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Vysoce vazeni ¢tenafi!

V tvodnim slovu ke tfetimu Cislu druhého ro¢niku odborného ¢asopisu Vysoké skoly
polytechnické Jihlava se na Vas obracim jako jeho novy $éfredaktor. Po paldruhém
roce ukoncila svou ¢innost prvni redakce casopisu pod vedenim RNDr. Jany
Bortivkové, Ph.D. Odvedla kus dobré a poctivé prace a dokéazala uspésn¢ etablovat
novy odborny ¢asopis mezi ¢eskymi odbornymi periodiky. Za vSechnu praci a usili ji
po pravu nalezi upfimné pode¢kovani a ocenéni.

Byl bych velice rad, kdyby se podatilo nové redakci dobte vyuzit dosazenych vysledkt
a zaroven posunout kvalitu a obsah ¢asopisu na vyssi urovenl. S tim bude spojena fada
ukoll. Jednim z nejbliz§ich bude uspésné dovrSeni Usili o zapsani casopisu LOGOS
POLYTECHNIKOS na centralné vedeny Seznam recenzovanych &asopisii v Ceské
republice. Pokud vse pijde hladce a okolnosti budou ptiznivé naklonény, bude nova
redakce o tento zapis zadat na konci leto$niho roku.

Odborny casopis LOGOS POLYTECHNIKOS vznikl a dosud slouzi ptedevsim jako
velice vhodna platforma pro prezentaci vysledki odborné a tviréi Ccinnosti
akademickych pracovnikii VSPJ. Toto tieti &islo druhého roéniku pfinasi &tenaitim
odborné stati z oblasti aplikované matematiky, pouziti metod ekonomické analyzy
a Z okruhu problému tzv. krizového managementu. V jednotlivych ptispévcich se tak
prezentuji vysledky tvlréi Cinnosti pracovnikt kateder matematiky, ekonomickych
studii a regionalniho rozvoje a vefejné spravy.

Tuto tlohu bude ¢asopis plnit ve stale vétsi mife i v budoucnosti. Kromé toho by se
vSak mél dle mého nazoru postupné stavat i periodikem, které bude v odpovidajici miie
reflektovat celkovy wvnitini Zivot akademické obce (a to jak jeji ucitelské, tak
i studentské ¢Gasti) VSPJ. Takovym zpiisobem by se totiz mohl LOGOS
POLYTECHNIKOS stat velice vhodnym nastrojem k diistojné prezentaci Vysoké
Skoly polytechnické Jihlava pted Sirokou odbornou i laickou vetejnosti. Nebude to ukol
nikterak snadny a bude jisté znamenat i ur¢ité obsahové a formalni promény ¢asopisu.
O to vice préce a Usili bude muset nova redakce pod mym vedenim vynaloZit.

Doufam, Ze i s Vasi pomoci, vazeni Ctenaii, budeme schopni tento cil zrealizovat.

Doc. PhDr. Martin Hemelik, CSc.
$éfredaktor
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Equivalency Principles in Financial
Mathematics

Radek Stolin
College of Polytechnics Jihlava

Abstract

Showing an alternative introduction of the basic concepts of financial mathematics
is the main goal of this paper. Almost all classic courses of financial mathematics start
with the concepts of different types of interest that is regarded as a reward or cost
in return for lending or borrowing money. This enables introduction of other concepts
such as interest rates, accumulated values, discounted values, and so on. This paper
describes another way. It is possible to proceed from the well-known and obvious fact
that the real value of money is changed with time and define an equivalency of two
values of money due at different times. Two sorts of the equivalencies are defined,
the equivalence at simple and compound interest. The former does not have transitivity
property, while the later does. It sometimes leads to inconsistencies at solving financial
problems based on simple interest. An example illustrates the problem in question.
Further an equivalency of two sets of values is introduced each of them is due
at different time. The mathematical expression of the equivalency, the so called
equation of value, enables to solve various problems of financial practice. In fact,
for most of the financial transactions and investments one can set up the corresponding
equation of value and solve it in respect to any requested unknown. The paper shows
several examples of those transactions.

Key words

Time value of money, equivalency at simple interest, equivalency at compound interest,
transitivity, equation of value, focus date, internal rate of return, net premium.

Introduction

A well-known basic idea which has to be taken into account at all financial decisions —
money has its time value. Everybody knows that the real value of one hundred euro
today is different from one hundred euro, for example, a year ago. So each payment
associated with a financial transaction should have its date, the day on which it was
realized or is due, the so called maturity date. In other words, we deal with dated
values. The sum of the nominal values of payments which have different maturity dates
is worthless, has no meaning. We can summarize or compare only such payments that
are due on the same date, which is understandably not fulfilled in practice. However,
financial mathematics can cope with this problem easily using simple formulae that
enable to compute a corresponding (equivalent) value of a payment to any date. It is
obvious that the equivalent value should depend on the time elapsed between the real
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and the requested maturity date, on the original value and finally on the rate
and the way of appreciation of money.

Equivalency at simple interest

Definition 1
Let X, y,i,neR"; te R. We say that a value of money x due at a time t and a value
of money y due at a time t + n are mutually equivalent at simple interest if it holds:

y = X(L+ ni) @)
The quantity i is called the simple interest rate and equation (1) is sometimes called the
basic equation of simple interest.
Definition 1 implies that a value x due at a given time is equivalent to the value
x(1+ i) "due n, time units earlier and to the value x(1+n,i) due n,time units later.

The first value-forming process is referred to as the simple discounting of x and the
second one as the simple accumulation of x. Figure 1 illustrates the described situation.

1
: n, time units n, time units !
1
I A A X
1 time line ,( \,( }, > '
| time t—n, t t+n, !
! 1
1 X
1 value = X = X(1+n,i '
i Y1 1ng Yo ( 2 ) !
_______________________________________________________ 1

Figure 1

Example 1

A debt of a nominal value of €50 000 is due in a half of year. Find
a) its present value;
b) its value nine months from now

at 6% p.a. simple interest.

Solution
Let time be measured in years from present. At the notation by Figure 1 we have
x =50 000, i = 0.06, n, =1, n, =i.
2 12
A = X __ 501000 — 48 543,69,
ALY 1+7006

b) Yy, =x(+n,i)=50 00{1+%0.06) =50 750.
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| 0.5 time unit 0.25 time unit i

: A A !

I time line ,( Y, \I > !

! time 0 0.50.75 '

! value 48 543.69 50 000 50 750 '
Figure 2

On the given terms the amount of €50 000 due in a half of year is equivalent at simple
interest to the amount of €48 543.69 due now and vice versa. The amount of €50 000
due in a half of year and the amount of €50 750 due in three quarters of year are also
mutually equivalent at simple interest.

We are naturally interested in answering the following question. Is there
the equivalency at simple interest between the amount of €48 543.69 and the amount
of €50 750 due by three quarters of year later on the given terms? If so, it should hold
by Definition 1 (see also both figures) that

Y, = Y1[1+(n1 + nz)il
We have

yi[L+(n, +n,)i]=48 543.69{1+(%+%)0.06} =50 7281650 750=Y,.
We can easily prove that the difference A makes
A=ynn,i
in general. Hence it is obvious that an amount y, is not equivalent at simple interest

to y, . Thus the relation “to be equivalent at simple interest” is not transitive, which has
some troublesome consequences.

Equivalency at compound interest

Definition 2
Let X, y,i,neR"; teR. We say that a value of money x due at a time t

and a value of money y due at a time t+ n are mutually equivalent at compound
interest if it holds:

y =x(1+i)". )

The quantity i is called the compound interest rate and equation (2) is sometimes called
the basic equation of compound interest.

Definition 2 implies that a value x due at a given time is equivalent to the value
X(L+i)™due n, time units earlier and to the value x(1+i)™ due n,time units later.
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The first value-forming process is referred to as the compound discounting of x
and the second one as the compound accumulation of x. Figure 3 shows the described
situation.

1
| n, timAe units nztinle units !
1
- . |( \I( —> :
1 time line !
E time t—n, t t+n, !
1 X \N2 :
1 value Yy, = ~ X Y, =X(1+') I
: (1+ I) ! 1
_______________________________________________________ 1

Figure 3
Example 2

We have €100 now. Find out the value of money equivalent at compound interest
to that value

a) a half of year ago;

b) in two years’ time,
if money is compounded at 5% p.a.

Solution
Let time be measured from now in years (in respect to the given interest rate that
is compounded yearly). At the notation by Figure 3 we have x = 100, i=0.05,

1
n = > n, =2.
X 100
a) Yy, = —— = =97.59;
Y@+ (1+0.05)°°

b) vy, =x(+i)” =100(1+0.05)° =110.25.
i 0.5 time unit 2 time units i
1 A N 1
1 time line |{ |Y \1 > '
| time -0.5 0 2 !
1
! value 97.59 100 110.25 i
1 1
g ]

Figure 4

On the given terms the amount of €100 due now is equivalent at compound interest
to the amount of €97.59 due a half year ago and vice versa. The amount of €100 due
now and the amount of €110.25 due in two years are also mutually equivalent
at compound interest.
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Similarly as before the transitivity property of equivalence at compound interest
iswhat we are interested in. There is a chance if on the given terms the value
of €97.59 and of €110.25 due two and a half years later are equivalent at compound
interest. If so, it should hold by Definition 2 that

Yy, = 3/1(1+ i)

n+Nny

We have
y,(L+i)""™ =97.59(1+ 0,05)*"°° =110.25 = y,.

Hence it is obvious the amount Y, is equivalent at compound interest to y,. Thus

the relation “to be equivalent at compound interest” could be transitive. We will try
to prove it generally.

Definition 3 (Transitivity)
A binary relation Rover a set S is called transitive if it holds:

VX Y,2eS; XRy A YRz = xRz. (3)

Theorem 1
Equivalency at compound interest is transitive.

Proof

Let X, ¥, z,Nn,N,, i€ R™. Let i be a compound interest rate per a time unit applied.
Further let x be a value of money due at a time te R,y be a value of money due
atatime t+n, €R and z be a value due of money at a time t+n, +n, € R, see
Figure 5.

1
' n, time units n, time units |
! A A :
! time line .( | — :
I time t t+n t+n, +n, I
[}
1 value X y z !
! 1
Figure 5

By Definition 2 can be assumed that
y=x@+i)" and z=y@+i)".
Hence

z=y@+i)? = x(@+i)" (@+i) = x@+i)*"™.
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Thus a value of money x due at a time t is equivalent at compound interest to a value
of money z due at a time t + n, 4+ n, which have been requested to prove (see (3)).

There are naturally other ways of appreciation of money in financial mathematics.
For example, there is a way called combined interest, which is in fact a combination
of the sooner described compound and simple interest. Another way of appreciation
of money is the so called continuous interest. We could similarly define equivalencies
at combined and continuous interest and prove whether they have transitivity property
or not. But neither of those ways is of such importance in solving the practical financial
problems where more than one payment is involved. Therefore we will further deal
with simple or compound interest only.

Equation of value

We can easily generalize the defined equivalencies between two values of money
for two sets of values of money.

Definition 4
Let X ={X, Xp, o0 X V={V;, V5, ..., v}, k, €N be two sets of dated values

of moneyand i be a given simple (compound) interest rate per a time unit applied. We
say that these sets are mutually equivalent at simple (compound) interest at a time tif it
holds

k
2 =W, (4)

where y;, Vo, .y Yio Wy, W,, ..., W, denotegradually the values of money equivalent

at the simple (compound) interest to the given dated values of money at the time t.
Equation (4) is called the equation of value at simple (compound) interest at the time t
and the time t is called the focal date.

A lot of important problems in financial mathematics, when simple or compound
interest is involved, is possible to solve using the equation of value. In fact, for each
financial transaction some payments are connected with, we can set up a corresponding
equation of value and solve it to a requested unknown.

Using equation of value at simple interest

In problems based on simple interest answers obtained by applying of the equation
of value vary slightly with the location of the focal date as a consequence
of the equivalence at simple interest has not the transitivity property. The agreement
of both parties involved in such transactions on the location of the focal date
is therefore very important.
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Example 3

You borrowed €1 500 seven months ago, €2 000 five months ago and €1 000 three
months ago. Find what single payment made in two months’ time will liquidate all
these debts if money is worth 8% p.a. on the base of simple interest.

Solution

We are supposed to find the size of a single payment of x (this time the only element
of the set X) due at the given time that is equivalent at simple interest at the annual
simple interest rate i=0.08 to the set of payments v, =1500, v, =2 000, v; =1 000

that are due at the given times. If time is measured in years from the first loan was
made and the focal date is at the time of the requested payment (two months from now,

thus tzi), we have nvlzi, Ny, =1, nvgzi, n, =0 and each obligation is
12 12 12 12

accumulated, see Figure 6.

(T TTTTTTTTTm T e e e T
1 1
1 1
1 1
1 1
1 1
1 1
1 1
i valuesof V. 1500 2 000 1000 :
| time line i i ; +—> |
1 1
| time 0 2 4 =2 |
I 12 12 12 I
I value of X X \

Figure 6

Equation of value (4) can by expressed as follows

3
j=1

Hence

x=1 50((1+ i0.08] +2 00C{1+l0.08) +1 00({1+£0.08j =
12 12 12
=1590+2 093.33+1033.33=4 716.67.

The amount of €4 716.67 pays off all three obligations in two months’ time.

Let us calculate once more provided that the focal date is chosen at time t=0
(see Figure 7).
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valuesof V. 1500 2 000 1000

N

1
1
1
1
1
1
1
1
1
time line ; | | —> !
1
time t=0 — 4 9 !
12 12 12 '
value of X X !
|
1
1
1
1
e e e e e e e e e e e e e e e e e e e e e e === ———— 1
Figure 7
The equation of value is in form
X _ysop, 2000, 1000
1+-—0.08 1+—0.08 1+-—-0.08
12 12 12

Hence

0.94x=1500+1973.68+974.03
X =4 T71457.

This time the answer is €4 714.57, which makes by more than €2 less than before.

There is another consequence of non-transitivity of the equivalency at simple interest
that arises in practice for instance at the so called short-term instalment buying. This
is considerably widespread not only in the Czech Republic nowadays and from
the buyer’s point of view it is useful to find the corresponding simple interest rate from
the given cash flows associated with the hire purchase. We can obtain the requested
simple interest rate by solving appropriate equation of value but get different answers
at various focal dates. When comparing different offers it is thus important to choose
the same focal date.

Using equation of value at compound interest

At compound interest the answers obtained by applying of the equation of value are
independent on the location of the focal date as a consequence of Theorem 1. Thus
the focal date may be chosen arbitrarily; the answers are still the same. This fact along
with world widespread applying of compound interest especially on medium-term
and long-term transactions (mostly longer than one year) give much broader
possibilities of applications.
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Example 4

Students of a certain class of a Czech secondary school had agreed that each of them
paid an amount of 10 CZK into a fund that was deposited on a savings account
at the end of each school month (four years from September up to June). They plan
to use the accumulated amount for a party after passing their final exam. The account
pays compound interest at a rate of 4.4% p.a. compounded monthly. How much money
will be available to them if in the first year there were 40 students in the class,
38 students in the second one, 35 students in the third one and 34 students in their final
year and the withdrawal will be made at the end of June their final year?

Solution
Let time be measured from a month before the first payment on the account was
realized in months and the focal date be at time the withdrawal, see Figure 8.

