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LINGUISTIC SUMMARIES IN EVALUATING ELEMENTARY CONDITIONS 
AND THEIR APPLICATION IN SOFTWARE ENVIRONMENT 

Pavol Sojka1

 

Abstract: Data users are generally interested in two types of aggregated information: summarization of the selected attribute(s) 

for all considered entities and retrieval and evaluation of entities by the requirements posed on the relevant attributes. Less 

statistically literate users (e.g., domain experts) and the business intelligence strategic dashboards can benefit from linguistic 

summarization, i.e. a summary like most customers are middle-aged can be understood immediately. Evaluation of the 

mandatory and optional requirements of the structure P1 and most of the other posed predicates should be satisfied beneficial 

for analytical business intelligence dashboards and search engines in general. This work formalizes the integration of the 

aforementioned quantified summaries and quantified evaluation into the concept of database queries to empower their 

flexibility by, e.g., the nested quantified query conditions on hierarchical data structures. Later in our work, we adapted our 

research into practical application. We created a software environment for evaluating data based on a dataset retrieved from 

The Statistical Office of the Slovak republic. These datasets are aimed mainly on landscape characteristics like altitude, area 

sizes of towns and villages, and similar parameters. Based on user's preferences, our system recommends the most suitable 

place for holidays to spend on. 
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Introduction 

Based on our previous research (Sojka et al., 2020), we decided to apply our work to the real world 

scenario described later in this paper. Datasets in databases usually contain a large number of entities 

and their attributes. Formally, a dataset can be expressed as a set of pairs (Skowron et al., 2015): 

Tp=(Up, Ap) (1), 

Where, Up is a universe of entities (records) and Ap is a set of attributes in a table Tp, p=1,…,n. In such 

tables, rows are labeled by entities and columns by attributes. Generally, data users are interested in two 

types of queries, which might be expressed as vertical and horizontal aggregations (Rakovská and 

Hudec, 2019). In the former, statistical functions, such as means, deviations and distributions are used 

to explain the entities’ attributes considering the set of entities U (1), e.g., the average altitude of all 

municipalities is m, whereas the standard deviation is s, where m, s ∈ R. In the latter, users are interested 

in entities that best satisfy the compound predicate, i.e., in finding the best entities considering the 

predicates posed on a subset of attributes A (1), such as altitude BETWEEN (1000, 1200) and pollution 

⩽50 and population density <100 and number of sunny days ⩾120 and percentage of arable land ⩾20. 

In such queries, users have to express requirements by numbers, even though uncertainties about the 

borderline cases might appear (Keefe, 2000). In the third case, nested sub-queries posed against the 1 : N 

relationships (e.g., between the relations district and municipality) may require merging horizontal and 

vertical aggregations, such as select districts, where unemployment rate ⩾30 and percentage of 

respiratory diseases >25 and the average pollution in their respective municipalities is higher than the 

limit value. For the data users, the natural way to express the requirements is by linguistic terms. The 

same holds for interpreting the summaries where, despite the broad use of statistical functions, they are 

suitable for domain experts having a certain level of statistical literacy (Hudec et al., 2018). 

The literature has already recognized the limitations of the classical or two-valued approaches and 

provided solutions for the various situations. The vertical aggregation has been empowered by the so-

called linguistic summaries initially proposed by Yager (Kacprzyk et al., 2002) and emphasized (Boran 

et al., 2016) that summaries should not be as terse as means. Since then, the theory of linguistically 

summarized sentences has been extensively researched by many scholars and applied in a variety of 

fields. A detailed, although not a very recent review, can be found in Boran et al. (2016). Less 

statistically literate users (e.g., domain experts and the general public) can benefit from such a 

summarization (Hudec et al., 2018; Schield, 2011). Through this approach, we are able to provide an 

overall overview of one attribute or relations among several attributes in a dataset, such as about half of 

the municipalities have the population density around the mean value, or the majority of young 
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customers buy items in late evenings. Such summaries might improve the informativeness of business 

intelligence strategic dashboards, for instance. 

