyuzil pldnovany experiment, pri ktorom sa vykonali pokusy pre vsetky
kombinécie dvoch turovni uvazovanych faktorov (tab. 1) priCom pri hodnoteni
uvedenych faktorov sa pouZzil kvalitativny parameter profilu drsnosti Ra .

Tab.1 Zakoédovanie faktorov do drovni s priradenymi skuto¢nymi hodnotami.

e Faktory Interval
Oznacenie Nézvoslovie Rozmer -1 +1

1 X, Tvar abraziva Olivin Granit

2 X, Hmotnostny tok gmin” 300 500

3 X3 Rychlost’ posuvu mm.min”' 50 100

4 Xy Zdvih mm 2 4

K Stadiu vplyvu procesnych faktorov na kvalitu obrobenej plochy bol pouzity presny
dvojpolohovaci stdl od firmy Wating, uréeny pre rovinné aplikécie delenia technolégiou
AW]J. Tlak vody bol vytvarany ¢erpadlom Stream Line SL II od firmy Ingersoll Rand.
Ako technologickd hlavica bola pouZitd hlavica firmy Ingersoll Rand AUTOLINE™.
Vsetky vzorky boli vyrobené s konStantnym nastavenim nasledujuicich faktorov: tlak
Cerpadla p=350MPa, MESH 80. Vzorky boli vyrobené z hlinika, ktorého hrubka bola

12mm. Merania parametra profilu strednej aritmetickej drsnosti Ra boli vykonané na
mobilnom pristroji SURFTEST — 301 v hibke Imma 11mm.

Vyhodnotenie faktorového experimentu

Normalita rozloZenia siboru opakovanych merani parametra profilu - strednej
aritmetickej odchylky Ra a rezidui bola testovand pomocou parametrického Shapiro —
Wilksonovho testovacieho kritéria s pouZitim vypoctového systému STATISTICA, ked’
vysledkom bola hodnota W a hodnota p (dosiahnutd hladina pravdepodobnosti, teda
pravdepodobnost’, Ze vyberovad hodnota odhadu testovaného parametra bude aspon taka
vel'kd ako pozorovand, ak Hy v skutoCnosti plati.) Z uvedenej analyzy vyplynulo, Ze
vSetky opakované merania majui normalne Gaussove rozdelenie, ¢o umoZnilo vyuZitie
parametrického Grubssov testu odl'ahlosti merani aich homoskedasticity. Pre
vyhodnotenie skimanych zavislosti boli zvolené linedrne a linearizované 3D zavislosti.
Vypocet regresnych koeficientov bol realizovany v programe Excel, Matlab a Statistika.
Pre jednotlivé typy regresnych zavislosti boli vypracované vypoctové programy,
zaloZené na metdéde najmensSich Stvorcov a maticovych operdcidch. Pre posudenie
Statistickej vyznamnosti regresnych koeficientov bol pouzity Studentov ¢ — test.
Testovacie kritérium ¢ sa pre kazdy z regresnych koeficientov porovnal s tabelovanou
hodnotou kritéria na zvolenej hladine vyznamnosti o. Vyznamnost sledovanych
nezdvislych premennych - faktorov je graficky zndzornend v Paretovych diagramoch



(obr. 2). V hibke 1 mm, kde sa zistoval parameter profilu drsnosti Ra, st dominantné
podl'a Studentovho kritéria vSetky Styri faktory, po poradi: tvar abraziva, hmotnostny
tok abraziva, rychlost’ posuvu a zdvih, vratane vyznamnej interakcie rychlosti posuvu a
hmotnostného toku abraziva.
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Obr. 2. Vplyv faktorov na parametre Ra a Rz v posudzovanych hibkach pre material hlinik pri $irke
b=12mm vyjadreny pomocou Paretovych grafov.

Podla paretovej analyzy faktory tvar abraziva a rychlost’ posuvu maji kladny
efekt, Co znamen4, Ze so zvySujuicou sa rychlostou posuvu a zvysujicou sa Clenitostou
abraziva Ciselné hodnoty drsnosti v meranej hlbke Z=1mm sa budd zvySovat.

Hmotnostny tok, so zdpornym efektom naznacuje, Ze so zniZujicim sa hmotnostnym
tokom abraziva, teda ak zniZime mnoZzstvo abraziva do vysokorychlostného pridu vody,
hodnoty drsnosti obrobenej plochy budi vyssie. V hibke h=11mm sa poradie a
vyznamnost' hodnotenych faktorov zmenilo (Obr. 3). NajvyznamnejSimi faktormi su
podla Paretovho grafu 2 hmotnostny tok, rychlost’ posuvu, pricom zdvih a tvar abraziva
st podl’a Statistického ohodnotenia nevyznamné, teda neovplyviiuju ¢iselné hodnoty Ra
vplyv na parameter profilu drsnosti Ra. Ako vidno vyznamnost faktorov,
hmotnostného toku abraziva a rychlosti posuvu, rastie s pribidajicou hribkou
materidlu. Z paretovho grafu 3 vidno, Ze zlepSenie kvality povrchu mozno dosiahnut’ zo
zvacSujicim sa hmotnostnym tokom abraziva m, a zniZujicou sa rychlostou posuvu v .