1
wvalue of V v !
itime line H —+—+ —+—— > !
itime 01 10 11 12 13 22 232425 t=46 !
1
IvaluesofX 400...400 O 0 380... 380 0 0 350... ... 340 E
L e, e, e, e, e, e, e, e, e, e, e = = —— 1

Figure 8

The equation of value has the following form

im{ 0044j 53:380( 0044j+

j=36 j=24
21 9

+235({ 0044j 234({ 0044j _
j=12

Hence

v=40({1 0044)3629:( oo44) 38({1 0044) i( 0044)

, o

0.044)°&(, 0.044
+350 1+ 1+———| +340) |1+
({ 12 j Z( 12 j Z(
9
=(456.33+414.89+365.71+340)z 1+ 0044 _1576.942 1+ 0044 .
12 12

i=0
i=0

Using the known formula of the sum of the first n terms of a geometric progression, we
obtain
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10
v=1576.94 =16 032.12.
0.044
1+

12
The students will be able to withdraw 16 032.12 CZK.

Equation of value (4) can be successfully applied to solving various problems
concerning any financial transaction that consists of outlays and incomes. In this case
all outlays associated with the transaction are considered as one set of payments (say
V), and all incomes associated with the transaction are considered as the other set
of payments (X). The corresponding compound interest rate per one time unit is called
the yield of investment or the internal rate of return of the investment. The focal date is
usually located at the time of the first payment associated with the investment, so all
payments (so called cash flows) associated with the investment are discounted.

Example 5

A property owner wants to recondition an old well in his garden in order not to have to
pay for supply of water. He expects the expense for reconditioning will make
12 000 CZK. Further he expects annual operating costs of an amount of 500 CZK due
at the end of each year when the well is in operation increasing every year at rate 5%.
He estimates that he will save yearly 3 000 CZK (a charge for water supply) increasing
every year at rate 5% as well. Is the investment profitable for the owner if he can
deposit his money into a savings account that pays interest rate of 8% p.a. and if he
expects that the well will be in run without any other outlays for ten years?

Solution
Let time be measured in years understandably from the time of the recondition
and the focal date be at the same time. The cash flows are going to be as on Figure 9.

1
| outlay 12 000
| time line p——————————F>
:time t=0 1 2 3 4 5 6 7 8 9 10
:incomes X1 X2 X3 Xy Xs Xg X7 Xg Xg X1
1

Figure 9
where

X; = (3 000-500)1+0.05)"".
We have eventually (rounded to nearest crown)

X, =2500; x,=2625 Xx,=2756; X, =2894; x,=3039;
X =3191, x, =3350; X, =3518; X, =3694; x,=3878.
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The equation of value can be written as

2500 2625 2756 2894
1+IRR  (1+IRRY (1+IRR)® (1+IRR)’
L3039 31901 3350 3518
1+IRR)’ (@+IRR) (@+IRR)" (1+IRR)’
3694 3878
+ +
(1+IRR)®  (1+IRR)"

=12 000.

The requested root IRR = 0.206 3. So the investment is profitable, because it will bear
the annual interest rate of 20.36%, which is obviously more than 8%.

Calculation of insurance premium proceeds from the assumption there is a balance
(an equivalency) between outlays and incomes of an insurer. In other words, we can
obtain the requested premium by solving the corresponding equation of value.
Unfortunately we have to take into account one more feature. The cash flows
associating with the transaction are of stochastic nature. This implies it is necessary
to count with expected values of those cash flows.

Example 6

A man aged 46 would like to settle a five-year pure endowment insurance policy. What
is the relevant net premium he has to pay at the start of each year if he requires to be
paid a benefit of 1 000 000 CZK considering a technical rate of 2.4% p.a.?

Solution
Let time be measured in years from the time the policy is settled and the focal date be
at the same time. The cash flows are going to be as on Figure 10,

1
' outlay 1000 000 ps I
1 . - 1
i time line | | | | | > i
, time t=0 1 2 3 4 5 '
1 A [}
! incomes PoX p1X P2 X PaX PaX !
L e e e e e e e e e e, e, e, e, e, e, e, e, e e, e, e, , e, ————— 1

Figure 10

where

p, =1 p, =0.997, p, =0.993, p,=0.988, p, =0.983, p, =0.979

are the probabilities of the realization of the corresponding payments computed
according to the mortality tables for Czech men 2009 (see [1]). Using equation
of value (4) we have

0.997 0.993 0.988 0.983 A 1000 000-0.979

+ X+ X+ =X+ TX= -
1.024 1.024 1.024 1.024 1.024
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Hence
x =183 437.96.
The net yearly premium makes 183 437.96 CZK.

Conclusions

From the paper it is obvious that there is an alternative way for an introduction of basic
concepts of financial mathematics. This way leads fast and directly to solving a good
deal of financial problems and situations which typically arise in practice. Moreover,
this sort of introduction explains some ambiguous results that are obtained at solving
some financial problems when simple interest is involved. Explanation of that using
the classic means is often very complicated and for students hardly understandable.

The described way of the introduction enables as well very effective preparation
of mathematical fundamentals for studies of insurance mathematics, because
calculation of insurance premiums is one of the crucial problems insurance
mathematics deals with.
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A Few Words about Fuzzy Sets and Fuzzy
Linear Programming

Marie Hojdarova
College of Polytechnics Jihlava - Department of Mathematics

Abstract

The aim of this article is not to present absolutely new things, but to introduce notion
Wfuzzy set and basic operations with these sets to the readers. The article introduces
the definition and properties of the sets and shows their use in linear programming.
Fuzzy logic, which uses the whole interval < 0,1> for the degree of membership
to the set, where the certainty of belonging to the set is only a special case
of the membership degree, gives wider opportunities to precise methods of solving
aproblem given on the base of vague perception with respect to formulation
of the problem. Mathematical processing of this subjective uncertainty opens a wide
application sphere for fuzzy sets and systems. Data coming out of fuzzy systems
are general, with not precisely set boundaries. Examples of such systems are social
and economic systems, diagnostic systems and human perception.

Key words

Fuzzy set, fuzzy set representation, operations with fuzzy sets, fuzzy interval, fuzzy
number, fuzzy linear programming.

Introduction

Motto:
So far the laws of mathematics refer to reality, they are not certain. And so far as they
are certain, they do not refer to reality. (Albert Einstein)

Fuzzy modelling, which is also called fuzzy logic, (though it is something a little bit
different from the conventional Boolean logic), is becoming one of the most successful
device for developing sofisticated control systems, see [1], [2], [3]. The reason is quite
simple. Fuzzy logic processes situations coming out with people’s decisions and is able
to precise solutions from both precise and vague information.

It fills an unnegligible gap in engineering methods, which have processed either only
precise or only stochastic information so far, because it formulates uncertainty
and inaccuracy with a purely mathematical and logical alghoritmic approach.

While the other approaches need precise equations for modelling of the real behaviour,
fuzzy logic operates with formulations that are not amenable to precise definition
or precise measurement. It provides both intuitive methods for describing systems
with vague common words and transforming these specifications into effective models.



16 Marie Hojdarova - Fuzzy mnoZiny

Some examples of fuzzy systems in daily life are fuzzy washing machine, fuzzy
camera and fuzzy microwave oven.

Let us have a ,,fuzzy* washing-machine for example. It is a product which declares
fuzzy logic in its monitoring system. You fill it up, switch it on, and the washing-
machine starts to choose the best regime by itself. There is a system inside which
evaluates the amount of linen and its dirtiness instead of the man and chooses the right
amount of detergent and the time of washing in appropriate regimes.

,Fuzzy“ microwave oven — you switch on one button and it works at the right
temperature for the right time. The built-in system evaluates the filling similarly
to human evaluation and then it chooses an appropriate regime and the right operation
time.

,»Fuzzy“ camera Minolta focuses automatically — the system reacts to the amount
of light and evaluates it in the same way as photographers do — then it sets the time
of light exposure properly.

And there are many other examples, see [7], [8].

Last but not least it is necessary to stress that the uncertainty modelled by fuzzy sets
is different from uncertainty modelled by probability. Probability describes objective
uncertainty obtained on the base of a high number of observations. Fuzzy logic
describes subjective uncertainty without any possibility of repeating events. Fuzzy
attributes deal with the rate of existence of the property.

Conventional logic which works with only two values 0 and 1 is very often
not adequate for describing human perception and decisions. Fuzzy logic uses
the whole interval < 0,1 > to describe this process. Therefore fuzzy set is a set with no
precise boundary — the membership to the set is given by a certain rate which can vary,
see also [3].

The fuzzy set theory was originated by L. A. Zadeh in 1965 and has rapidly grown
since.

Fuzzy sets and their basic properties

Set A — X , where X isa universe, may be described in various ways. One of them is
description by characteristic function, see [1], [2], [3].

: X—){Ol} where (X)_lforXeA
Ha B A% 200 for x g A
The set is unique and there is
A={xeX; u(A) =1} or A={xeX;u(A)>0}.

Sets are represented this way in computers as well.
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We can also introduce a symbol for inversion x," where set of values M
M c{0,1} corresponds with the elements of the domain A.

The characteristic function defined this way can be generalized to a function which
will have more values in the interval < 0,1 > .

Fuzzy set A < X is then described by characteristic function

Uy o X —><01>. This function is called a membership function.

For every elementX e X, values of u, ((X)€<0,1> determine the membership

degrees of the elements in fuzzy set A, (it says to which extent a single element has
the property which determines its membership in the set).

A set, where the range of £(A) consists only of values 0 and 1 is then a special case

of fuzzy sets — a set with the crisp boundary — a normal set, where we can decide about
any element whether it lies in the set or not.. These sets are called crisp fuzzy sets.

All fuzzy sets on X will be denoted F(X).

The range of fuzzy set A is

Range(A) ={a €<0,1>:3xe X; u(A)=a } and
The height ish(A) =supRange (A) .

If the height of A is 1, it means there exists an element in A for which is u(A)=1
(the element belongs to A for 100%), the set is called normal. On the contrary it is
called subnormal.

The support is a crisp set

Supp (A)={x e X; u,(X) >0 },and hence Supp(A)=u," ((0,1>).
The core is a crisp set

core(A)= {x e X; u(A)=1 } .

It is obvious that core (A) with subnormal sets is an empty set.

Every fuzzy set can be described by its membership function.

Let us have for instance the real number ,approximately eight. Its membership
function can be

11-x

1, (X)={ XT_S for x e< 5,8 >, for x e<8,11>, 0 otherwise }
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9 8 11
i f P

Figure 1: The membership function of fuzzy number ,,approximately eight*

Fuzzy sets can be described with the help of cuts.

Let us define o — level of fuzzy set A as

()= {xe X; (¥ 2 af.
then « -cutis

A, =pp (<al>) = {xe X;u, () 2 af (1)

If the inequality in relation (1) is sharp, the cut is also called sharp.

Description of fuzzy sets by cuts is called horizontal representation and description
by a membership function is called vertical representation of a fuzzy set, see [3].

For instance the real number ,,approximately eight is in the horizontal representation
A, ={R for @ =0;<5+3a,11-3a> for o €(0,1>}

For fuzzy sets we define ordinary logic and set operations — it is necessary
to emphasize that the membership degree of the point X € X in the operation result
depends only on membership degrees of operands.

Here are some examples, see [3], [8]:

Equality of fuzzy sets: A=B, if VX e X ; 1, (X) = 5 (X)
Inclusion of fuzzy sets: Ac B, if VXe X; 1, (X) < 15 (X).

It is possible to show that A< B isequivalenttoVa e<0,1>is A, <B, .
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Fuzzy Sets Intersection: ANB < 11, 5 (X) = min{u, (x), 15 (X);x € X}
Fuzzy Sets Union: AUB < g, g (X) = max{z, (X), 5 (X); x € X}

Fuzzy Sets Complement: CA < uc,(X) =1— 1, (X).

Other important notions are fuzzy intervals and fuzzy numbers.

Let us have fuzzy set A —R.

If A, are convex and closed (closed intervals) for Vo €< 0,1>, and further they are
normal (there exists at least one X, € R thatu (X,) = 1), then A is called fuzzy
interval.
If there exists only oneX, € R, for which isz,(X,) =1, then A is called fuzzy
number.

Membership functions of fuzzy numbers can have graphs of different shapes.
The fuzzy set in Figure 1 is a fuzzy number, which is called triangular fuzzy number.

With operations for fuzzy numbers we use so called the principle of fuzzification
which enables to extend

1) algebraic operations to fuzzy sets,
2) real functions of real variables to fuzzy functions with fuzzy variables,
3) crisp notions to fuzzy notions (limit, derivative, integral, etc.) see [3], [5].

The typical example can be adition and multiplication of fuzzy numbers, where we also
obtain fuzzy numbers as a result of the operation. (It is not true with division).

It is defined as follows:

Let us have fuzzy numbersMandN, ae€ <0,1> M = <a,,b, >,

N,= <c,d,> are a—cuts. Then S is defined by its cuts as S, =<a,+

a

c,.,b,+d,> and multiplicationP=M - N is

P,=<a,-C,, b, -d,>.

o

Fuzzy sets in linear programming

Now let us introduce the concept of interval and fuzzy linear programming, where
profit or technological coefficients, resp. coefficients of right sides, are uncertain
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or inaccurate values which we are going to model with the help of intervals or fuzzy
numbers, see [5], [7]. As a model example we will have one-phase LP task, where we
consider two products A a B to be manufactured by two processes P1 and P2. The unit

processing resources for manufacturing a batch of product A we denotea,,,a,,,
and moreover a,z,a,, are the unit processsing resources for manufacturing a batch

of product B. Let b;,b, be total resources for P1, P2 and c,,Cg be profit rates of A
and B respectively. Then we can formulate the given problem as follows:

Maximize z =C,X, +CgX, (objective function of total profit),
subject to

. X, +@,,X, <Db; (constraints — restrictions of resources)
alel +aZB X2 < b2
X; 20,j=12. (conditions of nonnegativity)
For demonstration we will consider such a problem with concrete numbers:
Maximize z =3Xx, +4X,
subjectto X, + X, <11
33X, +X, <21

X; 20, j=12

Let optimal solution be denoted z".
We can easily obtain both grafically and by simplex alghoritm
X, =5 X,=6 a z =30.

As the coefficients in LP problems are often more or less approximate (they depend on
many changeable factors which are usually not included in the formulation
of the problem), we try to make lower and upper estimates of the coefficients and thus
we obtain the coefficients in the form of intervals. If a coefficient is known exactly,
then the interval is a singleton, e.g. [3;3] = 3. Then the modification of the LP problem
is:

2=<2,4>-X +<3,5>-X,
subjectto <1,3>-X, +<1,1>-X,<<9,13>

<3,9>. X, + <1,1>-X, < <20,22>,
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Using the natural arithmetic operations with intervals, e.g.
<2,4>-X,+ <35>-X, = < 2X, +3X,,4X, +5X,>
the problem can be formulated as follows:
Maximize z = < 2X, + 3X,,4X, +5X, >
subjectto <X, +X,,3X; +X, > < <9,13>
<3X, +X,, 9% + X, >< <20,22>, X; 20, j=12.

There is a question how to interpret maximization of the interval and how
to understand inequality relation between two intervals.

The question can be answered from two different perspectives — pessimistic
or optimistic.

Optimistic maximization (o-maximization) of an interval function
2() =<z (x), 2" (%)>,
where for z"(x), z°(X) is z"(x) <z"(x) forall X € R, means

maximizing z° (X) and pessimistic maximization (p-maximization) of an interval

function means maximizing z" (x).

Let<a®,a"> <b",b"> be intervals.