A query against the data stored in a database provides a formal description of the entities of interest to 

the user posing this query (Hudec and Vučetić, 2015; Kacprzyk et al., 2000). Limitation of the two-

valued logic in the database query conditions has been mitigated by the fuzzy query approaches like 

(Tamani et al., 2011; Hudec, 2009; Kacprzyk and Zadrożny, 2001; Wang et al., 2007). In this way, the 

most relevant entities with respect to user needs are retrieved together with their matching degrees, i.e. 

the closeness to the full satisfaction. An example of such a query is select customers having a high 

number of orders and low payment delay. Next, a user might be interested in entities that meet the 

majority of requirements. Such a query is of the structure the most of atomic requirements {P1…Pn} 

should be met (Kacprzyk and Zadrożny, 2013). However, this approach is not able to make a distinction 

between the mandatory and optional requirements. Further, linguistic summaries have shown their 

applicability as nested subqueries in the hierarchical data structures, e.g., select regions where most 

municipalities meet the requirement P (Hudec, 2016). More complex nested queries require the 

integration of vertical and horizontal aggregations. The foundation for all the aforementioned 

approaches is the theory of fuzzy sets introduced by Zadeh (Dubois and Prade, 2012), the theory of 

fuzzy logic based on the theories of many-valued logics and fuzzy sets, and the theory of aggregation 

functions summarized in (Dubois and Prade, 2004), (Beliakov et al. 2007). Thus, the methodology of 

our work is based on the key findings in these fields. The research questions in this work are the 

following: the problem of merging the horizontal and vertical aggregation and the formalization of 

mandatory and optional predicates in quantified queries, and a subsequent proposal of a suitable 

integration. By this approach, we can cover the gap in the merging of quantified summarization with 

evaluation. In addition, when a conjunctively expressed query condition consists of a larger number of 

predicates, an empty answer might appear. The proposed aggregation by the fuzzy quantifier most of is 

a semantically different contribution than the existing approaches covering the empty answer problem 

(Bosc et al., 2009, 2008, 2007; Smits et al., 2014), and therefore it augments the established ones.  

Linguistic Summaries in Brief  

This section studies the relevant theoretical aspects of data summaries by short quantified sentences of 

natural language. A basic structure of such sentence has the form Q entities in a dataset: P where Q is a 

linguistic quantifier such as most of, about half and few, and P is an elementary or compound predicate. 

The truth value (or validity) is calculated in the following way (Yager, 1982):  

𝒗(𝑸𝒙(𝑷(𝒙))) = µ𝑸(
𝟏

𝒏
∑ µ𝒑(𝒙𝒊))
𝒏
𝒊=𝟏  (2) 

where n is the number of entities or the scalar cardinality of a dataset (a universe of entities Up (1)), 
1

𝑛
∑ µ𝑝(𝑥𝑖)
𝑛
𝑖=1  is the proportion of entities in a dataset that satisfies predicate P, μP(xi) is the matching 

degree of entity xi to predicate P, and μQ is the membership function of a chosen relative quantifier. The 

truth value v assumes values from the unit interval. 

Formalization of fuzzy relative quantifiers can be carried out by using three methods: sigma-counts 

(Farnadi et al., 2014), Ordered Weighted Averaging (OWA) operator (Yager and Kacprzyk, 2012), and 

Competitive Type Aggregation (Xu and Zhou, 2011). The sigma-count method is adopted for this work 

because it allows the quantifiers and predicates to be modeled in the same way, which simplifies the 

applicability, and therefore is more intuitive for diverse users. Within this method, the quantifier most 

of is formalized by an increasing (usually linear) function. It can be constructed independently by 

equations offered in Kacprzyk and Zadrożny (2013) or as one granule from the family of uniformly 

distributed relative quantifiers constructed on the [0,1] interval (Hudec, 2016). When expressed by 

parameters, the quantifier most of the yields (see, Figure 1):  

µ𝑸(𝒚) =

{
 
 

 
 
𝟏

𝒚−𝒏

𝒏−𝒎

𝟎

𝒚 ≥ 𝒏

𝒎 < 𝒚 < 𝒏

𝒚 ≤ 𝒎

 (3) 

where 0.5⩽m⩽n⩽1. When m=n=1, the quantifier becomes the crisp quantifier all, whereas when, e.g., 

0.8⩽m<n=1, the quantifier expresses the term almost all. 
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Figure 1: Parametrized linguistic quantifier most of, where y is the proportion of entities that meet 

the predicate P 

 
Source: Sojka et al. (2020) 

Evaluation of Atomic Conditions by Quantified Summaries  

This section studies linguistic summaries employed as aggregations of elementary requirements in the 

evaluation of entities. 

Evaluation of Optional Atomic Conditions 

In database queries, the usual way of selecting the relevant entities is realized via the conditions 

expressed by a conjunction (AND operator) and disjunction (OR operator). The former cannot cover the 

aggregation of mandatory and optional requirements because all the requirements are mandatory. If only 

one atomic condition from a larger set is rejected, the overall matching degree is zero (zero is the 

absorbing element in conjunction). The latter is based on the substitutability principle, i.e., one satisfied 

atomic requirement is sufficient.  