Vysoké variabilita drsnosti pri hodnoteni troch faktorov (m,, x, druh abraziva) bola



zistend v hibke 1mm najma pri rychlosti posuvu 100 mm.min~" v spojent s faktorom m,,
¢o je potvrdené aj paretovou analyzou, kde vidno aj pomerne velky vplyv druhu
abraziva na drsnost’ povrchu. Pre porovnanie tej istej situdcie v hibke 11mm tvrdost
abraziva nemd vyznamny vplyv na povrchovi drsnost’ deleného materidlu. Vyznamnost’
hmotnostného toku rastie podl'a grafu v nizsich hibkach so zvysujicou sa rychlostou
posuvu a zvysujiicou sa hibkou. Co sa tyka druhu pouZitého abraziva ako hodnoteného
faktora, za pozornost stoji vyvoj drsnosti v hibke #=11mm pri rychlosti posuvu

v=100mm.min"'. Ako vidno z danej situdcie na obr. 3 vplyv druhu pouZitého abraziva
na kvalitu vytvoreného povrchu je prakticky rovnaky.
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Obr. 3. Vplyv zdvihu, hmotnostného toku abraziva a rychlosti posuvu na parameter profilu drsnosti Ra
v hibke a) A =1mm, b) A =11mm . Grafy vytvorené pri strednej hodnote sledovaného intervalu tvaru
abraziva (olivin — Barton Garnet).

V nasledujicich grafoch (Obr. 3a, 3b) je zndzorneny vplyv kombindcie faktorov (v,
m,, x). O vplyve vzdialenosti Ustia zaostrovacej trubice a povrchu deleného materidlu
sa popisalo v dielach [9], [10], [11], avSak doposial’ nie je zndma kvantifikdcia tohto
faktora s spolu s interakciami s inymi faktormi technolégie AWJ, pri¢om taktieZ nie je
znamy jeho celkovy podiel na celkovej vyznamnosti pri hodnoteni faktorov tejto
technologie a jeho vplyv na kvalitu deleného materidlu. Nasledujice grafy tento vplyv

dokumentuji. Ako vidno tento faktor je vyznamny v iniciatnej zéne pri rychlosti

posuvu v=50mm.min”' a v=100mm.min~' vhibke Imm. Vhibke 11mm je

vyznamnost' tohto faktora vysSia pri rychlosti posuvu v=50mm.min~" avSak &iselné

hodnoty Ra si porovnatelné s ¢iselnymi hodnotami Ra v meranej hibke 1mm. Pri

rychlosti posuvu v=100mm.min"' v hibke 11mm je vplyv tohto faktora nevyznamny &o
dokumentuje graf, kde sa tieto linedrne priebehy takmer prekryvaju.

Zaver

Na volbu optimdlneho typu faktorov, ktoré maji podstatny vplyv na kvalitativne
a vykonnostné hodnoty, mdze v novych aplikdcidch prispiet’ aj faktorovd analyza.
Predmetom c¢lanku bol priklad aplikdcie planovanych experimentov pri hodnoteni
vplyvu faktorov vysokorychlostného hydroabrazivneho pridu na parametre profilu
drsnosti Ra a Rz povrchu hlinika. Plny faktorovy experiment bol pouZity za dcelom
zistenia vplyvu nezdvislych premennych a ich interakcii na zavisli premennd Ra a Rz
v zavislosti od hribky deleného materidlu. Kvalita povrchu je citlivejSia na nastaveni



vSetkych hodnotenych faktorov, najméd od tvaru abraziva. Jednym z vysvetleni mdze
byt, Ze prdve v tzv. iniciacnej zéne dochddza k prvému kontaktu hydrodynamického
nastroja s delenym materidlom, v ktorej si plytSie zdrezy. Preto su tam zretelnejSie
stopy po abrazivnych Casticiach, najmi ich tvaru. V dosledku uZ samotnej degraddcie
vysokorychlostného hydroabrazivneho pridu s narastajicou hribkou materidlu sa
vyznamnost' faktorov zmenila. Dalej je potrebné poukézat’ na to, Ze okrem zloZitosti a
pritomnosti mnoZstva stochastickych vplyvov v technoldgii delenia AWJ pre samotné
hodnotenie povrchov vytvorenych touto technoldgiou nestaci iba charakteristika
parametra profilu drsnosti Ra teda iba len vySkovd charakteristika, pretoZze mozu
existovat’ dva isté povrchy ktoré mo6zu mat’ rovnaké Ra, ale z hl'adiska ich funk¢nosti
su rozdielne [9]. PretoZe okrem vySkovych parametrov, ktoré si normované musime
uvazovat’ aj s parametrami pozdiZnymi (rozstup) — frekvenénymi a aj uhlami sklonov.
Preto podla ndzoru autorov by bolo vhodné uvaZovat o doplneni normovanych
parametrov pre hodnotenie povrchov najmd o parametre pozdiZznych deformécif
(rozstup vySkovych nerovnosti) a priestorové frekvencné charakteristiky a stcasne
taktiez vypracovat’ normované postupy merania tychto parametrov.

Literatira

[1] Martinec, P., Foldyna, J., Sitek, L., S¢ucka, J., Vasek, J.: Abrasives for AWJ cutting.
2002,Academy of Sciences, Czech Republic. p. 80.

[2] Kovacevic, R. Erosion by single particle impact, http://engr.smu.edu/rcam/
research/waterjet/wj2.html.

[3] Brandt, S., Maros, Z., Monno, M.: AWJ parameters selection — a technical and economical
evaluation. Jetting Technology, BHR Group, 2000.

[4] Gombar, M. Tvorba Statistického modelu drsnosti obrobeného povrchu s vyuzitim Matlab.
In Vyrobné inZinierstvo. (s. 14-17) 2006.