We say that <a",a" > is pessimistically less-or-equal <b",b" >
if forevery t e<a®,a”>and forevery se<b" ,b">: t<s.
We write <a",a”><_ <b",b">.

We say that <a“,a"”> is optimistically less-or-equal <b",b”> if there exists
te<a“,a”>and se<b",b">:t<s.

We write <a“,a"> < <b",b">.

We can obviously derive from above that <a“,a”><_ <b", b"> if and only if
a” <b" and

<a,a> < <b",b">ifandonly if a" <b".

By applying these results we obtain two versions of the LP problem — pessimistic
and optimistic one.



22 Marie Hojdarova - Fuzzy mnoZiny

Pessimistic version:
maximize Z =2X; +3X,

biect t 3X, +X, <9
supject to .
I x4 x, <20 %20, j=12

Optimistic version:
maximize z = 4x, +5X,

biect t X +X, <13
PRI gy X, <22 X, 20, j=12

The results of both versions obtained by simplex algorithm are dramatically different.

The results of pessimistic version: x; , =1.8  x,, =45  z,=174

The results of optimistic version: x,, =45  x,, =85  z,=60.5

An alternative approach is based on introducing fuzzy intervals and fuzzy numbers
and taking expert understanding of the parameters nature into account.

Let us have the same LP problem with fuzzy numbers.

Maximize Z =C,X, +CgX,, (function of total fuzzy profit)

M
>
x
2
+1
ol
N
>
X
N
Ol

l

subject to fuzzy restrictions

)

AL IAT

R
@
X
+1
D)
N
@
X
N
o
N

where X; >0 and

coefficients EA,EB,ﬁjA,bjB,bj are fuzzy sets, j =12

Inequality relation can be defined both in a pessimistic and optimistic way again,
as follows:

Let 0,0 <0,1>.

Fuzzy interval X is pessimistically less-or-equal than fuzzy interval Yy with
membership degree p if

7R (X,Y) :1_inf{ae<0,1>; inf X, <supy, }=,0
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Fuzzy interval X is optimistically less-or-equal than interval y

with membership degree o if

1, (X,y) = supja e<0,1>;supX, < inf§, }=0 .

As the fuzzy intervals are triangular fuzzy numbers, it is obvious that for
a=(a",aa")is

x—a"
1, (X) = -~ forat <x<a, see Fig.1

P
a” —x
n,(x)=——— fora<x<a”
a

For triangular fuzzy numbers X =(x",x,x"), y=(y",y,y"), the formula
of the optimistic and pessimistic inequality can be simplified as follows:

X <,y with membership degree p if

p =max {0, min{l’x—y)jr_yZ—XL } }and

X <, Y with membership degree o if

P L
o =max {0, min{l, it | } ).

X" —yt+y—x

The set of feasible solutions of LP problem is a fuzzy set of nonnegative vectors again.
The aim is to find such a feasible solution which satisfies given constraints in a high
degree. Thus we obtain a concept of

« - feasible solution of the problem (either optimistic or pessimistic).

The following definition will be useful:
Let & €<0,1>. Then « - feasible optimistic solution of fuzzy LP is a vector

X = (X, X,) > 0 satisfying the following inequality:

min {gt, @oa% ¥ 80 %50)), 410 iy ¥ ByeXyiby) f2
and « - feasible pessimistic solution of fuzzy LP is a vector
X = (X, X,) > 0 satisfying the inequality:

min z,, (&nX + §2AX2;b1),,up (8%, IaZBXZ;bz) }Z «
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« - optimal optimistic solution of fuzzy LP is then such a vector from the feasible
optimistic solutions which maximizes optimistic objective function

sup (EA)a X, tsup (EB)a X,

and « - optimal pessimistic solution of fuzzy LP is such a vector from the feasible
pessimistic solutions which maximizes pessimistic objective function

inf(C,), X, +inf(Cg), X,

For triangular fuzzy numbers it is possible to prove that instead of task (2)
the following two tasks can be solved:

maximize [ac, + L—a)ch, [x, +[ac, +(L—a)ch I,
subject to 3
[oa,, + 1-a)al, I +[ea,, +A-a)a), [x, <ab, +(@1-a)b]
[oa,, + (1-a)al, X +[oa,, +(1-a)ak, X, <ab, +(1-a)b]
X, X, 20
where optimal solution of task (3) is « - optimal optimistic solution of task (2)
and maximize [ac, + (1-a)ck [x, +[ac, +1-a)cs [x,
subject to (@)
[ea], +(1-a)a, 1% +[ca), +(L—a)a, 1%, <ab +(@1—-a)b,
[ca), + (1—-a)ag]x +[aay, +(1—a)a,]x, <aby +(1—a)b,
where optimal solution of task (4) is « - optimal pessimistic solution of task (2).
Let us consider our example again.
Maximize Z = (2,3,4)%, + (3,4,5)X,
subject to

L2,3)x, +(11Dx, <, (91113)

(36,9)x, + (LL1)x, <, (20,21,22) X,X, 20 andlet & =0.5
We get according to (3)

Maximize z= 3.5X, +4.5X,

subjectto 1.5x, + X, <12

7.5, +X, <215, x>0, j=12
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and then 0.5 - optimal optimistic solution is
X, =1.6, X, =9.6 and z° =48.8
Similarly by (4)

Maximize z = 2.5x, +3.5X,

i 2.9%, +X, <10 ,
subject to X>0,j=12
7.5% +X, <20.5

and we get 0.5 - optimal pessimistic solution
x, =21 x,=48 and 7 =221

At the end it is necessary to mention the fact that for the dual problem to fuzzy LP
problem we get: « - optimal optimistic solution of the primal problem is equal
to (1- ) - optimal pessimistic solution of the dual problem and similarly « - optimal
pessimistic solution of the primal problem is equal to (1-« ) - optimal optimistic
solution of the dual problem, see [5].

Conclusion

This article introduces fuzzy sets and basic operations with them and then it shows
their use in LP problems. It gives fundamentals of interval LP together with definitions
of optimistic and pessimistic solutions. Further it shows possible generalization
of fuzzy intervals and fuzzy numbers. Everything was illustrated on a simple LP
problem with two variables and two restrictive conditions - constraints. It is necessary
to mention that this approach to fuzzy linear programming is not the only possible.
Some others can be found e.g. in [5].

The major advantage of this approach is the fact that information expressed by a fuzzy
number is more appropriate than information expressed with the help of an interval.
For each degree of satisfaction « , the level of feasible solutions is limited. The whole
process of solving the problem can be performed for various degrees of satisfaction
(i.e. values ) and thus we can get a better survey over possible solutions and their
stability. Based on such a survey it is also possible to find out how to formulate
the original problem in the most suitable way.
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Par slov o fuzzy mnoZinach a fuzzy linearnim programovani

Abstrakt

Cilem tohoto Cclanku nejsou nové vysledky, ale seznameni s pomérné novym
matematickym pojmem ,fuzzy mnozina“ a se zakladnimi operacemi s takovymi
mnozinami. Jsou zde uvedeny zdkladni viastnosti fuzzy mnozin a je naznaceno jejich
uziti v linearnim programovani na jednoduché uloze LP.

Fuzzy logika, ktera pouziva interval < 0,1 > pro stupen prislusnosti prvku mnozZiny
vzhledem k mnozinée, kde jistota, Ze prvek patii nebo nepatii do mnozZiny je pouze
specidalnim pripadem stupné prislusnosti prvku K mnoziné, poskytuje dalsi moznosti
precizovat metody pro reSeni probléemu na zdkladé vice méné nepresnych (fuzzy)
predpokladii. Matematické zpracovani této subjektivni nepresnosti otevird fuzzy
mnozindm Sirokou sféru aplikaci. Data ziskavand zfuzzy systémii jsou obecnd
S nepresnymi hranicemi. Priklady takovych systémii jsou socialni nebo ekonomicke
systemy a lidské vnimani.
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fuzzy cislo, fuzzy linearni programovani
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Reseni hlavolami Einsteinova typu pomoci
optimalizace

Vladislav Chyna
VSE Praha, katedra ekonometrie

Abstrakt

V prispévku jsou prezentovany metody pro veSeni hlavolamii Einsteinova typu (v péti
riznych domech Zije pét lidi riizné narodnosti,....) V méné sloZitych pripadech miizeme

vvvvvv

problém. Uvedeny jsou rovnéz zdrojové kody v SW Lingo.

Klicova slova

Einsteinitv hlavolam, prirazovaci problém, Lingo

Uvod

Pti vysloveni slov operacni vyzkum se vétSiné studenti (at’ jiz stavajicich ¢i minulych)
ziejmé vybavi vyrobni problém ¢i uloha obchodniho cestujiciho (viz napt. [6], [10]),
popiipadé¢ hledani optimalnich portfolii a jejich testovani vzhledem ke zvolenym
kritériim (viz napf. [7], [8]), pokud pracuji v oblasti finanénictvi.

Ukolem naseho miniserialu (prvni dil viz [5]) je vSak piedstaveni optimalizace v ipIné
jiné oblasti — jako nastroje pro feSeni logickych hadanek a hlavolamt. V dne$nim
prispévku se podivame na postupy, které je mozné pouzit pti feSeni hadanek, které se
pravidelné objevuji v lustitelské Casti novin a Casopist a znichZ nejznaméjsi
je ptipisovana Einsteinovi (viz napf. [1], [3]) - v fadé vedle sebe je pét domu
S rozdilnymi barvami, v nichz Zije 5 lidi rozdilné narodnosti a kazdy z obyvatell pije
rozdilny napoj, kouii jiné cigarety a chova odlisné zvife. Einstein udajné tvrdil
(viz napft. [1], [3]), ze tuto hadanku neni schopno vyfesit 98 % lidi. Tézko posoudit,
coje na tom pravdy. Ulohy podobnych typt se totiz objevuji jak v narodnich
srovnavacich zkouskach, které nekteré z vysokych kol pouzivaji misto pfijimaciho
fizeni (viz [9]), tak pfimo v pfijimacich zkouskach na vysoké Skoly (viz [11]).
A protoze se uvadi, Ze na rlznych vysokych Skolach studuje 60 % populaéniho
ro¢niku, situace s ,,logickymi schopnostmi lidi zfejmé nebude tak drasticka®. Navic,
jak je naSim cilem ukazat, pomoci zakladnich optimaliza¢nich ,,triki* zvladne vytesit
tyto ulohy tplné kazdy.

! Autor ¢lanku musi ale bohuzel pfiznat, Ze saim neni Einsteiniiv hlavolam schopen ,,z hlavy*
vyfesit.
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Protoze je feSeni tohoto hlavolamu obecné znamé (napf. v [3] lze dokonce najit
podrobny postup feseni), podivame se na drobné¢ odlisné hadanky, z nichZ jedna bude

vvvvvv

Lehky problém

Jako prvni si ukazeme kratkou hadanku, kterou jisté neni problém vyftesit z hlavy. Ani
pomoci optimalizace to v§ak neda ptili§ mnoho prace.

Zadani:

Sotva se oteviely brany veletrhu, vstoupilo pét manazerd. Napiste v jakém poradi podle
téchto informaci:

1. Pavel mél potadi o dvé vyssi nez Lozek.

2. Olejnik prisel pozdéji nez Myska.

3. Ondfej si zakoupil vstupenku té€sné pred Richardem.
4

Martin navstivil veletrh jiz popaté, jako prvni pfisel Franck, hned za nim
Richard.

5. Paty navstévnik byl Véroslav, tésné pred nim prisel Zika.

Matematicky model:
Ulohu miizeme vyfesit napiiklad nasledujicim postupem:
Nejprve je potfeba ze zadani ziskat vSechna kiestni jména a pfijmeni. Oznacme si

Xis-.., Xgproménné, které reprezentuji kiestni jméno manazera. Podobné Y,...,Y;
budou reprezentovat prijmeni manazera a to napiiklad takto:

Tab. 1: Proménné v hadance ,,Na veletrhu*

X, - Ondfej Y, - Frangk
X, - Richard Y, - Lozek
X5 - Martin Y; - Myska
X, - Pavel Y,- Zika
X; - Véroslav Y, - Olejnik

Jak X, tak Y,, 1=1...,5 pak bude nabyvat riiznych hodnot 1 az 5, které budou

znamenat poradi pfichodu managera dané¢ho kiestniho jména / pfijmeni na veletrh.

1<X;<5/celé Vi=1...5
1<Y,<5/celé Vvi=1...5
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Podminku, Ze se jedna o riizna ¢isla (jde o potradi) miZzeme zapsat v takto jednoduchém
ptipadé napfiklad pomoci absolutni hodnoty — rozdil jakychkoliv dvou Cisel totiz musi
byt asponi 1:

X, =X|=1 Vi j=1..5
Y -Y[21 vi,j=1..5
Nyni jiz zbyva pouze prepsat podminky ze zadani ulohy:
1. Pavel mél pofadi o dvé vyssi nez Lozek. X, =Y, +2
2. Olejnik ptisel pozd&ji nez Myska. Yo =Y, +1
3. Ondfej si zakoupil vstupenku tésné pfed Richardem. X, = X, -1

4. Martin navstivil veletrh jiz popaté, jako prvni pfiSel Franck, hned za nim

Richard. Y, =1, X, =2

5. Paty navstévnik byl Véroslav, tésné pred nim piisel Zika. X, =5,Y, =4.

Reseni:
K vyfeseni tlohy pouZijeme (podobné jako v [5]) optimalizaéni SW Lingo, ktery nam
umozni ptimocary prepis matematického modelu:
Model:
Sets:
Krestnidmeno/Ondrej,Richard,Martin, Pavel,Veroslav/:X;
1 2 3 4 5;
Prijmeni/Franek, Lozek,Myska, Zika,0lejnik/:Y;
1 2 3 4 5;
Endsets
X (4)=Y (2)+2;
Y (5)>=Y(3)+1;
X(1)=X(2)-1;

Y(1)=1;
X(2)=2;
X (5)=5;
Y (4)=4;

!Jdde o poradi 1-5;
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@for (KrestniJdmeno:
X>=1;
X<=5;
@gin (X) ;
)i
@Qfor (Prijmeni:
Y>=1;
Y<=5;
@gin(Y);
)i
!poradi je rtzné;
@for (Krestnidmeno (i) :@for (Krestnidmeno (j) | i#LT#]J:@abs (X (i) -
X(3))>=1));

@Qfor (Prijmeni (i) :@for (Prijmeni (J) |1#LT#J:Qabs (Y (1i)-Y (J))>=1));

end
Béhem nékolika milisekund ziskdme nasledujici feseni:

Tab. 2: ReSeni hadanky ,,Na veletrhu*

Variable Value Variable Value
X( ONDREJ) 1 Y( FRANEK) 1
X( RICHARD) 2 Y( LOZEK) 2
X( MARTIN) 3 Y( MYSKA) 3
X( PAVEL) 4 Y(ZIKA) 4
X(VEROSLAV) 5 Y( OLEJNIK) 5

Manazeti tedy piisli na veletrh v nasledujicim potadi:
1. Ondfej Franck
2. Richard Lozek
3. Martin Myska
4. Pavel Zika
5. Véroslav Olejnik



LOGOS POLYTECHNIKOS ro¢nik 11, ¢islo: 03/2011 31

Slozitéjsi problém

U slozitéjsich problému (tedy asponl pokud chceme vyuzit jako optimalizacni feSitel
SW Lingo) nemizeme bohuzel pouzit formulaci pomoci absolutnich hodnot. Lingo
totiz pfi vétsim poctu proménnych ,,odmita“ fesit tlohy s absolutni hodnotou a to i ptes
to, Ze v napoveéde uvadi pocet nelinearnich proménnych jako neomezeny (blize o tomto
problému viz [4]). Jak si ukaZeme v nasledujicim ptikladu, musime tedy pouzit
ponekud slozitéj§i formulaci pies pfifazovaci problém (zakladni formulaci
ptifazovaciho problému Ize nalézt napt. v [6] nebo v [10]).