Let us recall the standard classification of aggregation functions (Dubois and Prade, 2004). Conjunctive 

aggregation functions are characterized by A(x)⩽min(x), disjunctive by A(x)⩾max(x), averaging by 

min(x)⩽A(x)⩽max(x), and remaining aggregation functions are called mixed, where x is a vector, 

x=(x1,…,xn). Thus, the following problems in conjunctive aggregation might appear. First, mandatory 

and optional requirements, were addressed by the asymmetric AND IF POSSIBLE conjunction 

(Dujmović, 2007; Bosc and Pivert, 2012) and axiomatized in Hudec and Mesiar (2020). Second, the 

aforementioned empty answer problem, i.e., cases when not a single record meets a larger set of atomic 

conditions. Third, all atomic predicates might be optional where the principle the more, the better holds, 

i.e., an entity is preferred over another one if it satisfies more predicates. Thus, to exclude weakly 

performing entities, and on the other side to mitigate the empty answer problem, conjunction is relaxed 

by the quantifier most of, that is, most of the atomic predicates should be satisfied. The query relaxation 

by the fuzzy relative quantifier: the most of atomic conditions should be satisfied is initially suggested 

by Kacprzyk and Zadrożny (2013). It is formalized by the quantified summaries (2), (3) as follows: 

𝑣(𝑥) = µ𝑄(
1

𝑛
∑ µ𝑃𝑖(𝑥))
𝑛
𝑖=1  (4) 

where n is the number of atomic predicates posed on a subset of attributes A (1), 
1

𝑛
∑ µ𝑃𝑖(𝑥)
𝑛
𝑖=1  is the 

proportion of atomic predicates Pi that are satisfied by the entity x being evaluated and μQ is the 

formalization of the quantifier most of. The truth value v assumes values from the unit interval.  

Evaluation of Mandatory and Optional Atomic Conditions 

In many cases, several atomic requirements are mandatory, while the other ones are optional, and 

moreover, if a higher proportion of optional requirements is satisfied, then the entity is more suitable. 

In order to cover this aggregation requirement, we have modified equation (4) in the following way  

𝑣(𝑥) = ⋀ 𝑃𝑖(𝑥)) ⋀  
𝑟
𝑖=1 µ𝑄(

1

𝑠
∑ µ𝑃𝑗(𝑥))
𝑠
𝑗=1  (5) 

where r is the number of mandatory requirements and s is the number of optional requirements (usually 

r<<s), and x is an evaluated entity.  

A suitable method for formalizing AND connective (conjunction) in fuzzy logic is by triangular norms 

(or in short t-norms), because of the desirable properties (monotonicity, associativity, symmetry, and 

the presence of a neutral element) (Hájek, 2013). The four basic t-norms are (Klement et al., 2005): 
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minimum t-norm, product t-norm, Łukasiewicz t-norm and drastic product. The least suitable is drastic 

product due to its very restrictive nature and non-continuity. The product t-norm and Łukasiewicz t-

norm have a downward reinforcement property, whereas the minimum t-norm has the property of 

idempotency (Beliakov et al., 2007). For instance, when using the Łukasiewicz t-norm, the solution is 

greater than zero when both mandatory and quantified parts are significantly satisfied. We have two 

conjunctions in equation (5) – among mandatory and between mandatory and quantified requirements. 

In addition, there exist conjunctive functions which do not meet all the axioms of t-norms, e.g. 

C(a,b)=av⋅bw (Beliakov et al., 2007; Hudec and Vučetić, 2019), where v>1 and w>1 indicate the 

importance of predicates. Observe that for v=w=1 we get the product t-norm and for v<1, w<1 and 

v+w=1 we get the geometric mean. Although the other functions could be examined, this work is 

focused on the minimum t-norm. 

Integrating the model into an application environment 

When creating models, it is often criticized that many models are less tested and thus not usable in 

application practice. Authors often try a model on theoretical and small data samples. We tested our 

model first on a small scale to reveal and remove shortcomings that are easier to reveal in smaller data 

samples. After testing validity data in Microsoft Excel, we switched to implementing the model in the 

program environment. Our environment includes using the Oracle’s MySQL database server, it is also 

possible to use the Open Source version (Open Source - Open source software, often with free spreading 

and distribution) MariaDB, which is developed on the basis of MySQL server, and therefore, these two 

database systems are compatible. As a presentation layer we used Apache Web server from Apache 

Foundation with PHP scripting language. The user enters an address into the internet browser and then 

loads the page content where the users can insert their files containing data in CSV (Comma Separated 