[5] Luptdk, M. Study of the measuring and scanning methods in the processes of the cutting
and machining with waterjet. In Proc. Metalurgia Junior 05, Deni doktorandov HF KoSice,
2005.

[6] Monka, P.: Teoretické vzt'ahy najvysSej nerovnosti profilu, Vyrobné inZinierstvo, 2-3 /
2003, II. Ro¢nik, pp. 20-21, FVT TU v KoSiciach, PreSov,ISSN 1335-7972-01.

[71 Monkova, K., Hatala, M. VyuZitie lasera pri povrchovom spracovani zamerané na zmeny
v Struktire povlakovaného materidlu. In: Acta Mechanica Slovaca. ro¢. 10, ¢. 4-a/2006
(2006), s. 178-182. ISSN 1335-2393.

[8] Montgomery, D., C. Design and analysis of experiments. 5th. edition, Hamilton Printing
Company, 2001. ISBN 0-471-31649-0.

[9] Jurisevic, B., Coray, P. S., Heineger, K. C., Junkar, M.: Tool Formation Process in
Abrasive Water Jet Machining. In: Proceedings of the 6th International Conference on
Management of Innovative Technologies MIT 2003 — post-conference edition. Ljubljana:
University of Ljubljana. 2003. s. 73-85.

[10] Jurisevic B., Kuzman K., Junkar, M. Water jetting technology: an alternative in
incremental sheet metal forming. The International Journal of Advanced Manufacturing
Technology. Springer. pp. 18-23. ISSN 1433-3015. 2006.

[11] Ramulu, M., Hashish, M., Kunaporn, S., Posinasetti, P. Abrasive waterjet machining of
aerospace materials. http://www.sampe.org/store/paper. aspx ?pid=2046.

Pod’akovanie

Clanok vznikol za podpory projektu VEGA 1/4157/07 ,Nelinedrne matematické modelovanie a
vibrodiagnostika progresivnych technologickych procesov pri deleni tazkoobrdbatenych materidlov
pomocou DoE a Taguchiho dizajnu®.



Modelling of radiative heat transfer
in building envelopes

Jii{ Vala, Stanislav Stastnik and Radek Steuer
Brno University of Technology, Faculty of Civil Engineering
602 00 Brno, Veveri 95, Czech Republic

vala.j@fce.vutbr.cz, stastnik.s@fce.vutbr.cz, steuer.r@fce.vutbr.cz

Introduction

The improvement of thermal technical properties of insulation layers is a crucial
point of reconstruction of all building objects, with the aim to extend their life-
time. A typical phenomenon of such reconstruction is the presence of algae and the
consequent surface degradation of new insulation systems; this can be explained by
the night condensation of vapour from porous material structures, driven by the
thermal radiation from building envelopes to the clear sky. The similar problems
occur in the design of new buildings, especially in the optimization of the choice of
materials for their envelopes. The standard physical, mathematical and numerical
models of stationary heat transfer (for the validation of insulation properties), as
well as of non-stationary one (for the validation of accumulation properties), are not
sufficient because both the short-wave radiative fluxes, representing the effect of sun
rays directed to the earth surface, and the long-wave one, emitted from the earth
surface to the atmosphere and partially through the atmosphere to the free space,
can influence the heat balance substantially.

The qualitative physical analysis of these processes is seemingly clear; however,
reliable quantitative calculations are typically not available in standard heat prop-
agation algorithms and corresponding software packages. At least three reasons
are evident: i) some analyzed processes have a strong non-deterministic character:
e. g.the angle between the sun ray and the earth surface (at every location and time)
can be calculated exactly (although the resulting formula is not quite simple), tak-
ing into account the motion of the earth reference ellipsoid around the sun, but all
radiative processes are affected by the weather, ii) the available data (in confronta-
tion with those from classical thermal conduction and convection) are unprecise,
uncertain and insufficient, iii) the mathematical model is usually able to analyse
the thermal transfer only in particular layers of a bulding (not in the atmosphere
where the radiative transfer equation should be formulated) and is much more com-
plicated than the standard one — the tricky transfomations of nonlinear radiative
transfer phenomena to some “equivalent” (quasi-)linear convection process cannot

be expected to give good results.
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For the first information let us come out from the re-calculated diagrams of [6].
The observations and measurements verify the assumption that the short- and long-
wave radiation are strictly separated (by the dependence of the irradiance on the
wavelength). The average energy budget, recorded in W/m?, can be expressed in the
following way: i) short-wave radiation — from space to surface: +342 emitted from
space, —67 absorbed by atmosphere (see later), —77 reflected by clouds and gases
in atmosphere, —30 reflected from surface directly, totally: 168 absorbed by surface,
107 returned to space, ii) long-wave radiation — from surface to space: +390 emitted
from surface, —350 absorbed by greenhouse gases and clouds (see later), totally: 40
reaching space, iii) contained in atmosphere: 67 contributed from short-wave part,
350 contributed from long-wave part, 24 added by direct heating (sensible heat),
78, from the total sum 519: 195 radiated to space, 324 counter-radiated to surface.
Then the space balance can be expressed as —342 + 107 + 40 + 195 = 0, similarly
the surface balance is 168 — 390 — 24 — 78 4 324 = 0.