Zadani:

Tento problém pochazi z [2] a spada do oblasti v posledni dobé stale oblibengjsiho
geocachingu. Stranky [2] slouzi k zvefejiiovani adres s tzv. cache (nebo také pocesténé
keska), coz je ukryta schranka s ,,pokladem®. Aby jeji nalezeni nebylo tak jednoduché,
autori (tzv. cachefi nebo také keseti ¢i dokonce kaceti) skryvaji soufadnice pomoci
logickych hadanek. Nyni jiz k vlastnimu zadani:

Pro zjisténi soutadnic je tfeba zodpoveédét nize uvedené otazky, tykajici se 6 keSerd.
Kazdy zije a ukryva kese v jednom mésté. Kazdy preferuje jisty typ keSe a pouziva
typicky druh nadoby, lisici se ve velikosti. Kazdy skryl riizné mnozstvi kesi. Parametry
F-K jsou prvni pismena jmen keSerti a hodnotou je pocet nalezenych kesi. Uzitecna
bude mapa obou stati. Ke zodpovézeni otazek pomutize formulat. Jakakoliv podobnost

ey

s zijicimi osobami a skrytymi boxy je pouze nahodna a zcela netimyslna.

Otazky :

1. Filip zZije severnéji nez Hana, kterd zije vychodnéji nez Gabriela. Karl neZije ani

......

2. Johan a Ivo nemaji radi tradi¢ni ani multi, Hana nema rada mystery.

w

Unknown kes je dvakrat tak velka jak ke$ v Chebu. CITO-kontejnery jsou vétsi nez
event-kontejnery.

Osoba, ktera ukryla kes ve Stockerau, neni Zena, ve Znojme to neni muz.
Karl skryl méné kesi nez Ivo, Gabriela skryla vice kesi nez Ivo.

Hana skryla o 5 kesi vice nez je mozno nalézt v Chebu.

N oo o &

Kes$ v Linzu je v€tsi nez mystery-kes, ktera nepouziva nejmensi dostupnou velikost

kontejneru. CITO-Kontejner je vétsi nez kes v Linzu.

8. Zenami nejsou pouzivany ani nejmensi ani nejvétsi nadoby. Hana pouziva nadoby,
které jsou 4x tak velké jako ty co pouziva Karl.

9. Organizator Event-kesi, ktery nenavidi nadobu velikosti pod 1 litr, neZije ani

V nejsevernéjSim ani v nejzapadnéjSim mesté. Mnozstvi Event-keSi neni ani

nejmensi ani nejvetsi.
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10.

11.

12.

13.

14.

15.

Bezprostredné jizné od mésta kde je skryto 7 kesi, je vice jak 1 2 litrova nadoba.
Mesto se 7 kesemi lezi vice k severu nez mésto, kde jsou ukryty 4 litrové kbeliky.

Mnozstvi tradi¢nich je lichy, zatim co mnozstvi mystery je sudy. Mystery jsou
pocetnéjsi nez tradicni.

V jednom ze tfi nejsevernéjsich meést, jsou ukryty piesné 2 kese. Sudy pocet kesi je
ukryt v Stockerau.

Kese v Chebu a Znojmé maji maximalni velikost 0,5 litru, nddoby ve Znojmé jsou
veétsi nez ty v Chebu.

Litrové nadoby jsou pouzivany Zenou, ktera skryla pocet kesi, ktery je délitelny
tiemi.

Multicache jsou cetnéjsi nez CITO-kese. CITO-keSe nejsou nejméné oblibeny typ
kese, ale jsou méné oblibené nez Event-kese.

Autor navic zverejnil nasledujici obrazek jako pomocny formulat pro feseni:

- N O M~ 0o

radicional
Junknown
0,125
0,251
051

1l

21

4|

Jeventcache

Jstockerau
fciTo

JLinz
kcheb
lnum
Jmystery

[Eisenstadt
'.lberec
Znojmo

OO~NDN =

0,1251
0,251
051
11
21
4|
radicional
unknown
multi
mystery
ventcache
ITO

Obr. 1: Pomocny formula¥ pro ¥eSeni hadanky ,,Sest keSera* (viz [2])
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Matematicky model:

Nejprve si ocislujme jednotlivé dil¢i podulohy (Ctverce) nasledujicim zptisobem:

1

2 3 4 5 6

1 2 3 4 5 6

Velikost

Pocet

Eisenstadt

Stockerau
Linz

Cheb

unknown

tradicional

eventcache
CITO

0,125

0,25

0
L
IS N

dlafof~fo]|o

eventcache

CITO

Obr. 2: O¢islovani jednotlivych étvercii

T Filip
2] Ivo

3 Hana

4| Jmeno Johan 1 2 3 4
5 Gabriela

6) Karl

1 1

2 2

3| 6

2 Pocet 7 5 6 7
5 8

6 9

1 0,125

2| 0,25

3 : 0,5

A Velikost T 8 9

5 2

6 4

1] tradicional

2| unknown

3| multi

4 Tvp mystery 10

5

6

Je zfejmé, Ze napiiklad pro prvni Ctverec formulafe musi byt splnéno, ze kazdy keSer
sidli pravé vjednom meésté. Jde tedy o klasicky pfitazovaci problém. Zaved'me si
binarni proménné, které (stejné jako v klasickém pfifazovacim problému) budou rovny
1, pokud je dana dvojce vybrana, jinak budou nulové. ProtoZze toto musime zajistit
pro kazdy z 10 ctvercd, zvolme trojmistné indexovani (prvni index probiha vSechny
¢tverce, druhy index pak fadky v daném ¢tverci a téeti index sloupce v daném Etverci):

Xyijbinarni vk =1...10 Vi=1...6 Vj=1..6

Pomoci nasledujicich podminek zajistime, Zze v kazdém ze ¢tverc bude pravé jedna
jednotka vitadku a pravé jedna jednotka ve sloupci (mame tedy 10 riznych
ptifazovacich probléma):

6
i=1

6

X, ;=1 Vk=1..10 Vj=1..6

> X;=1 vk=1..,10 Vi=1..,6

=1

Nyni jiz ptejdéme k vlastnim podminkam, které plynou z jednotlivych otazek.

Jak je uvedeno v zadani, ,,uzite¢na bude mapa obou stati“ — v ni totiZ nejprve musime
zjistit polohu jednotlivych mést — ¢im bude mésto severnéji, tim vice mu dame bodd,
obdobné ¢im bude mésto zapadnéji.
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Tab. 3: Pozice mést v hadance ,,Sest keSeri

Mésto Poiadi Poiadi
sever - jih zapad - vychod

Eisenstadt 1 1

Liberec 6 4
Stockerau 3 2

Linz 2 5

Cheb 5 6

Znojmo 4 3
Proménnd pro ulozeni dat PoradiSeverJih PoradiZapadVychod

Z otazky cislo 1 ziskavame hned né€kolik dil¢ich poduloh:
Filip zije severn¢ji nez Hana:
6

6
> PoradiSeverJih; X, ;> > PoradiSeverJih, X, ; +1
=1

j=1 i

Hana Zije vychodné&ji nez Gabriela.
6 6

> PoradiZapadVychod ; X, ;+1< ) PoradiZapadVychod ; X, ;
j=1 j=1

Karl nezije ani v nejvychodnéj$im, ani nejzdpadnéjSim meste.

6
Y PoradiZapadVychod ; X, ;>1+1

j=1

6
Y _PoradizapadVychod ; X, , ;<61
=

......

6 6
> PoradiSeverJih; X, , ;,+1< >  PoradiSeverJih; X, , ,
j-1

j=1

Dalsi otazky budeme formulovat obdobné (z nedostatku mista uved'me misto
matematického modelu radéji pfimo okomentovany zdrojovy kod ze SW Lingo).

Mirnym pfekvapenim v8ak mize byt (aspon pro autora ¢lanku bylo), Ze ani po zapsani
vsech 15 podminek neobdrzime spravné feseni. A to rozhodné ne z divodu, ze by
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podminky byly zapsany $patné & dokonce Lingo spogitalo $patné fe$eni’. Musime totiz
navic zajistit podminky tranzitivity. Pokud je napftiklad Filip z Eisenstadtu a pouziva
kes traditional, je logické, ze traditional ke§ se musi nachazet také v Eisenstadtu. To je
ale potieba zajistit podminkami pro kazdou zdvojic® (musime zabranit tomu,
aby proménna nabyla hodnotu 1 na jiném, nez spravném misté). Mizeme toho
dosahnout naptiklad nasledujicim zptisobem:

Xpij+ Xoix —1€ X0, Vi=l...6 Vj=1...6 Vk=1...6

A obdobné pro dalsi dvojice — viz komentovany kod z Linga uvedeny dale.

ReSeni:

K vyfeseni ulohy pouZzijeme opét optimalizacni SW Lingo. Protoze se jedna o pomémné
slozity problém, vyuzijeme rovnéz moznost exportu feSeni do MS Excel — piimo
do jednotlivych bunék formulare:

MODEL:
SETS:

Cache /1..6/: PoradiSeverJih, PoradiZapadVychod, PocetCache,
VelikostCache, PohlaviCachera;
Ctverec/1..10/;

Matice (Ctverec, Cache , Cache): X;
!pomocné proménné pro vystup do excelu;

Vystup (Cache, Cache): Ctverecl, Ctverec?2, Ctverec3, Ctverecid,
Ctverec5, Ctverec6, Ctverec7, Ctverec8, Ctverec9, CtvereclO;
ENDSETS

! Data,
DATA:

PoradiSeverJih =1, 6, 3, 2, 5, 4; !serazeni méest
od severu k jihu;

PoradiZapadVychod =1, 4, 2, 5, 6, 3;!serazeni méest
od zdpadu k vychodu;,

PocetCache =1, 2, 6, 7, 8, 9;

0.

VelikostCache = 125, 0.25, 0.5, 1, 2, 4;
PohlaviCachera = 1,1,2,1,2,1; !1 = muz, 2 = Zena;
@QOLE ('HlavolamCache.x1ls') = Ctverecl, Ctverec2, Ctverec3,

Ctverecd4, Ctverec5, Ctverec6, Ctverec7, Ctverec8, Ctverec?H9,
CtvereclQ; !vystup do excelu;,
ENDDATA

!pomocné proménné pro vystup do excelu;,
@QFOR( Cache (I):

2| kdyz osobn& musim pfiznat, Ze jsem touto kontrolou stravil mnohem vice ¢asu nez vlastnim
feSenim.

® Diky tranzitivnosti jednotlivych podminek nemusime mozna uvadét uplné vSechny,
ale rozhodné je to jednodussi, nez zkoumat, které jsou duplicitni.
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@FOR( Cache (J) :
Ctverecl (4
Ctverec2 (4
Ctverec3 (i
Ctverecd (1

Ctverech (i

(1
(4
(4
(1

~
~
~e

~
~
~e

~
~
~e

~
~
. N

Ctvereco6
Ctverec’/
Ctverec8
Ctverec9

~e

~
~
~e

~
~
~e

Il
XXX X X X XX

A AN AN
NN
<

~
. ~e
~

~

~

—~ O O JOo Ul WK
~

=~
~
el S P G P A S A A S Sl P W

S N e e e

~

)7

J———— prirazovaci problém pro kazdy ctverec zvlast------ ;
!pro kazdy radek I suma sloupce = 1;
QFOR( Ctverec (K) :
QFOR( Cache (I):
@SUM( Cache(J): X( K, I, J)) = 1;
) ;
)
!pro kazdy sloupc J suma radku = 1;
@FOR( Ctverec( K):
QFOR( Cache (J) :
@SUM( Cache(I): X( K, I, J)) = 1;
) ;
)

!bindrni proménné;
QFOR (Matice:

@BIN (X) ;
)

!podminky tranzitivnosti na jednotlivé Ctverce;
!iméno - mésto + jméno - typ --> typ - mésto;,
I¢tverecl + Ctverec?2 --> Ctverecl0;
QFOR (Cache (I) :
QFOR (Cache (J) :
QFOR (Cache (K) :
X(1,I,J)+X(2,I,K)-1<=X(10,k,73);
)
)
)

!podminky na jednotlivé cCtverce;,
!iméno - mésto + jméno - velikost --> velikost - mésto;
I¢tverecl + Ctverec3 --> Ctverec8;
@FOR (Cache (I) :
@FOR (Cache (J) :
QFOR (Cache (K) :
X(1,I,J)+X(3,I,K)-1<=X(8,k,73);
)7
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) ;
)7

!jméno - mésto + jméno - pocet —--> pocet - mésto;,
Iétverecl + Ctverecd --> Ctverech;,
@FOR (Cache (I) :
@FOR (Cache (J) :
@FOR (Cache (K) :
X(1,I,J)+X(4,I,K)-1<=X(5,k,73);
)
)
);

Ipocet - mésto + pocet - typ —--> mésto - typ;,
I'¢tverech + Ctverecéb --> CtvereclO;
QFOR (Cache (1) :
QFOR (Cache (J) :
@FOR (Cache (K) :
X(5,I,J)+X(6,I,K)-1<=X(10,%k,73);
)
)
);

Ipocet - mésto + pocet - velikost —--> mésto - velikost;
Ictverech + Ctverec? --> Ctverec8;,
QFOR (Cache (I) :
QFOR (Cache (J) :
@FOR (Cache (K) :
X(5,I,J)+X(7,I,K)-1<=X(8,k,73);
)
)
) ;

lvelikost - mésto + velikost - typ —--> mésto - typ;
I¢ctverec8 + Ctverec9 --> Ctverecl0;
QFOR (Cache (I) :
QFOR (Cache (J) :
QFOR (Cache (K) :
X(8,I,J)+X(9,I,K)-1<=X(10,%k,73);

!1. Filip Zije severnéji nez Hana, ktera Zije vychodnéji nez
Gabriela.

Karl nezije ani v nejvychodnéjsim, ani nejzdpadnéjsim méstée. Ivo
Zije jiznéji neZ Johan.;

@SUM (Cache (J) : PoradiSeverJih(j)*X(1,1,7))>=Q@SUM(Cache (J) :
PoradiSeverJih (j) *X(1,3,3J))+1l; !netreba kontrolovat rovnost (tj.
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nemusime dat +1) - mésta musi byt riznd - zajisténo jinou
podminkou;,

@SUM (Cache (J) : PoradiZapadVychod (j)*X(1,3,7))+1<=@SUM (Cache (J) :
PoradiZapadVychod (j) *X(1,5,3))

@SUM (Cache (J) :
PoradiZapadVychod (j) *X(1,6,73))>=1+1; Inejvychodnéjsi mésto = 1;
@SUM (Cache (J) : PoradiZapadVychod (j) *X(1,6,7))<=6-

1; 'nejzdpadnéjsi mésto = 6,

@SUM (Cache (J) : PoradiSeverJih(j)*X(1,2,7))+1<=Q@SUM(Cache (J) :
PoradiSeverJih (j)*X(1,4,73)); !Johan zZije severneji;,

2. Johan a Ivo nemaji rdadi tradic¢ni ani multi, Hana nemd rdada

!3. Unknown kes je dvakrdt tak velka jak cache v Chebu.
CITO-kontejnery jsou vétsi neZ event-kontejnery.;

@SUM (Cache (I) :VelikostCache (I)*X(9,I,2))=2*Q@SUM(Cache (I) :Velikos
tCache (I)*X(8,I,5));

@SUM (Cache (I) :VelikostCache (I)*X(9,I,6))>=@SUM(Cache (I):Velikost
Cache (I)*X(9,I,5))+0.1;

4. Osoba, ktera ukryla kesS ve Stockerau neni Zena, ve Znojmé to
neni muz.;

@SUM (Cache (I) :PohlaviCachera (I)*X(1,I,3))=1;

@SUM (Cache (I) :PohlaviCachera(I)*X(1,I,6))=2;

!5. Karl skryl méné kesSi nez Ivo, Gabriela skryla vice kesi nezZ
Ivo.