Value) format. Subsequently, our system automatically processes data and creates all the desired 

structures in the database on the fly. The advantage of this approach is that our system can dynamically 

process the variable number of input attributes. Thus, the user need not to manually define table 

structures in the database, namely the number of columns and their names, which is a relevant property 

for users not familiar with databases and tables creation processes and thus our system advantage. The 

system will allow users to work with these data after loading. For the simplicity of the end-user who is 

not expected to have a deeper knowledge of methods of statistical data processing, fuzzy logic, or other 

mathematical models, the interface is easy, intuitive and a minimum interaction is required on each of 

several application’s screens. On the following screen, the user selects which parameters from the 

inserted data he/she is interested in. Then continues to the next part of the application, where he/she 

selects the value of the previously selected parameters with the slider. The system indicates the 

minimum, maximum, and average parameter’s value for the basic orientation in given values. The user 

may or may not change parameters values. When values stay unchanged, the system will use predefined 

ones. 

Figure 2: Fine-tuning of selected attributes 

 

Source: Author 

The system automatically generates so-called dynamic SQL queries whose fine-tuning was relatively 

difficult, because this type of query creation may occur, in special cases, hardly predictable errors. After 

the calculation is started, the user continues to the last screen, where the system shows the resulting 
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values after the calculation is finished. We put into a database data obtained from The Statistical Office 

of the Slovak Republic, which describes the individual municipalities in Slovakia in terms of their 

location according to altitude, area, and proportion of agricultural land area on the municipality's total 

area. After evaluating the data, the result (Figure 3) is returned and shows which individual 

municipalities fall into our preferential selection with what intensity. The municipalities are then linked 

to Google's maps, which is an added value, user after clicking on the name of the municipality, 

immediately sees where it is located. Other features can also be implemented into such interfaces, which, 

for example, shows the basic information about the municipality, the possibilities of spending free time 

around, potential cultural and sports options, and others. Thanks to the web page hyperlinks of other 

systems like Wikipedia, this is already possible and allows you to find some additional information on 

linked websites. 

Figure 3: Two uppermost records retrieved from the database (municipalities) 

 
Source: Author 

Dynamically generated SQL query is as convenient because it is not fixed on column names (attributes, 

predicates) of the database table, so user can use this tool as a universal library to evaluate records and 

in the final step results can be interpreted accordingly as shown on the Figure 3. Excerpt from the code 

Generating SQL command follows: 

$sql.="{$brace[$key]} `{$cols_names[$key]}` >= {$nums[$key]}*{$low[$key]} {$logical[$key]} "; 

In this way, the formation of SQL command passes several steps until the final form is reached to be 

sent to perform a database query. This method of forming an SQL query is quite challenging because a 

detailed accuracy when creating variables, parentheses, operators, and necessary components of such a 

query are needed. The implementation of the mathematically formalized query is realized as a function 

of PHP language called when needed for calculating the intensity degree. 

As we have seen from the example above, this approach can be applied to the mid or lower management 

layer in the company involved in developing and constructing buildings intended for individual houses 

for living or holiday house purposes, and this tool can ease to make decisions to find suitable places 

across the country by defining, e.g., nearby terrain characteristics. 

Conclusion 

In our data society, we face the problems of diverse needs for the aggregation of atomic requirements 

for the evaluation of entities and for explaining summarized information. In order to contribute, we 

raised the research question of merging the quantified evaluation and the quantified summarization, as 

well as aggregating the mandatory and optional quantified predicates in a fuzzy environment, where the 

requirements are expressed via fuzzy sets.  

The answer is that the quantified evaluation (so-called horizontal quantified aggregation) and the data 

summarization (vertical aggregation) are supported by the fuzzy relative quantifiers and therefore can 

be straightforwardly merged to answer complex queries. In this work, the relative quantifiers are 

formalized by sigma-counts, and therefore, the quantifiers and predicates are modeled by the same 

method, which simplifies the applicability and is more intuitive for users.  

For the quantified evaluation, we should consider cases where some of the atomic requirements are 

mandatory. In this case, we should aggregate mandatory and optional quantified requirements by a 

conjunctive function. The conjunction in our paper is realized by the minimum t-norm. Future research 

shall consider other conjunctive functions to cover various conjunctive aspects of the aggregation of 

mandatory and optional quantified requirements. The quantified aggregation of atomic predicates is a 

relaxation of conjunction, which augments the existing approaches to mitigate empty answer problems.  

The suggested approach is demonstrated on examples in order to illustrate the diverse needs of the users. 

Real-world tasks such as flexible recommendations, informing and searching in smart cities, and 

business intelligence dashboards might benefit from the results of this work. 
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