The physical processes, sketched in this table, should be respected in the com-
putational model. The base of this model, taking into account the heat propagation
by conduction and convection with respect to the moisture redistribution, can be
adopted from [8]; this will be presented in the proceeding section. Then we shall
come back to the analysis of radiative processes to demonstrate how the correspond-
ing equations can be coupled with the discussed conduction-dominated model; the
engineering practice requires namely to study the phenomena on and near the in-
terface between the building envelope and the atmosphere.

Heat convection and conduction with moisture

We shall assume that all material characteristics can be described at their macro-
scopic level by some “effective values, in general dependent on some unknowns, but
this dependence can be expressed by certain deterministic functions. Moreover, we
shall suppose that the macroscopic isotropy is valid. Let ¢ be the positive time,
starting from zero (¢t = 0), and let x = (x1, z2, x3) denote the Cartesian coordinate
in some domain ) or in its arbitrary subdomain w belonging to the 3-dimensional
Euclidean space. We shall use the standard notation V = (0/dz1,0/0xs,0/0x3)T
for gradients of functions. Let A(u) be the heat conduction factor and ((u) the
product of the heat capacity and of the material density; u here is the dimension-
less moisture content, related to the unite material volume. The redistribution of
two unknown fields, prescribed for ¢ = 0, will be studied in time — of the temper-
ature T'(z,t) and of the above introduced moisture content u(z,t). Moreover, in
some considerations we shall use the decomposition v = u,, + u; where u, will refer
to vapour and w; to liquid water. The balance of heat fluxes on w can be expressed as

/ (C(u)T /0t — OL(u, w)/dH] dz + /a ¢-vds(z) =0 (1)
where Ow to thewboundary of a subdomain w, supplieg by the surface measure s and

by an outward unit normal v (almost) everywhere, and the classical Fourier law (see

(3], p. 191) evaluates the heat flux ¢ as
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—q = MNu)VT. (2)
Let us remind that the symbol V applied to a vector field means the divergence, the
same applied to a scalar field means the gradient. The only non-standard term in
(1), not included in most basic courses on heat propagation, is the second additive
one on the left-hand side; L(u,w;) here characterizes the amount of heat energy
lost by the phase change, taking into account the latent heat (no presence of ice is
allowed). An arbitrary choice of w allowed; thus, inserting (2) into (1), using the
divergence theorem, we receive

C(w)oT /ot +V - (AM(uw)VT) = dL(u,u;) /0t (3)
which is the differential form of our governing equation for heat conduction. For the
heat transfer between two material layers, following [3], p. 203, we have

—q-v=a(T—T) (4)
where T refers to the temperature from the adjacent layer (or, alternatively, of the
external environment) and « is the heat convection factor. The same can be done
even in case that 7™ refers to the external environment.

The equation (3), supplied by all needed boundary conditions (4), is a partial
differential equation for the evolution of T'. It cannot be solved directly because we
do not know the development of the moisture content v in advance. The proceeding
approach is based on the moisture balancing. Let u* be the maximal admissible
moisture content for the material, whose porosity is P. Let p be the partial pres-
sure of vapour and p* the partial pressure of saturated vapour, depending on the
temperature 7. Evidently 0 < u < u* < P, p < p*(T). Then the diffusive flux can
be evaluated for the vapour and liquid water separately from the formulae

G =1nVp, @ = &(w)Vuy ; (5)
here 7 denotes the diffusive ratio for air (the diffusive transfer coefficient, divided
by the diffusive resistance) and £ (a prescribed function of w;) the factor of capillary
diffusion. The conservation of mass implies

/w (Ou/t) dz + /8 (@t a,)ds(a) = 0. (6)

Following [8], for fixed vectors ¢, and ¢; from (5), we would be able to calculate u;
this forms a good basis for the construction of an iterative numerical procedure. Let
us suppose that some monotone dependence between u and p/p*, nearly independent
of T, called sorption curve; the detailed micromechanical analysis can be found in
[12], p.22. Then the univeral gas equation can be adopted to determine u, from
p; this is the last missing information, needed for the evaluation of v = u, + u;.
Applying the method in discretization in time and working (for simplicity) with
equidistant time steps h, we are able in any discrete time ¢ = jh with an integer
J to evaluate T, taking all values of u and w; from the preceding time step (j —
1)h, in practice from the numerical analysis of the equation (3) with corresponding
boundary conditions, making use of the finite difference technique. Consequently
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we can evaluate u = u, + u;, using the above sketched internal iteration loop. If the
redistribution of u or wu; is rather significant, we are able to repeat the calculation
of T in the same time step with corrected values of v and u; , etc. Let us notice
that for the evaluation of u from the integral equation (6) the discrete mesh from
the finite difference analysis of (3) is always prepared. Let us also remark that our
simplified approach can be generalized in several directions, leading to the HAM
(“heat, air and moisture”) modelling — for more references see [10].