@SUM (Cache (J) : PocetCache (J) *X (4,6, J) ) +1<=
@SUM (Cache (J) : PocetCache (J) *X(4,2,3J)) ;
@SUM (Cache (J) : PocetCache (J) *X (4,5, J) ) >=
@SUM (Cache (J) : PocetCache (J) *X(4,2,J) ) +1;

!'6. Hana skryla o 5 kesi vice neZ je mozZzno nalézt v Chebu.;,
@SUM (Cache (J) : PocetCache (J) *X (4,3, J) )=
@SUM (Cache (I) :PocetCache (I)*X(5,I,5))+5;

7. Kes v Linzu je vétsi neZ mystery-kes,

kterd nepouzivd nejmensi dostupnou velikost kontejneru.
CITO-kontejner je vétsi nez kesS v Linzu.;

@SUM (Cache (I) :VelikostCache (I)*X(8,1I,4))>=

@SUM (Cache (I) :VelikostCache (I)*X(9,I,4))+0.1;

@SUM (Cache (I) :VelikostCache (I)*X(9,1,4))>=0.25; !dame, Ze musi
byt asporni druhd nejmensi, ekvivalentné mozZno zapsat natvrdo
podminku X (?,?2,?2)=0;

@SUM (Cache (I) :VelikostCache (I)*X(9,I,6))>=

@SUM (Cache (I) :VelikostCache (I)*X(8,I,4))+0.1;
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!8. Zenami nejsou pouZivdny ani nejmen$i ani nejvéts$i nddoby.
Hana pouzivd nadoby, které jsou 4x tak velké jako ty co pouziva
Karl.;
@FOR (Cache (I) |1#EQ#3 #OR# 1i#EQ#5:
@SUM (Cache (J) :VelikostCache (J) *X (3, I,
@SUM (Cache (J) :VelikostCache (J) *X (3, I,

))

>=0.25;
))<=2;

J
J
) ;

@SUM (Cache (J) :VelikostCache (J) *X (3, 3,J) )=4*Q@SUM (Cache (J) :Velikos
tCache (J) *X(3,6,J));

!9. Organizdator Event-kesi, ktery nendvidi nadobu velikosti pod
1 1litr, neZije ani v nejsevernéjsim ani v nejzdpadnéjsim mésté.
MnozZstvi Event-kesi neni ani nejmensi ani nejvéetsi.;,

@SUM (Cache (I) :VelikostCache (I)*X(9,I,5))>=1;

@SUM (Cache (J) : PoradiSeverJdih (J) *X (10,5, J))<=5;
@SUM (Cache (J) : PoradiZapadVychod (J) *X (10,5, J) ) <=5;
@SUM (Cache (I) : PocetCache (I)*X(6,I,5))>=2;

@SUM (Cache (I) : PocetCache (I)*X(6,I,5))<=8;

!10. Bezprostredné jizné od mésta, kde je skryto 7 kesi, je vice
jak 1 2-1litrova nadoba.

Mésto se 7 kesemi lezZi vice k severu nezZ mésto, kde jsou ukryty
4-1litrové kbeliky.;

@SUM (Cache (J) :PoradiSeverJih (J) *X (5,4, J)) -

1=@SUM (Cache (J) : PoradiSeverJih (J) *X(8,5,J)); !jizne od mésta je
dvoulitrovd nddoba;

X(7,1,5)=0; !zakdzZeme pro pocet dvoulitrovych 1;

@SUM (Cache (J) :PoradiSeverJih (J) *X (5,4,J) ) >=@SUM (Cache (J) : Poradis
everJih (J) *X(8,6,J))+1;

!11. MnozZstvi tradicénich je lichy, zatim co mnozZstvi mystery je
sudy.
Mystery jsou pocdetnéjsi nez tradicni.;

X(6,2,1)=0; 'nejjednodussi je zakdzat suda cisla;
; !'nejjednodussi je zakdzat lichd cisla;

I) :PocetCache(I)*X(6,I,4))>=@SUM(Cache (I) :PocetCache (
)+1;

!'12. V jednom ze tri nejsevernéjsich mést jsou ukryty presné

2 kese.

Sudy pocet kesi je ukryt v Stockerau.,

@SUM (Cache (J) : PoradiSeverJih (J) *X (5,2, J) ) >=4;

X(5,1,3)=0;! nejjednodussi je zakdazat lichy pocet;,

X(5,4,3)=0;

X(5,6,3)=0;
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!13. KeSe v Chebu a Znojmé maji maximalni velikost 0,5-1itru,
nddoby ve Znojmé jsou vétsi nez ty v Chebu.,

@SUM (Cache (I) :VelikostCache (I)*X(8,1I,5))<=0.5;

@SUM (Cache (I) :VelikostCache (I)*X(8,1I,6))<=0.5;

@SUM (Cache (I) :VelikostCache (I)*X(8,1I,6))>=@SUM(Cache (I):Velikost
Cache (I)*X(8,1I,5))+0.1; /minimalni zména je 0.125 - ddme vetsi

o 0.1,

!14. Litrové nadoby jsou pouzivany Zenou,

ktera skryla pocet kesi, ktery je délitelny tremi.;

@SUM (Cache (I) :PohlaviCachera(I)*X(3,I,4))=2; !ekvivalentné mozZno
natvrdo zakdzat muze X(?,?,?)=0;

X(7,1,4)=0; !dame podminku na cCtverec velikost-pocet -> pro 1
litrové nadoby zakdzeme pocet nedélitelny tremi;

X(7,2,4)=0;

X(7,4,4)=0;

X(7,5,4)=0;
!'15. Multicache jsou cetnéjsi nez CITO-kesSe.

CITO-kesSe nejsou nejméné oblibeny typ keSe, ale jsou méné
oblibené neZ Event-kese.

@SUM (Cache (I) :PocetCache (I)*X(6,1I,3))>=

@SUM (Cache (I) : PocetCache (I)*X(6,I,6))+1;

@SUM (Cache (I) : PocetCache (I)*X(6,1I,6))>=2

@SUM(Cache(I) PocetCache(I)*X(6,I,6))+1< @SUM (Cache (I) :PocetCach
e(I)*X(6,I,5));

END

Opét po velmi kratké dobé (i pfes znatné mnozstvi bivalentnich proménnych
a podminek) ziskame feseni:

1 2 3 4 5 6 2 4 5 6] 1 2 3 4 5 6/ 1 2 3 4 5 6
Mesto Typ Velikost Pocet
= 5 = Q
HHHRBREHEBEERE:
clolx|s|lc|T|lolcs|3|a|lL|lE]l <~ t|a|nfo|~|o|o
TEHEEEHHEEEHEE
[m) ) == ?
1] Filip 0] o] of o] 1] of 0] O 0 0] 1] o] of 0] 0
2 Ivo 1| of o] o] o] o] 0] O 0 0] o] 1] of 0] O
3 Imeno Hana Of 0] 0f of of 11 0] 1 0 0] o] of 1f 0] 0O
4 Johan O o] 1] of O] of 0] O 1 0] o] of of 1] 0
5 Gabriela Of 0] 0] 1] o] of 0] O 0 0] o] of of 0] 1
6 Karl 0f 1] 0] of o] Oof 1] O 0 1] of 0] 0] Of O
1 1 Ol 1] o] o] o] o 0|
2 2 of of o] 0] 1] 0 0]
3 Pocet 6 1] Oof 0] o] 0] O 1
4 7 of of o] 0] 0] 1 0]
5 8 o[ o] 1] o] o] 0 0|
6 9 0f 0] 0f 1] o] 0 0|
1 \
2
3 "
A Velikost
5
6
1 tradicional 0] 1] o] of of 0
2 unknown 0] 0] o] of of 1
3 Typ multi of 0] of 1] of 0
4 mystery of 0] o of 1 0
5 eventcache 0] 0] 1] of of 0
6 CITO 1] 0f 0] Of O] O
<
Obr. 2: Hadanka ,,Sest keSeri* — export feSeni do MS Excel
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Jesté zkontrolujeme, zda tiloha nema4 vice feSeni — nejjednoduseji tak, ze ziskané feseni
zakazeme — kazdé jiné feSeni totiz musi mit aspon jednu z uvedenych bivalentnich
proménnych jinou (tj. nulovou).

!Zakdzani reseni;

X(1, 1, 5+X( 1, 2, 1)+X( 1, 3, 6)+X( 1, 4, 3)+X( 1, 5, 4)+
X(1, 6, 2)+

X( 2, 1, 4)+X( 2, 2, 6)+X( 2, 3, 2)+X( 2, 4, 5)+X( 2, 5, 3)+
X( 2, 6, 1)+

X( 3, 1, 2)+X( 3, 2, 6)+X( 3, 3, 3)+X( 3, 4, 5)+X( 3, 5, 4)+
X( 3, 6, 1)+

X( 4, 1, 2)+X( 4, 2, 3)+X( 4, 3, 4)+X( 4, 4, 5 +X( 4, 5, o)+
X( 4, o0, 1)+

X(5, 1, 2)+X( 5, 2, 5 +X( 5, 3, 1)+X( 5, 4, 6)+X( 5, 5, 3)+
X( 5, 6, 4)+

X( 6, 1, 1L)+X( 6, 2, 4)+X( 6, 3, 6)+X( 6, 4, 2)+X( 6, 5, 5)+
X( 6, 6, 3)+

X7, 1, L)Y+X( 7, 2, 2)+X( 7, 3, 6)+X( 7, 4, 3)+X( 7, 5, 5)+
X( 7, 6, 4)+

X(8, 1, 2)+X( 8, 2, 5)+X( 8, 3, 6)+X( 8, 4, 4)+X( 8, 5, 3)+
X( 8, 6, 1)+

X( 9, 1, 1)+X( 9, 2, 4)+X( 9, 3, 2)+X( 9, 4, 3)+X( 9, 5, 5)+
X( 9, o6, 06)+

X( 10, 1, 2)+xX( 10, 2, 6)+X( 10, 3, 4)+X( 10, 4, 5)+X( 10, 5,
3)+X( 10, o6, 1)<=59;

Po pfidani této podminky jiz neexistuje zadné ptipustné feseni, vyse uvedené feseni je
tedy jedine¢né. Pro pichlednost ho jesté¢ uved’'me formou tabulky:

Tab. 4: ReSeni hadanky ,»Sest keseri®

Jméno Mésto Typ Velikost Pocet
Filip Cheb mystery 0,25 2

Ivo Eisenstadt CITO 4 6
Hana Znojmo unknown 0,5 7
Johan Stockerau eventcache |2 8
Gabriela Linz multi 1 9
Karl Liberec tradicional 0,125 1
Zavér

V prispévku jsme ukazali postupy, kterymi je mozné feSit i velmi slozité logické
problémy ,,Einsteinova typu®. Vlastni feSeni (zde prezentované v SW Lingo) obdrzime
béhem okamziku. I kdyz se vlastni formulace ptfedevsim u rozsahlych tloh mtize zdat
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jako pomérné slozitd, jednd se pouze o neustdle se opakujici stejné standardni
optimalizacni , triky*.
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Solving Puzzles of Einsten’s Type Using Optimizing

Abstract

In the contribution are presented methods for solving puzzles of Einstein’s type (There
live 5 people of different nations in 5 different houses,...). In the less difficult problems
we can use formulation using absolute values, more difficult puzzles lead to assignment
problem. Source code in SW lingo is enclosed.
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Konvergence evropskych ekonomik

Petr Musil
Vysoka skola polytechnickd Jihlava - Katedra ekonomickych studii

Abstrakt

Otazka ekonomické konvergence byva predmétem vyzkumu pomérné casto, obzvlasté
pokud se jednda o konvergenci ekonomik, jejichz zemé se postupné stavaji cleny
Evropské unie. Prave argument dohanéni Zivotni tirovné zapadnich zemi Evropské unie
je pouzivan jako argument pro vstup do EU. Ekonomicka teorie vSak predpovida,
Ze zemé s nizsi ekonomickou urovni maji tendenci dohanét zemé vyspélejsi, tedy
za jinak srovnatelnych okolnosti. Cilem toho prispévku je ukdzat, jak k sobé
konvergovaly vybrané evropské ekonomiky, a to od poloviny devadesatych let minulého
stoleti az do soucasnosti. Nejprve bude predstaven teoreticky model, ktery konvergenci
predpovidad, a nadsledné na redlnych datech ukazeme, zda modelu odpovida i realny
ekonomicky vyvoj.

Kli¢ova slova

Ekonomicka konvergence, Evropska unie, Solowiiv model

Uvod

Ekonomicka konvergence, tj. dohanéni zemi relativné vyspelych zemémi, které maji
niz§i Zivotni Groven, je pfedmétem zkoumani zejména v souvislosti s prohlubujici se
ekonomickou kooperaci a integraci. Ekonomicka teorie piedpovida, Ze zivotni uroven,
meétena naptiklad podle HDP na osobu, se bude zvySovat rychlej$im tempem v zemich,
jejichz ekonomickd vyspélost je nizsi, nez v zemich vyspélych. Tam by se naopak
ekonomicka uroven méla zvySovat tempem pomalejSim.

Jde o jeden ze zavért neoklasického ristového modelu, ktery zname pod nazvem
Solowlv model ekonomického rustu. Cilem tohoto piispévku je tento model
predstavit, respektive vysvétlit, pro¢ by pravé méné vyspélé zemé mély vykazovat
rychlejsi tempo ristu HDP na osobu nez zemé rozvinuté a ukazat na realnych datech,
zda jsou predpovédi Solowova modelu v souladu se skutecnosti a pfipadné se zamyslet
nad faktory, které by potencialné mohly zpusobit rozpor mezi teorii a realnym
ekonomickym vyvojem. K porovnani teorie a skute¢nosti budou pouzita data
vybranych ekonomik Evropské unie, nabizi se porovnani zemi, které pfistoupily k EU
v roce 2004 na jedné stran¢ a zemé pivodni Evropské patnactky. K tomuto porovnani
budou pouzita data ziskana z databaze Eurostatu a bude vyuzit ukazatel HDP na osobu
podle parity kupni sily, ¢imz je odfiltrovan vliv rozdilnosti cenovych hladin
V jednotlivych zemich.
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Solowuv model

Solowtv model ekonomického rustu pracuje s neoklasickou produkéni funkei, a to
ve dvou formach — extenzivni a intenzivni. Extenzivni forma produkéni funkce
zobrazuje vztah mezi celkovou zasobou kapitalu v ekonomice a celkovym
ekonomickym vystupem. Naproti tomu forma intenzivni zobrazuje vztah mezi
kapitalovou zasobou v ekonomice piepoctenou na jednotku pracovni sily a vystupem
na jednotku pracovni sily. ZjednoduSené tedy muizeme fici, ze extenzivni forma
produkeni funkce tesi celkovy vystup ekonomiky, zatimco intenzivni forma vystup
na osobu, tedy veli¢inu, o kterou se budeme opirat. Obé produkéni funkce pracuji
s fixnim mnoZstvim pracovni sily a ménicim se mnozstvim kapitalu, respektive
kapitalu na pracovnika.

Pro nase ucely tedy vyuzijeme intenzivni formu produkéni funkce, protoze tim
odstranime vliv nestejné velké zasoby pracovni sily a kapitalu v jednotlivych zemich
a ziskame tim lepsi obrazek o ekonomické Grovni v danych zemich.

Produkéni funkcee, se kterou budeme pracovat, ma dalsi charakteristiky:
e mnozstvi pracovni sily budeme pro danou produkéni funkcei povazovat za fixni

e produkéni funkce obsahuje konstantni vynosy z rozsahu, tj. pokud dojde ke stejné
procentni zmeéné€ obou vstupl, pak dojde ke stejné procentni zméne vystupu

e mezni produktivita kapitalu je klesajici, tj. kazda dalsi jednotka kapitalu ptinese
stale mensi ptirGstek vystupu

Intenzivni produkéni funkci tedy miizeme vyjadfit jako
y = f(K), kde:

y... vystup na pracovnika

k... kapitalova zasoba na pracovnika

Solowtiv model pracuje s dal$imi funkcemi, a to s funkci tispor a funkei opotiebeni
kapitalu. Formalné Ize tyto funkce zapsat nasledovné.

S =s.f(k), dk = (5, k), kde:

S... Gispory na pracovnika

S... mira uspor, tj. podil produktu, ktery je uspoien

O... mira opotiebeni kapitalu, tj. podil kapitalové zasoby, ktery se kazdy rok opotiebuje

Podstatou Solowova ristového modelu je situace, kdy ekonomika dosahuje nebo
se ocitne Vvtzv. ,stdlém stavu“ (steady-state). Jde o dosazeni takového bodu
v produkéni funkei, kdy se za jinak stejnych okolnosti neméni jak kapitalova zasoba
na pracovnika, tak vystup na pracovnika. Jinymi slovy, pokud ekonomika dosahne
svého stalého stavu, pak je rust produktu na pracovnika nulovy, stejné jako rdst
kapitalové zasoby na pracovnika. Zaroven ve stabilnim stavu plati, Ze je v ekonomice
vytvofen pravé takovy objem uspor, ktery presné pokryva potieby kapitalu k jeho
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obnoveni, tedy veSkeré vytvofené Uspory jsou pouzity na obnovu kapitalu, ktery
se za uplynulé obdobi opotieboval. Takovou situaci zachycuje nasledujici obrazek.

y
y=f(k)

y-k

o.k

k* k

Obr. 1: Staly stav v Solowové modelu

Zména produktu na osobu pak za jinak stejnych okolnosti zavisi na tom, jaka je
vychozi kapitalova zasoba na pracovnika v dané ekonomice. Pokud ve vychozim
obdobi disponuje ekonomika kapitalovou zasobou, ktera je mensi nez je ta ve stalém
stavu (tj. mensi nez k*), pak dojde k ekonomickému rtstu. Je to dano tim, ze v takové
situaci jsou uspory vétsi, nez jaké jsou tfeba k obnové kapitadlové zasoby. Prebytecné
uspory jsou tedy vyuzity pro financovani Cistych investic, tedy investic, které¢ vedou ke
zvétSeni kapitalové zasoby na pracovnika. Spolu s kapitalovou zasobou tedy vzroste
i produkt na pracovnika.

Je-li situace opacna, tedy disponuje-li ekonomika ve vychozim obdobi vyssi
kapitalovou zasobou, nez jaka odpovida té ve stalém stavu (tj. vétsi nez k*), pak
vytvofené Uspory nestaci k obnove kapitdlové zasoby a ta tedy zacne klesat. Spolu
S kapitalovou zasobou na pracovnika pak klesa i produkt na pracovnika. Dosahovéani
stalého stavu zachycuje nasledujici obrazek.
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y
y=f(k)
y*
*
5.k
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Obr. 2: Proces dosahovani stalého stavu v Solowové modelu

Pokud tedy dochazi k tomu, Zze ekonomika spé&je do stalého stavu ,,zleva®, vzhledem
ke klesajici mezni produktivité kapitalu se ptirtstky vystupu na pracovnika postupné
snizuji, ¢imz se snizuje i tempo rustu produktu na pracovnika. Jakmile je stalého stavu
dosazeno, rust produktu na pracovnika se zastavi. Podminku stalého stavu lze formalné
zapsat nasledovne:

s.y — 0.k =0, po tprave
sy =0k

Ekonomicka konvergence

Jak tedy Solowiiv model pfedpovida ekonomickou konvergenci méné vyspélych zemi
k zemim ekonomicky vyspélejsSim? Nejprve je tieba definovat, jak chapeme méné
vyspélou zemi. V Solowové modelu je tim mysSlena takova ekonomika, ktera je
relativné hodné vzdalena od svého stalého stavu, tedy ekonomika s pomérné nizkou
zasobou kapitalu na pracovnika. Na druhé¢ stran€, za vyspé€lou ekonomiku povazujeme
tu, kterd se nachdzi velmi blizko svého stalého stavu nebo se nachazi pfimo ve stalém
stavu. Kapitalova zasoba v takové ekonomice je pomérné vysoka.

Co ztoho vyplyva, jiz snadno dovodime. Ta zemé¢, kterd disponuje kapitdlovou
zasobou blizko svého stdlého stavu ma jiz jen velmi maly prostor pro zvySovani
kapitalové zasoby (pfevis Gspor nad obnovovacimi investicemi je velmi maly), a tim
padem ma i maly ristovy potencial. Produkt na pracovnika tak vzroste jen velmi malo.
Naproti tomu ta zemé, kterd je vzdalena od svého stalého stavu disponuje vétSim
previsem uspor nad obnovovacimi investicemi, a proto v takové zemi budou Cisté
investice vyssi, vice vzroste kapitalova zasoba a i vice se zvysi produkt na pracovnika.
Zemé, ktera je vzdalengjsi od svého stalého stavu tak roste rychleji.
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Konvergence ale znamena, ze ekonomické urovné zemi se stejnou nebo velmi
srovnatelnou produkéni funkei diive ¢i pozdéji dosahnou stejné ekonomické urovné.
Znamena to, ze zemé se srovnatelnymi produkénimi funkcemi konverguji ke svym
stalym stavim, kde se jejich ekonomické urovné vyrovnaji. Aby ke konvergenci
skute¢né doslo, je nutné, aby byly splnény urcité podminky, a to zejména:

e srovnatelné produkéni funkce
e stejnad mira Gspor

e stejnad mira opotiebeni kapitalu
e srovnatelné ,,jiné* okolnosti

Setkame se totiz i s pfipady, kdy ekonomicky zaostalejsi zemé k tém rozvinutym
nekonverguji. Tato skuteCnost byva vysvétlovana pravé tim, Ze nejsou splnény vyse
uvedené podminky a zejména pak ony ,,jiné* okolnosti, mezi néz miizeme zahrnout
naptiklad politicky rezim, vyspélost instituci (pfedev§im neformalnich), uroven
vzdélanosti, uroven zdravotni péce, tempo rustu populace apod. Solowtiv model tak
predpovida pouze tzv. ,,podminénou konvergenci‘.

Jak ke konvergenci v Solowové modelu dochazi, znazorfiuje nasledujici obrazek.

y
y=f(K)a=f(k)e

y*

6.kA:6.kB

A.yAzs.yB

O
\

Ao\

\_Y_) k* k
kA AkB

*1

Obr. 3: Konvergence v Solowové modelu

Na uvedeném obrazku je znazornéna situace dvou zemi A, B. Obé zem¢ maji stejnou
produkeni funkei, stejnou miru uspor i miru opotiebeni kapitalu. Jediné, v ¢em se ob¢
zem¢ lisi, je vychozi zasoba kapitalu na pracovnika. Zemé A ma tuto zasobu niZsi
a nachazi se tak dale od stalého stavu. Zemé A tak zaznamena vyss$i prirGstek kapitalu
na pracovnika a vys8i pfirtstek produktu na pracovnika nez zemé B. Dojde vsak

k tomu, Ze ob& zemé& se budou k sobé& ve své ekonomické urovni piiblizovat, az obé
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dospéji do stalého stavu, ktery maji rovnéz stejny. Jakmile do tohoto stavu dospéji,
budou disponovat kapitalovou zasobou na pracovnika k* a dosahovat ekonomické
urovng y*.

Pro poradek je tfeba dodat, ze vySe popsany princip ekonomické konvergence je
tzv. podminénou konvergenci. Jde o situaci, kdy ekonomiky k sobé konverguji za jinak
stejnych okolnosti, tj. pfi stejnych (srovnatelnych) produkénich funkcich, stejném
(srovnatelném) institucionalnim prostiedi, srovnatelné vzdélanosti atd.

Ekonomicka konvergence v Evropé

Nyni se podivame, zda k ekonomické konvergenci dochdzi ve vybranych evropskych
zemich. Nabizi se zaméfit pozornost na zemé Evropské unie, pred jejim rozsifenim
v roce 2004, tedy na zem¢é EU-15 a na druhé strané na zemé¢, které Evropskou unii
roz§ifili pravé vroce 2004 (tedy EU-10). Budeme piedpokladat, Ze k ekonomické
konvergenci dochazi, protoze:

e vychozi =zasoba kapitalu vzemich EU-10 byla vyrazné niz$i (vesmés
postsocialistické staty, které mimo jiné trpély nedostatkem kapitalu)

e produkéni funkce 1ze povazovat za viceméné srovnatelné (i kdyz v zemich EU-10
byla pocate¢ni technologickd Uroven opét vyrazné nizs§i — coz by ale mélo
konvergenci jen urychlit)

e politické rezimy jsou srovnatelné
e vyspélost instituci sice rizna, coz by mélo konvergenci zpomalovat
e vzdélanostni struktura srovnatelna

Jak tedy ekonomickd konvergence ve vybranych evropskych zemich probihala, nam
ukazuje nasledujici obrazek. V obrazku je znazornén vyvoj ekonomické urovné,
vyjadiené pomoci indexu (EU-27=100 v kazdém roce) a pfepoctené podle parity kupni
sily.
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Graf 1: Ekonomicka konvergence zemi EU-15 a EU-10 v letech 1995 — 2009 (EU-27=100).
Zdroj: Eurostat 2011

Vyvoj na grafu viceméné napliiuje piredpovédi ekonomické teorie, resp. Solowova
modelu. Ekonomicka troveit zemi EU-10 postupné konverguje k ekonomické urovni
EU-15, coz Ize vidét v tom, Ze kiivky ekonomickych urovni zemi EU-10 maji rostouci
charakter, zatimco zemi EU-15 charakter klesajici.

Zaroven si lze v§imnout i dal$iho faktu, ktery pfedpovidd Solowlv model. Nejvetsi
zmenSeni mezery v ekonomické urovni mezi vysp€lymi a rozvijejicimi se zemémi
zaznamenaly ty zemé, které na pocatku vykazovaly nejnizsi startovaci aroven produktu
na osobu, tedy napf. pobaltské zemé, ale tfeba i Slovensko. Naopak nejpomaleji
konverguje Kypr, Slovinsko ¢i Malta, tedy zem¢, které mély pomérn€ vysokou
startovaci uroven produktu na osobu.

Zavér

V ptispévku byl piedstaven Solowlv model ekonomického rastu v souvislosti
s ekonomickou konvergenci. Ukézali jsme, jak ekonomicka teorie vysvétluje
sblizovani ekonomik s rozdilnou urovni produktu na osobu, ale se srovnatelnymi
produk¢énimi funkcemi a dal$imi okolnostmi, které ovlivituji celkovou produktivitu
vyrobnich faktorti v dané zemi.

Dale jsme pomoci realnych dat ukézali, jak probiha ekonomicka konvergence mezi
eckonomikami ptivodni Evropské patnactky a zemémi, které Evropskou unii rozsifily
v roce 2004. Zjistili jsme, ze nejrychleji k ekonomikam plivodnich zemi EU konverguji
ty, které mély nizkou vychozi tiroven HDP na osobu, pfesné jak piredpovida Solowiav
model.
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The Convergence of European Economies

Abstract

The question of economic convergence is an often issue of economic research,
especially the convergence of new (or future) member states of the European Union.
The convergence of economic welfare is being used as an argument to convince
the new potential member states to join the EU. Economic theory despite that predicts
that the developing economies would converge the developed ones other things being
equal. The aim of this article is to introduce the economic convergence of specific
European economies since the half of the nineties. Firstly there will be introduced
the theoretical model that predicts the economic convergence, and then it will be
compared to the economic development of selected countries.
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Existencia efektu dni tyZdna pri analyze

burzovych vynosov a vymennych kurzov
s vyuzitim modelov TGARCH

Michaela Chocholata
Ekonomicka univerzita v Bratislave, SR

Abstrakt

Prispevok skuma vplyv efektu jednotlivych dni tyzdna na uroven a volatilitu dennych
hodnét logaritmickych vynosov burzovych indexov (NIKKEI, S&P500, CAC40 a DAX)
a vymennych kurzov (USD/EUR, JPY/EUR a JPY/USD) za obdobie 1.1.2000 —
30.3.2011 s vyuzitim modelov autoregresnej podmienenej heteroskedasticity TGARCH.
Na zdklade vysledkov mozno prijat zaver, Ze kym vplyv tohto efektu na urovern
analyzovanych logaritmickych vynosov bol potvrdeny len v pripade logaritmickych
vynosov burzovych indexov S&P500 a DAX, jeho vplyv na volatilitu bol preukdazany
V piatich analyzovanych pripadoch (NIKKEI, S&P500, DAX, JPY/EUR a JPY/USD).

Klucove slova

Logaritmické vynosy, podmienena heteroskedasticita, model TGARCH

Uvod

Casové rady burzovych indexov a vymennych kurzov mozno zaradit’ medzi finan¢né
Casové rady zaznamenavané s vysokou frekvenciou, pre ktoré je typicka nestacionarita,
¢o znamena, ze dany Casovy rad nema tendenciu vratit' sa k nejakej konsStantnej
hodnote, pripadne ktrendu. Typickou ¢rtou Casovych radov prvych diferencii
(oznacovanych aj ako ¢asové rady vynosov) je v Case sa meniaca variabilita/volatilita
alebo tzv. zhlukovanie volatility. MoZno sa domnievat’, Ze tato variabilita je sposobena
volatilitou na finan¢nych trhoch, ktoré vel'mi citlivo reaguju na rozne famy, akékol'vek
politické zmeny, zmeny v monetarnej ¢i fisSkalnej politike. Je teda zrejmé,
7ze s vyuzitim tradiéného pristupu Boxovej-Jenkinsove] metodologie ARIMA
(Autoregressive Integrated Moving Average) si nevysta¢ime. Linearne modely ARMA,
resp. ARIMA vychadzaju totiz z predpokladu, Ze podmienend strednd hodnota sa sice
Vv ¢ase meni, podmieneny rozptyl je vSak konstantny, ¢o nezodpoveda realite.