Long- and short-wave radiation

In the last decade numerous authors have published a large variety of ideas, meth-
ods and algorithms how to bridge the gap between the data uncertainties and the
need of reliable (nearly) deterministic simulation of thermal behaviour of buildings,
forced by day and year climatic cycles. In the 1-dimensional modelling the prob-
lem of radiation can be solved as a nonlinear integral equation, making use of the
theory of Green functions. In the 2- or 3-dimensional geometry most authors solve
numerically certain equation of type (7) and apply some version of the “discrete
ordinance method” (DOM - see [2]), based on the discrete representation of di-
rectional dependence of the radiation intensity, needed for numerical integration,
frequently combined with other methods for the numerical analysis of differential
and integral equations, namely with the finite volume method, with various finite
difference schemes or with the discontinuous Galerkin finite element method; the
more extensive overview of such approaches is being prepared by the authors of this
paper. Parallel to these non-trivial techniques simple recommendations and formu-
lae for technical calculations, as [11], occur. Since the long-wave radiation from a
surface is conditioned by the visibility of the free space and, conversely, by the pres-
ence of other surfaces and obstacles in the vicinity of an analyzed building object, it
can be important (by [7]) to find a relatively simple algorithm for the construction
of so-called view factors, taking these phenomenon into account — cf. the differential
formula (8). Other approaches start with the criticism of the quasi-deterministic
evaluation of the scattering in the atmosphere and develop effective (hardware and
software supported) algorithms of Monte Carlo simulations, or implement Gaussian
probability functions into the DOM, or apply the advanced correlation analysis.
Even the formal mathematical existence result for a model deterministic problem,
based on the theory of Sobolev spaces, has been derived in [1].
The basic equation for the long-wave radiation, taking into account an emitting,
absorbing and scattering gray medium, can be written in the form of [2], p. 376, as
v-VIW)=—(k+0)I(v) + kly(v) +0o [ I(0)¥(v,v)ds(?) (7)
where (v) (a function of x by default) is the radiation intensity along a path with a
unit vector v, I, (a function of x, too) is the black-body radiation intensity, ¥(v, v)
is the scattering phase function representing the probability that a ray from the
direction v is scattered to the direction v and x, 0 and k+o are absorption, scattering
and extinction coefficients of the medium, respectively. Since the year 1879 we
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know also the formula for the “emissive power” of blackbody radiation I, = ST
with the Stefan-Boltzmann constant S ~ 5.6697 W/(m?K*), at most modified by
some refractive index. Such formula can be obtained by the integration of the
blackbody radiation intensity over the entire spectrum of wavelengths, using the
spectral distribution by Planck; for all details see and [4], p.323, and [3], p. 116,
where also other important characteristics of are introduced — the surface emissivity
¢ and reflexivity p.

In most application in civil engineering, the crucial point of calculations is not
to solve (7), but to set the radiative heat fluxes at the surface of an enclosure, i. e.to
adopt (4) to handle radiation. Fortunately, we are allowed to join new additive terms
to the right-hand side of (4), especially the incoming and outgoing radiative flux ¢_
and ¢,. In general, we have to evaluate the energy interchange between two or more
surfaces; cf. an illustrative example in [4], p. 322. To support this the evaluation of
qg— and q., it is useful to detect all surfaces, identified by integer indices j and k,
and for any couple of such indices to introduce the view factor Fj; as the fraction
of energy leaving surface k that is incident on surface j; the non-trivial calculation
in [7], p. 5, results

dFj, = cos0; cos b/ (wR3,) dA; A, (8)
where R, means the representative distance between two differential areas dA; and
dAj and 6; and 6, are two angles between the normals to the surfaces in C; and Cj,
and the line joining C}, C; practical calculations need some numerical integration
technique.

Apart from the long-vawe radiation, the analysis in heat transfer in buildings
cannot neglect even the short-wave radiation. Nevertheless, the irradiation of the
earth surface depends strongly on the (non-deterministic) climatic conditions; the
quantitative relationa by various authors have no unified form and give sometimes
quite different results; thus the simplified approach of [11], p. 16 with its step-by-step
evaluation of direct, global, diffuse and reflected solar radiation cannot be rejected.
A more complicated Brasil-SR model, discussed in [5], calculates

¢ =I((T =7)(1=¢c) +7) (9)
where [ is the irradiation at the top of the atmosphere and the radiation flow
reaching the surface ¢, should be inserted from (9) to the extended right-hand side
of (4). In (9) the factor 7, corresponding to a clear sky condition, is a function of
i) the scattering on the surface, ii) the solar zenital angle, iii) the optical thickness
of all atmospheric constituents, the similar factor 7 refers to the complete overcast
condition; moreover, the cloud cover coefficient ¢ is needed.

A practical application

The analysis of insulation and accumulation properties of building materials belongs
to the research directions of the Department of Building Materials and Components
at the Faculty of Civil Engineering of the Brno University in Technology. For the
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modelling of heat conduction and convection processes, conditioned by the moisture
redistribution, the original software code in Pascal was developped; a numerical
simulation for a real wall with and without the influence of radiation is contained
in [9].

Another serious (and not closed) problem, discussed in [9], too, is the reliable
identification of material characteristics for simplified formulae from preceding sec-
tions. The relevant study involves both laboratory experiments and numerical simu-
lations and refers to the analysis of uncertainties in measurements, physical models,
numerical algorithms and calculation schemes.
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Abstrakt

A dependence of an observed variable on one or more predictors can be investigated
both by neural networks and by regression analysis. The results of predictions in parametric
regression models are usually better than the results of predictions in neural networks.
Advantage of the parametric regression is the understanding of the model (type of the
regression function). It is reasonable to compare prediction methods of neural networks and
prediction methods of nonparametric regression because the inputs in the both methods are
the same (unknown models). The comparison of the methods is the aim of the paper.

Key words: neural networks, neurons, predictions, smoothing

1. Neural networks

Neural networks are parallel distributed systems that are competent to place and repeatedly to
use experiences acquired in the process of learning. The experiences are put in the parameters
of the neural network — weight coefficients w;, and threshold coefficients .

Formally, the neural network is an acyclic oriented graph. The neurons are the vertices of the
graph and connections among the neurons are oriented edges of the graph.