Hoci sa problematike adekvatneho modelovania finanénych ¢asovych radov venovali
viaceri autori (napr. v 60. rokoch 20. storo¢ia Mandelbrot [16] a Fama [10] poukazali
na skutoc¢nost, ze ,,velké cenové zmeny vyvolavaju d’alSie vel'ké cenové zmeny, kym

“ Prispevok bol spracovany v ramci rieSenia grantovej Glohy VEGA 1/0181/10 , Hybridné
modely prognézovania financ¢nych ¢asovych radov*.
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malé cenové zmeny vyvolavaju malé cenové zmeny*), prvym formalnym modelom,
ktory pripusta nestacionaritu v rozptyle vSak bol az Englem [9] navrhnuty ARCH
(Autoregressive Conditional Heteroscedasticity) model.

V sucasnosti uz existuje velké mnozstvo réznych modifikacii modelov ARCH (pozri
napr. [3], [4], [11]), pri¢om najznamejSou modifikaciou je jeho zovSeobecnena verzia -
model GARCH (Generalized ARCH), ktory bol vyvinuty Bollerslevom [6]. Vzhl'adom
na to, ze ani modely ARCH ani modely GARCH neboli schopné zachytit’ rozny vplyv
pozitivnych a negativnych Sokov (tzv. asymetrické efekty) na podmienenu volatilitu,
prichadza Nelson [17] s modelom EGARCH (Exponential GARCH) a Zakoian [22],
resp. Glosten, Jagannathan a Runkle [13] s modelom T(G)ARCH (Threshold
(G)ARCH), resp. GJR - GARCH.

Takisto sa mozno v literatire stretnut’ s mnozstvom ¢lankov a $tadii testujucich vplyv
napr. pondelkového efektu, efektu jednotlivych dni tyzdina, efektu neobchodnych dni,
efektu jednotlivych mesiacov, ¢i fazy hospodarskeho cyklu jednak na uroven
burzovych vynosov, ¢i vynosov vymennych kurzov, a jednak na troven volatility.
K zaveru, ze piatkové vynosy si v porovnani s priemernymi vynosmi vysSie
a pondelkové nizsie, dospel French v [12]. Na existenciu efektu konca mesiaca
poukazal vo svojej praci Ariel [2]. Analyze pondelkového efektu, efektu konca
mesiaca, efektu pondelkov v druhej polovici mesiaca aefektu roznej fazy
hospodarskeho cyklu pre viaceré americké burzové indexy S vyuZzitim modelu GARCH
sa venoval Rosenberg v [18]. Existenciu efektu konca roka, efektu konca mesiaca
i efektu jednotlivych dni tyzdia potvrdili Blenman, Chatterjee a Ayadi [5] pre burzové
indexy vybranych krajin Latinskej Ameriky, pricom aplikovali robustnu
ekonometricki metodologiu EGARCH-M. Apolinario a kol. [1] analyzovali existenciu
efektu dni tyzdina v pripade burzovych indexov trinastich eurdpskych krajin s vyuzitim
modelov GARCH a T-ARCH. Kym vplyv tohto efektu na troven burzovych vynosov
nebol potvrdeny, jeho vplyv na uroven volatility sa podarilo preukdzat takmer
vo vsetkych pripadoch. Rublikova [19] aplikovala ARCH a GARCH modely
a analyzovala efekt dni tyzdiia pre ¢asovy rad vynosov vymenného kurzu SKK/USD,
pri¢om preukazala vy$Sie hodnoty vynosov pre utorok v porovnani s priemernou
uroviiou. Prehlad d’alSich §tadii venujucich sa danej problematike mozno najst
I v kazdej z vysSie citovanych publikacii.

Existuje viacero moznych vysvetleni existencie jednotlivych efektov (osobitne
tzv. pondelkového efektu), ako napr. chyby merania, vplyv diania na inych véacsich
trhoch, koncentracia urcitych investicnych rozhodnuti, zverejnenie dodlezitych
firemnych sprav po piatkovej uzavierke, ¢asovy nestlad medzi nakupom a predajom
aktiv, ¢i posudenie vztahu medzi rizikom a vynosom a pod. (pozri napr. [7]).

Z pohladu racionalneho investovania predstavuje vysSka vynosu len jednu Ccast’
rozhodovacieho procesu. Dal$im podstatnym faktorom, ktory treba brat’ do uvahy, je
vyska rizika, resp. volatilita vynosov. DéleZité je vediet’, ¢i sa volatilita vynosov ako aj
vel'kost” vynosu meni v zavislosti od jednotlivych dni tyzdina. Objavenie a potvrdenie
urcitych ,,zakonitosti“ vo vyvoji volatility moéze byt totiz uzitocné z viacerych
dovodov, napr. na ucely hedgingu, prip. Spekulativne obchody, ¢i pri ocenovani
urcitych aktiv a pod.
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Predmetom tohto prispevku je analyza ,,uzatvaracich® (angl. close) dennych hodnot
vybranych svetovych burzovych indexov (japonského burzového indexu NIKKEI,
amerického indexu S&P500, franctizskeho indexu CAC40 a nemeckého indexu DAX)
a dennych hodnét vymennych kurzov (amerického dolara voéi euru - USD/EUR,
japonského jenu voéi euru a americkému dolaru -JPY/EUR a JPY/USD) za obdobie
1.1.2000 — 30.3.2011, pricom udaje o burzovych indexoch boli ziskané z internetovej
stranky [25] a tidaje 0 vymennych kurzoch z kanadskej internetovej adresy University
of British Columbia [24]. Pre analyzu boli pouzité len tie udaje, pre ktoré boli
definované hodnoty vSetkych analyzovanych Casovych radov, ¢o predstavovalo spolu
2555 udajov. Analyza bola zrealizovana s vyuzitim nelinearnych modelov TGARCH
vratane skimania existencie efektu jednotlivych dni tyzdia tak pre uroven burzovych
vynosov, resp. vynosov vymennych kurzov, ako aj pre ich volatilitu, ato
prostrednictvom ekonometrického softvéru EViews 5.1 s cielom poukazat’ na moznost’
vyuzitia vysledkov analyz pri investovani.

Linearne a nelinearne modely volatility

Typickou ¢rtou financnych ¢asovych radov, tj. ¢asovych radov burzovych indexov,
resp. vymennych kurzov je ich nestacionarita, ktori je mozné testovat pomocou
niektorého ztestov existencie jednotkového korefia, napr. pomocou Phillipsovho-
Perronovho testu (o testoch jednotkového korenia blizsie pozri napr. [8], [11], [20]).
Najcastejsim vysledkom je potvrdenie existencie jedného jednotkového korena, pricom
za ucelom stacionarizacie daného ¢asového radu tento diferencujeme.

Predmetom zaujmu analytikov vSak nie su spravidla nestacionarne casové rady urovne,
ale ¢asové rady vynosov, ktoré sa vyznacuju vysokou volatilitou. Analyzy sa zvycajne
realizuji na logaritmickych transformaciach jednotlivych cCasovych radov".

Ak ozna¢ime ako P; cenu aktiva v Case t, logaritmy vynosov r, mozno vyjadrit

nasledujticim spésobom:
r=In(R/R.,) €Y

Logaritmy vynosov (1) mozZno vo vSeobecnosti zapisat’ v tvare modelu ARMA(m,n):
m

n
L=+ Y G+ D GE, +& )
k=1

j=1
kde @, predstavuje kontantu, ¢, (j :1,2,...m) a 6, (k=1,2,...n) si parametre
zodpovedajiccho ARMA(m, n) modelu a & ma charakter ndahodnej,

resp. nepredikovatelnej zlozky, Soku. O ndhodnej zlozke &, sa predpokladd, Ze ma
podmienene normdalne rozdelenie s nulovou strednou hodnotou a rozptylom h;

! Problematike a dévodom pouzitia logaritmickej transformécie asovych radov sa blizsie
venuje napr. [20].
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zalozenom na informaénej mnozine €2;_; obsahujucej vsetky relevantné informacie
az do obdobia t— 1.

Doélezitym krokom je dalej Specifikdcia vhodného modelu podmienenej
heteroskedasticity pre modelovanie podmieneného rozptylu h; . V zékladnom modeli
podmienenej heteroskedasticity ARCH(q), ktory prvykrat prezentoval Engle,
pozostiva podmieneny rozptyl h; z konstanty a informacii o volatilite pozorovane;j
Vv predchadzajucich periodach (tzv. ARCH c¢leny):

2 2 2
h =a,+ae  +oe,+..+ae, (3)

Podmieneny rozptyl h; v Bollerslevovom GARCH(p, q) modeli, kde p predstavuje rad
GARCH ¢lena a q je rad ARCH c¢lena, je dany nasledujucim vztahom

q p
h, =o,+ Zaigtz—i + Z:Biht—i 4)
i=1 i=1

Nezapornost podmieneného rozptylu v modeloch (3) a (4) je zabezpecena
prostrednictvom podmienok kladenych na hodnoty parametrov ¢, «; a fi, pre ktoré
musi platit’ 0g>0, ¢;>0prei=1,2,...qafi>0pre i=1,2,...p.

Pri analyze finanénych ¢asovych radov sa vSak mozno stretnat s rdéznymi
asymetrickymi efektmi. Na zachytenie rézneho vplyvu pozitivnych a negativnych
Sokov alebo inych typov asymetrie na troveni podmieneného rozptylu bolo
Vv poslednom obdobi vyvinutych mnoZzstvo nelinearnych modifikacii modelov triedy

ARCH, pricom medzi najznamejsie patria model EGARCH a model TGARCH,
resp. GIR — GARCH?.

Modely TGARCH, resp. GJR - GARCH boli nezavisle prezentované Zakoianom
atrojicou autorov Glosten, Jagannathan a Runkle. ZovSeobecnena Specifikacia
podmieneného rozptylu v modeli TGARCH (p, q) ma tvar:

h =a, +iaigt2—i +iﬂiht—i +i7igt2—ilt_—i )
i-1 i-1 i-1

_ Lak g ;<0 . . . .
kde I, = , Z ¢oho je zrejmy odli$ny vplyv tzv. pozitivnych Sokov
0,ak¢g ;>0

&_; > Oanegativnych Sokov & _; <0 na podmieneny rozptyl. Vplyv pozitivnych
Sokov je vyjadreny hodnotou ¢;, vplyv negativnych Sokov hodnotou «;+7;.

Ak 7, >0, znamena to, Ze negativne Soky zvysuji volatilitu a hovorime o pritomnosti

2 Vzhladom k tomu, Ze v aplikaénej Gasti sa budeme venovat modelu TGARCH, blizsie
popiSeme prave tento model.
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tzv. pakového (leverage) efektu i — teho radu. Ak y, # 0, hovorime o asymetrickom
vplyve Sokov. Pre zabezpeCenie nezapornosti podmieneného rozptylu h; je nutné
splnenie nasledovnych predpokladov: o, >0, o, 20, o+, 20 prei=1,2,...qa

B.=20pre i=12,..p.

Testovanie existencie efektu jednotlivych dni tyzdina

Jednou z najcastejsie identifikovanych sezonnych anomalii pri analyze ¢asovych radov
vynosov je tzv. efekt jednotlivych dni tyzdna. Vplyv efektov jednotlivych dni tyzdia
na uroven logaritmickych vynosov mozno testovat pomocou zahrnutia prislusnych
umelych premennych do rovnice trovne (2) a ich vplyv navolatilitu zahrnutim
rovnakych umelych premennych do rovnice podmieneného rozptylu v tvare napr. (3),
(4) alebo (5). Pre sucasné testovanie tohto vplyvu je potrebné zahrnutie umelych
premennych sucasne do rovnice Urovne (2) a do niektorej z rovnic podmieneného

rozptylu (3) - (5). Umelé premenné oznacené D, (r=2, 3,4, 5) zodpovedajt
jednotlivym obchodnym dnom s vynimkou pondelka, t. j. utorku, strede, Stvrtku

a piatku, pricom nadobudaji hodnotu 1 v prisluSnom dni a 0 v ostatnych dioch.
Rovnica trovne (2) po zahrnuti umelych premennych ma tvar

p q 5
I=a,+ Zgzﬁjrt_j +> 08, + ZHan +é (6)
k=1 r=2

j=1

a rovnicu podmieneného rozptylu v tvare (5), ked’ze tento bude predmetom analyz
v aplikacnej Casti, mozno zapisat’ nasledovne:

q p q 5
h, :ao+zaigt2—i +Zﬂiht—i +Zyigt2—i|t:i +Z”rDrt )
i-1 i-1 i-1 r=2

pricom I1., 7, pre r=2345 predstavujii parametre odraZajice vplyv efektov
jednotlivych dni tyzdia na uroven, resp. podmieneny rozptyl logaritmickych vynosov.

Empirické vysledky analyzy sezonnych efektov

Predmetom analyzy su logaritmické transformécie casovych radov dennych hodnot
vybranych burzovych indexov (NIKKEI, S&P500, CAC40 a DAX) a dennych hodndt
vymennych kurzov (USD/EUR, JPY/EUR a JPY/USD) za obdobie 1.1.2000 —
30.3.2011, co predstavuje 2555 udajov. Priebeh logaritmickych transformacii
jednotlivych ¢asovych radov burzovych indexov a vymennych kurzov je znazorneny
v grafoch 1 a 2, z ktorych je zrejmy ich nestacionarny priebeh.
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Existencia jedného jednotkového korenia I(1), tj. nestaciondrny charakter tychto
¢asovych radov, bol potvrdeny aj na zaklade Phillipsovho-Perronovho testu (PP —
testu) jednotkového korena, ktorého vysledky pre jednotlivé Casové rady su v tabulke
1. Predmetom d’alSej analyzy su teda stacionarne casové rady prvych diferencii
vypocitanych podla vztahu (1), tj. casové rady logaritmickych vynosov, pricom
do rovnice urovne (2) boli v jednotlivych pripadoch zahrnuté nasledovné ¢leny AR,
resp. MA: r_NIKKEI — AR (11); r_S&P500 — AR(1), AR(2), MA(2); r_CAC40 —
AR(5), MA(1), MA(2); r_DAX — AR(5); r_USD/EUR — bez ¢lenov AR a MA;
r_JPY/EUR — AR(5); r_JPY/USD — MA(1).

Tab. 1 — Vysledky PP — testu jednotkového koreria pre logaritmické transformdcie
analyzovanych casovych radov

Logaritmicka Urovei 1. diferencie
transformacia trend konstanta | bez trendu a trend i
¢as. radu i konstanta bez konstanty konstanta
NIKKEI -1,979 -2,048 -0,915 -52,334***
S&P500 -1,949 -1,994 -0,130 -55,5656***
CAC40 -1,673 -1,758 0,541 -53,5633***
DAX -1,720 -1,374 0,042 -51,642***
USD/EUR -2,247 -0,982 -0,087 -50,832***
JPY/EUR -1,189 -1,629 0,185 -51,994***
JPY/USD -2,354 -0,532 -0,668 -53,153***

Poznamka: Symbol *** oznacuje zamietnutie hypotézy Hy pokial ide o existenciu jednotkového
korena na hladine vyznamnosti 1 %.

Po identifikovani ¢lenov AR, resp. MA sme parametre modelu (6) pre jednotlivé
logaritmické vynosy odhadli pomocou metddy najmensich §tvorcov (MNS) s vyuZitim
Neweyho-Westovho  heteroskedasticky i autokorela¢ne konzistentného (HAC)
estimatora pre kovaria¢né matice (blizSie pozri napr. [5]), pricom efekt jednotlivych
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dni tyzdna nebol potvrdeny ani v jednom pripade. Vysledky testu na nekorelovanost’
druhych mocnin rezidui ztychto modelov (Ljungova-Boxova Q-statistika), testu
Lagrangeovych multiplikatorov (ARCH LM test) atestu normality (Jarqueho-Berov
test) pre jednotlivé Casové rady logaritmickych vynosov jednozna¢ne potvrdzuju
existenciu autoregresnej podmienenej heteroskedasticity a si uvedené v tabulke 2.