A signal in the neural network is distributed in concord of the oriented edges. Input neurons
receive the signal from the external surround. On the other hand, output neurons hand over

the signal to the surround. The third type of neurons are hidden neurons.

Activities of the hidden and output neurons are determined by the formula

* This paper was supported by the grant VEGA 1 /2005 / 05, by the project Kniha.sk, by the APVV 0375-06



X, =o{2wl.jxj —Sij,
j

where x;,x; are the activities of the i-th and j-th neuron, w, is the weight coefficient

(evaluating the edge connecting the j-th neuron with the i-th neuron), 4 is the threshold

coefficient of the i-th neuron and o(x) is a sigmoid realization of the transfer function

Here a, b are constants and A is a coefficient of the increase. It is evident that

lim o(x)=a, limo(x)=5>.
Let us consider a set of objects O = {01,02,...}. Each object is determined by the descriptor
x(o) and the property y(o). The relationship between the descriptor and the property is
usually given by a hypothetical function

y=F(x).

In most cases of interest, an analytical form of this function F' is unknown. The aim is to
predict the property of the objects (elements of the set O). Nonparametric regression (second
part of the contribution) deals with the same problem.

Adaptation process (learning) of neural networks is realized on a training set (regression
table). The training set is a set of order pairs of & vectors x* and y"*), where

reg >
x = (xl(k) L1000 ,...,xj(f)) is a vector of N inputs and y\\) = (yf,’jlg,yg‘)eg ,...,y](;?reg) is a vector of

M requisite outputs.

The partial objective function £* is the sum of squares of differences between the computed

y* and the requisite output yifg of the network

(k) (6 0 P

E (w"9)=2(y1 _yi,reg) °
i=l

The objective function E(w,$) for all pairs of the training set is

E(w,9) =Y EV(w,39).

The adaptation process of the neural network means to find the weighted and threshold
coefficients such that the objective function E(w,$) be minimal



(wopt,g ): argmin E(w,9).

opt
(w,9)

We used own software of the gradient method of the biggest declivity. The weighted and
threshold coefficients are repeatedly computed using the formulas

oF

Wig =W, =& —

ow,

‘9i+1 = ‘9i - a_E
04

2. Nonparametric regression models

Parametric regression models are usually studied in the form
y= f(xl,xz,...,xp,al,az,...,am) = f(x,a,,a,,...,a,),

where y is an observed variable, x = x,,x,,...,x  1s a vector of p- predictors, a,,a,,...,a,, are

p
unknown regression parameters and f is known function. First must be estimated the
unknown regression parameters (a, = esta,) and then we can predict the value (expectation)

of the observed variable y in the point x; (x; = (x,;,X,; ..., X,

v, =f(x,,a,,a,,..,4,).
On the other hand, nonparametric regression model is studied in the form

y = f(xl,x25"'axp) = f(x)a
where y and x = (x,,x,,...,x p) are define as in the parametric regression model, but there are
not any regression parameters and the function f(x) is completely unknown (unknown type,

unknown number of parameters) and we can only assume that it is a smooth continuous
function with first and second derivatives. The observation is

yi=f(x)+e

(i=12,...,n). The aim is to fit the model. The fitting curve f (x) is called smoother and

methods for its finding are called smoothing methods. There are a lot of smoothers. In the
following, we introduce some of them.

o Spline smoothing. The smoother f (x) minimizes the compromise
between the fit and the degree of smoothness of the form

max

Zn:(yi —f(x)) +h I(f"(X))zdx

i=1 .
Xmin



over all twice-differentiable functions f. The parameter 4, #>0 is a smoothing parameter. The
bigger /4, the more smooth is f (x).

o Kernel smoothing. The kernel smoother calculates a weighted
average of the observations in a neighborhood of the target point x;

) =Zn:yl- K(xi ;x]} Z":K(xi ;xjj,

where b is a bandwidth parameter, which determines how large the neighborhood of the target
point is used to calculate the local average. The function K used to calculate the weights is
called a kernel function which has the following properties

K(@)>0, K(-t)=K(), TK(t) di=1, limtK(5)=0.

One of the parametric sets of the kernel functions (7 € (0, ©), m € (0, ), ¢ is a constant, for
n=1& m=11itis a triangle) is

ca-yfyrelrl T(1+n+1/m)

CCOTA+U/mT(+n)

K(t)=

0 elsewhere

If the parameter m = 1, we have more simple one parametric sets of kernel functions with the
constant ¢ = (1+n)/2.

o Mallows’s smoothing. This is a very simple robust smoother
defined by the formula

S(v,i—2) N S(v,i—-1) N S(v,i)

SO ===, 5 2

9

where S(v, j)=med {y, ..., ¥;ss¥;,, b and u=(v—1)/2. In most cases v=35 is used.

3. Comparison

In this part we compare the prediction abilities of neural networks and nonparametric
regression. We used two hundred pairs of artificial data generated by the software S-plus. The
relationship between the elements of the pairs is rather complicated, a combination of rational
and goniometric functions. The understanding of the model y = F'(x), we did not use in

predictions by neural networks and nonparametric regression.
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Picture 1. Fitted values using the neural network (a)) and the nonparametric regression (b)).

The best result we received using the feed-forward neural network with six hidden neurons
(Picture 1, a)). Mean quadratic error S,, =1.298. From the nonparametric regression method

the best result we obtained using the kernel smoother with the bandwidth parameter b = 0.4
(Picture 1, )). Mean quadratic error S, =1.155.
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Abstrakt

We consider asymmetric fuzzy observations in the fuzzy regression model with
asymmetric unknown fuzzy parameters. Then we present one classical and one robust
estimator of the parameters and show that in the case of the observations and unknown
parameters are symmetric fuzzy numbers the proposed estimators are equal to the analogous
estimators in the fuzzy regression models with symmetric fuzzy numbers.
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1. Fuzzy regression models

We consider the fuzzy regression model in the form
Y =4 f,(x)+ 4, /,(x)+...+ 4,1, (x)

where the input variable x (predictor) is a crisp (real) variable, fi(x) (i =1, 2, ..., m) are known
real functions of the wvariable x, Y is an output fuzzy variable (response) and
A=(A4, A,,....A,)" is the vector of unknown fuzzy parameters ([7], [8]). It is easy to see
that if the fuzzy numbers Y, 4; (i =1, 2, ..., m) are crisp (real number is a special case of fuzzy

number), then the fuzzy regression model is equal to the analogous classical regression
model. The uncertainty of an observation Y; in the point x; (i=1,2,...,n) is expressed by

amembership function w, of the fuzzy number Y, We do not have any probability

distribution, any expectation and any variance of the observed value ¥; (i=1, 2, ..., n).

* This paper was supported by the grant VEGA 1 /2005 / 05, by the project Kniha.sk, by the APVV 0375-06



The principle question is how to estimate the vector of unknown fuzzy parameters in the
fuzzy regression model and how to define a quality of the estimator. One eventuality could be
to generalize not only model, but to generalize the estimators defined in the classical
regression model to the estimators in the fuzzy regression model. What does it mean? It
means that, for example, the least squares (LS) estimator of the vector of unknown fuzzy
parameters in the fuzzy regression model will be equal to the least squares estimator in the
classical regression model in the case that the observations and unknown parameters are crisp
numbers as special case of fuzzy numbers with the membership functions

w={
X)= .
# 0 xzY

Because the difference of two fuzzy numbers is a fuzzy number, we will not minimize a sum
of squares or other function of differences Y, —est Y, between observed and estimated fuzzy

values, but distances between them that can be defined as crisp numbers.
2. Estimations in fuzzy regression models with symmetric fuzzy numbers

The membership function of a symmetric triangular fuzzy number 4 = <a, s> is

Jrd
Ha(x) =97
0 otherwise

a—-s<x<a+s.

where a is a center and s is a spread ([4]).
For addition of two symmetric triangular fuzzy numbers A4 :<a, s1>, B :<b, s2> and for

multiplication with the real number &, we can use ([5], [6], [7], [8])
A+B:<a+b, Ww/slw+szw> kA:<ka, d k| S1>

where the parameter w € [1, co]. We have the set of arithmetic, but the most interesting are the
limit situations. For w =1

A+B=(a+b, s,+s,), ka=(ka,

k|s1>
and for w=
A+B=<a+b, max{sl,s2}> , kA=<ka, s1>.

The distance of two symmetric triangular fuzzy numbers A4 :<a, s1>, B :<b, s2>, that is

a generalization of the Euclidean distance of two real numbers, is the Diamond distance ([1])

d*(A4,B) = (a—-b)’ +§(s1 —-5,)°.



Now when we have defined arithmetic and distance of symmetric triangular fuzzy numbers
we can specify the studied fuzzy regression model and define the least squares and the robust
M estimators of unknown fuzzy parameters.

The studied fuzzy regression model is

Y=Af(x)+ A4, f,(x)+..+ 4,1, (x)

where the input variable x (predictor) is a crisp variable, fi{x) (i =1, 2, ..., m) are known real

functions of the variable x, Y is an output fuzzy variable (response), the observation Y;
(i=1,2,...,n) is a symmetric triangular fuzzy number (y; is a center and u; is a spread)

Y, =<yi7ui>

(y,eR,u, eR")and A=(4,,4,,..,4,)" is the vector of unknown symmetric triangular
fuzzy parameters (a, € R, s, € R")
A, = <ai , si> .

To estimate the vector of unknown fuzzy parameters A =(4,, 4,, ..., 4, )" means, to estimate

the vector of all centers a = (a,,4a,,...,a, )" and the vector of all spreads s = (s,,5,,...,5,)" of
the parameters.

e Least squares (LS) estimator of the unknown fuzzy parameters 4 = (4,, 4,, ..., 4,)"
is ([7])
est,; A= est,;(4,,4,,.,4 )" = argmin Z d’ =

aeR™,seR™ =]

= arg minzn:{(yi —a" f)? +§(ui —sT |fi|)2}

aeR" seR™ =]

where f; =( f,(x,)s .o [ (X)) )T, £, ()| )T, s" =(s,,...,s,) and d, is the

Diamond distance

Al=(14G)),

d}=d*(Y,, estY,)

of the fuzzy observation Y, and the fitted value est Y, (i=1, 2, ..., n).

e Robust M estimator of the unknown fuzzy parameters 4= (4,, 4,,..., 4,)" is ([8])

est,, A=est, (4,4,,.,4,)" = arg min Z pd,) =

aeR™,seR"" =1

= arg minzn:p(\/(yi —a' f,)? +§(”i s’ |fi|)2j

acR” seR"" =]



where the function p(d,) is a function ([2], [3], [7]) that more slowly increase to the infinity
that the function d; .

3. Estimations in fuzzy regression models with asymmetric fuzzy numbers

The membership function of an asymmetric triangular fuzzy number 4 = <a, s, z> , where a is

a center, s a left spread and z a right spread is

s—a+x
xela-s,a]
s
z+a—x .
() = xela,a+z]
z
0 otherwise

We can generalize addition of two symmetric triangular fuzzy numbers to the case when the
fuzzy numbers are asymmetric. For addition (w = 1) of two asymmetric triangular fuzzy

numbers 4 = <a, s, ,zl>, B= <b, sz,zz> we have

A+B={(a+b,s +5,,2, +z,)

and similarly for multiplication of the asymmetric triangular fuzzy number A = <a, sl,zl>

with the real number & we have
kA =(ka,

k|s1 ,

z1)

The distance of two asymmetric triangular fuzzy numbers 4 = <a, sl,zl>, B= <b, s2,22> we

can define by the formula

d*(4,B) = %[(a—bf t(a-b+z,-2,) +(a—b-s, +s,)]
because when the fuzzy numbers 4, B are symmetric (s, = z,, 5, = z, ) we have

d*(A,B) = %[(a—b)2 +(a-b+z —22)2 +(a—b-s, +S2)2]=

:%[(a—b)2 +((@=b)~ (s, =5,)) +((@=b) + (s, =5,)) | = (a - b)? +§(Sl _5)

what is the Diamond distance of two symmetric triangular fuzzy numbers.

Now when we have defined arithmetic and distance for asymmetric triangular fuzzy numbers
we can define the least squares estimator and the robust M estimator of the vector of
unknown asymmetric triangular fuzzy parameters in the studied fuzzy regression model.
Recall that the studied fuzzy regression model is

Y=A4f(x)+A4,1,(x)+..+4,f,(x)



where now the input variable x (predictor) is a crisp variable, fi(x) (i =1, 2, ..., m) are known

real functions of the variable x, Y is an output fuzzy variable (response), the observation Y;
(i=1,2,...,n) is an asymmetric triangular fuzzy number (y; is a center, u; is a left spread and

v; 1s a right spread)
Y, = <yi9 uisvi>

(y,€R,u,,v,;eR") and A=(4,4,,.., Am)T is the vector of unknown asymmetric

triangular fuzzy parameters
4, = <ai, Si,Z[>
(a, €R,s,,z, €R").

To estimate the vector of unknown fuzzy parameters 4 =(4,, 4,, ..., 4, )" means, to estimate
the vector of all centers a = (a,,a,,...,a, )", the vector of all left spreads s = (s,,5,,...,5, )"

and the vector of all right spreads z = (z,,z,,...,z, ).

Theorem 1. Least squares (LS) estimator of the unknown fuzzy parameters
A=(4,A4,,...,4,)" in the fuzzy regression model with asymmetric fuzzy numbers is

est,; A= est,;;(4,,4,,..,4,)" = argmin z d? =

acR™ ,seR™ =]

= arg mini%[(yi —aT £+, —a" f =+ ST A+ (= f v, =2 £

aeR" seR™ =]

where £ =( i) £ ) ) s A= (AGO) u o)) s 8T =(510ms,)  and

2l =(z,y0z,).

9 ey

Proof. First of all let us calculate the fitted value est ¥; and then the square d,.2 of the
distance between the observed value Y, = <yi, ui,vi> and the fitted value est Y;. Using the

above introduced arithmetic and distance of asymmetric fuzzy numbers, we have

estY, = A f,(x))+ ...+ A, [, (x)=(ay,s.,2) [,(x) + .. 4(a,.5,,2,) [, (x,) =
=(a,f,(x). s\ 2|+ (a, £, (), 8,0, G 2,0, G) =
=(a,f,(x) + ot a, £, () S| LG+t 5,11, 2 A+t 2, ], (x)]) =
VAR

and while Y, = < Vi ui,vl.> the distance

4} =d* (et V) = [ =" 1)+ 0= f 57|+ O - v, =]



Theorem 2. Robust M estimator of the unknown fuzzy parameters 4 = (4,, 4,,..., 4,)" in

m

the fuzzy regression model with asymmetric fuzzy numbers is

est,, A=est, (4,4,,.,4,)" = argmin z pld,) =

acR™ ,seR™ =]

aeR" seR"" =]

= arg minzn:p{\/%[(yi _an[_)z +(y, —anl_ —u[+sT|ft_|)2 +(y, —ani +v, _ZT|f"|)2]J

where the function p(d,) is a function ([2], [3], [7]) that more slowly increase to the infinity
that the function d; .

Proof. The proof of this theorem is a simple modification of the proof of theorem 1.

Theorem 3. If u, =v, (i=12,...,n) in the fuzzy observation ¥, =(y,,u,,v,) and s, =z,
(i =L2,...,m) in the triangular fuzzy parameter 4, = <ai, si,zi> then the estimators from the

theorem 1 and the theorem 2 are equal to the analogous estimators in fuzzy regression models
with symmetric fuzzy numbers.

Proof. We have already proved that the presented distance of two asymmetric triangular
fuzzy numbers is a generalization of the Diamond distance of two symmetric triangular fuzzy
numbers and therefore we can use

2
di2 = (yz _ani)z +§(ui _ST|fi|)2

in the estimators in the theorem 1 and the theorem 2.

Conclusion. We generalized the classical estimators and the robust estimators in the fuzzy
regression model with symmetric fuzzy numbers ([6], [7], [8]) to the analogous estimators in
the fuzzy regression model with asymmetric fuzzy numbers (Theorem 1, Theorem 2).
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