V dalSom kroku sme preskamali vplyv efektu jednotlivych dni tyzdna sacasne
natroven ivolatilitu logaritmickych vynosov zahrnutim prisluSnych umelych
premennych do rovnice Urovne aj do rovnice podmieneného rozptylu. Parametre
modelov (6) a (7) boli odhadované pomocou Marquardtovho optimalizaéného
algoritmu umoznujiceho vypocet Bollerslevovho-Wooldridgeovho heteroskedasticky
konzistentného estimatora pre kovarianéné matice (blizSie pozri napr. [5], [23]).
Informacia o vhodnej Struktire modelu TGARCH v jednotlivych pripadoch,
0 Statistickej vyznamnosti parametrov zachytavajucich vplyv jednotlivych dni tyzdia
na uroven i volatilitu logaritmickych vynosov je spolu s vysledkami testov
Standardizovanych rezidui na nekorelovanost az do oneskorenia 200 (Ljungova-
Boxova Q-itatistika)’, existenciu zvyskovej heteroskedasticity (ARCH LM test)
a normality (Jarqueho-Berov test) stc¢ast'ou tabul’ky 3.

Tab. 2 — Vybrané vysledky testov rezidui

_ o o @)
w S Q -}
¥ [ |3 %2 |T |z |2
zZ 3 O 5 % 2 x
| ! o = > 7 7
169,90 | 186,30 | 133,95 | 93,88 4,48 38,72 | 27,31
169,67 | 186,03 | 133,75 | 93,74 4,47 38,67 27,26
4325,6 | 4655,9 | 3101,8 | 2761,9 | 1090,4 | 4063,4 | 1420,6

J_B **kk **kk **kk **kk **kk **kk **kk

Poznamka: Symbol *** ** * oznacuje zamietnutie hypotézy Hy pokial ide o nekorelovanost
druhych mocnin rezidui, neexistenciu ARCH efektu a normalitu na hladine vyznamnosti 1 %,
5% a 10%.

® Enders v [8] odporuga testovanie az do oneskorenia T/4, kde T je po&et pozorovani. EViews
vsak umoznuje pouzit’ maximalne oneskorenie 200.
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Tab. 3 — Vyznamnost’ efektov jednotlivych dni tyidiia v rovnici tirovne a podmieneného
rozptylu, testy Standardizovanych rezidui

—_ o
] ] Q < > = 2
v o < = RS RS
= 5 8 & 2 |z %
%I U:' o = :)| '_>| ﬁ|
Rovnica trovne (6)
Stat. vyz. | ziadny |(-)Do* ziadny | (-)Ds** | ziadny | ziadny | ziadny

efekty (-)Ds***

Rovnica podmieneného rozptylu (7)

Struktara | (1,1) (1.2) 12 | 2 | @) | L) | 12

TGARCH * k% *k*k *k*k
Stat. vjz. | ()DZ*** [ ()D*** | Ziadny | (+)Ds** | Ziadny | (-)D;* | (-)Dg***
efekty | ()Ds** | (+)Ds*** (-)Ds**

Testy Standardizovanych rezidui

Q(200) 150,77 | 227,22* | 197,80 | 211,08 | 207,86 | 173,62 | 213,63

Q*(200) | 185,72 191,73 | 177,43 | 206,86 | 163,65 | 146,66 | 157,63

LM(1) 5,19** 0,698 0,383 1,229 0,127 | 0,274 0,099

145,64 149,81 69,96 42,80 209,0 | 663,61 | 747,49

J_B *k*k *k*k *k*k *k*k *k*k *k*k *k*k

Poznamka: Symboly (-), (+) oznacuju zdaporné, resp. kladné znamienko prislusného Statisticky
vyznamného parametra. Symboly *** ** * oznacujii zamietnutie hypotézy H, na hladine
vyznamnosti 1 %, 5% a 10%.

Z vysledkov vtabulke 3 je zrejmé, Ze vplyv efektu dni tyzdia na troven
logaritmickych vynosov bol potvrdeny pre dva analyzované casové rady (r S&P500
ar DAX), pricom zaporné znamienko Statisticky vyznamnych parametrov indikuje
nizsiu Groven tychto logaritmickych vynosov v porovnani s pondelkom. Statisticka
vyznamnost vSetkych parametrov (s vynimkou uroviovej konstanty) v modeli
podmienené¢ho rozptylu TGARCH potvrdzuje opodstatnenost’ pouzitia prislusného
modelu podmienenej heteroskedasticity so zohl'adnenim asymetrie vo volatilite. Vplyv
efektu dni tyzdna na volatilitu logaritmickych vynosov bol potvrdeny v piatich
pripadoch, pricom kladné/zaporné znamienka Statisticky vyznamnych parametrov
svedCia o vysSej/nizSej volatilite v porovnani s jej pondelkovou hodnotou. Vlastnosti
Standardizovanych rezidui potvrdzuju na hladine vyznamnosti 1% nekorelovanost
a neexistenciu zvyskovej heteroskedasticity, nie su vSak normalne rozdelené. Hodnoty
Jarqueho-Berovej Statistiky testujlicej normalitu st v8ak pri aplikacii modelov
TGARCH znaéne nizsie ako v tabulke 2. Vzhl'adom na to, Ze hypotézu o normalnom
rozdeleni rezidui mozno vo vsetkych pripadoch zamietnut’, vysledky mozno povazovat
za konzistentné len v zmysle kvazi metédy maximalnej vierohodnosti (pozri
napr. [11]).

Z hladiska aplikacie modelov podmienenej heteroskedasticity vSak nezohrava kl'icovi
ulohu prognoza urovne analyzovaného casového radu, ale prognéza podmienené¢ho
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rozptylu. Z grafov 3 — 9 je zrejmé, ze podmieneny rozptyl nie je v Case konstantny,
pricom najvysSiu uroven v pripade vsetkych analyzovanych burzovych vynosov
dosahoval 17.10.2008 a v pripade vynosov vymennych kurzov r USD/EUR 8.1.2009,
r JPY/EUR 30.10.2008 ar_JPY/USD 23.3.2009. Ak by sme teda pri modelovani
jednotlivych logaritmickych vynosov nebrali do tvahy pritomnost podmienenej
heteroskedasticity, malo by to za nasledok nielen neefektivne odhady jednotlivych

parametrov, ale interval spol'ahlivosti by nezohl'adiioval meniaci sa rozptyl.

.005

.004 |

.003

.002 |

.001

.000 -7

.004

UV R |
1000 1500 2000 2500

— I_NIKKEI

500

.003 |

.002 |

.001 |

000 L

.00030

e e i e AR ARB AR
1000 1500 2000 2500

— r_CAC40

ARARamERE
500

.00025 4

.00020 4

.00015 4

.00010 4

.00005 -

.00000

— r_USD/EUR

.0035

.0030

.0025 |

.0020

.0015

.0010 -

. MWW
.0000

T T
1500 2000

500 1000 2500
( S&P500
.0032
.0028 |
.0024 |
0020
.0016
0012 |
.0008 |
.0004 | M)b
.0000 LT, ... v e ey l
500 1000 1500 2000 2500
— r_DAX
,00030
.00025 |
,00020 |
.00015 |
,00010 |
,00005 |
00000 L e
500 1000 1500 2000 2500
— r_JPYIUSD



LOGOS POLYTECHNIKOS ro¢nik 11, ¢islo: 03/2011 61

.0007

.0006 |

.0005

.0004 |

.0003 |

.0002 |

.0001

.0000

560 lObO 1560 2060 2560

— r_JPY/EUR

Grafy 3 — 9 Prognézy podmieneného rozptylu logaritmov vynosov

Zaver

Na zaklade uvedenych analyz mozno tvrdit, Ze vplyv efektu dni tyzdna s nizSou
uroviiou logaritmickych vynosov v porovnani s pondelkovymi vynosmi bol potvrdeny
pre dva casové rady - r S&P500 a r DAX. Vplyv efektu dni tyzdina na volatilitu
logaritmickych vynosov bol preukdzany v piatich pripadoch, avSak s réznymi
znamienkami, ¢o neumoznuje jednozna¢ny zaver ohladom nizsej, resp. vyssej
volatility v porovnani s jej pondelkovou hodnotou. Ziskané informacie pre jednotlivé
analyzované Casové rady mézu byt zaujimavé z pohladu investora a vhodne vyuzité
(vzhl'adom na rozdielnu vySku volatility v jednotlivych dioch tyzdna) napr.
pri realizacii Spekulativnych obchodov.

Pouzitie nelinearnych modelov TGARCH umoziujucich zachytit’ vplyv asymetrickych
efektov sa preukazalo vzhladom na Statisticki vyznamnost vSetkych parametrov
tychto modelov ako opravnené, o ¢om svedCia aj grafy 3 — 9 znazornujlice priebeh
Vv Case sa meniaceho podmieneného rozptylu.

Posudenie vplyvu efektu jednotlivych dni tyzdiia na vyvoj volatility pri prognézovani
jej budtcich hodnét, pripadne preskiimanie vplyvu jednotlivych faz hospodarskeho
cyklu na aroven i volatilitu vynosov bude predmetom d’al$ich empirickych analyz.
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Existence of the Day of the Week Effect in Analysis
of the Stock Returns and Exchange Rates using
the TGARCH model

Abstract

This paper investigates the influence of the day of the week effect on the level
and volatility of the daily values of logarithmic stock returns (NIKKEI, S&P500,
CAC40 and DAX) and logarithmic exchange rate returns (USD/EUR, JPY/EUR
and JPY/USD) during the period 1.1.2000 — 30.3.2011 using the autoregressive
conditional heteroscedasticity models TGARCH. While the influence of the above
mentioned effect on the level of the analysed logarithmic returns was confirmed only
in two cases (S&P500 and DAX), its influence on the volatility was proved for five
logarithmic return series (NIKKEI, S&P500, DAX, JPY/EUR and JPY/USD).
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logarithmic returns, conditional heteroscedasticity, TGARCH model
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Statistical Analysis of Unemployment in Chosen
Region of Poland in the Period of EU
Convergence
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Abstract

Treating regions of Poland as independent labour markets, the socio-economic
inheritance of regions is found to be a legacy of planning that determines regional job
reallocation rates. Situation on labour market in the Region Malopolska is perceived
as favourable in comparison with the whole country. However, the market is not
uniform and the variables characterising it reveal considerable regional and dynamic
diversification. The paper attempts to state the causes of this phenomenon. Basing on
time series describing changes of unemployment rates in years 1998 — 2004
in individual counties of the Malopolska region.

Key words
Statistical analysis, unemployment, Region of Malopolska, unemployment rate

Introduction

The Region Malopolska belongs to areas where unemployment rate is not relatively
high; in the first quarter of 2004 it reached the level of 16.7%, which gave the province
second position in the nationwide ranking. However, the region is not uniform in this
respect, as considerable territorial diversification of unemployment indices is observed,
they reach the lowest values of 8.4% in the urban county of Krakow and 9.7%
in proszowicki county, whereas they are the highest in nowosadecki country — 30.7%,
limanowski 25.3% and chrzanowski country — 21.2%. [4]

It is a widely-held view that large scale economic restructuring causes unemployment
that may persist for some time. Turning to the case of Poland, the standard explanation
of 1990s unemployment in Eastern Europe is that it reflects structural changes
in labour demand caused by domestic economic reforms, direct foreign investment,
and shifts in the pattern of international trade. [1]

The regional pattern of the unemployment that emerged in Poland in 1990 persisted,
to a large extent, well beyond the middle of the decade. This persistence was a modest
surprise. To reconcile a fairly stable regional pattern of unemployment with this
explanation, one needs to add arguments why unemployment might persist. There are
two main types of argument. Firstly, there are many reasons why restructuring
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and privatisation are gradual rather than all at once. This could give rise to a steady
flow of mismatched workers into unemployment. [2]

Secondly, the persistence of mismatch unemployment may be reinforced by labour
immobility caused by, for instance, adjustment costs in labour supply or wage rigidity.
A combination of these theories creates a seemingly convincing story in which gradual
restructuring and supply-side rigidities combine to create to persistence in the regional
pattern of unemployment. This paper studies regional unemployment inequality
in Poland. We find that higher unemployment regions are those experiencing greater
change in industrial structure. We also find high unemployment regions are those
with higher inflow rates to unemployment rather than longer spells of unemployment.

Present paper aimed at a statistical analysis of changes of unemployment rate in time,
i.e. over the 1998 — 2004 period. Situation on the labour market is not easy to predict,
since unemployment level is affected by factors of relatively fixed and known
dynamics, such as demographic processes occurring in the country and factors which
to some degree are predictable, although less stabile, including economic situation, and
these connected with difficult to foresee decisions of regulatory bodies
or organizational activities of large economic entities capable of influencing
the situation on the labour market. Forecasting on the basis of time series, although
always burdened with some error risk, is one of the basis econometric tools used by
decision making bodies.

Material and methods

Time series is composed of a sequence of measurements of some variable registered
at determined and identical time intervals. Advanced methods of analysis assume that
observations y; are realizations of random variables sequence Y. It justifies the random
way in which the level of studied phenomena shapes. [3] Thus the series is understood
as a random variables sequence {Y, ¢ = 1,...,n}with determined joint (usually normal)
distribution.

Analysis of time series has two main objectives:

» revealing the nature of phenomenon represented by a sequence
of observations,
» forecasting or foreseeing future values of time series.

Both objectives require identification and description of the elements of series, which
comprise:

» development tendency or trend,

» periodic fluctuations,

> fluctuations of economic situation,
» random fluctuations.

Development tendency is a property of the series revealing itself through systematic
unidirectional changes (increase or decrease) of the level of studied phenomenon
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occurring over a long period of time. Regularity and long duration of these changes
allow surmising that the reason of their occurrence is constant influence of some set of
factors determined as main causes.

Periodic fluctuations are rhythmic changes in the level of studied variable with
determined period of occurrence, which is usually one year (and then a half-year,
guarters or months may be sub-periods). It is obvious that to make possible observation
of some determined type of period fluctuations one needs relevant and detailed
statistical data.

Fluctuations of economic situation are system, wave fluctuations of economy
development observed over a period longer than one year. Therefore, analysis
of fluctuations of economic situation requires many-year observations.

Information about the range of period fluctuations in a series is essential for predicting
the development of phenomenon in the future. The values are measured by seasonality
indices. The method of their computing depends on particular term presence in the
series.

In a series where a distinct trend occurs, while constructing indices of seasonality,
a comparison is carried out between the original series and equalized (smoothed) series
representing the trend. Time series with considerable share of period and random
fluctuations are subjected to the smoothing process. In result a new series is obtained
with accentuated development trend of the studied phenomenon. Smoothing is
connected with some forms of local data averaging, so that nonsystematic terms
of individual observations cancel each other. The most popular technique of series
equalizing (smoothing) bases on moving average. Original elements of series are
replaced by an average of k neighbouring values (k is a width of smoothing window
most frequently selected to fit the number of sub-periods conditioning periodic
fluctuations).

Another method of eliminating periodic fluctuations and noise is exponential equalling.
[5] Let us mark the elements of smoothed series as S;. The procedure starts from
determining the prerequisite, e.g. we assume:

S1=y1
We use the recursive formula for the subsequent terms of series:
St =y, +(l_a)st—1 (t:21"'1n)

Parameter « (0;1)is called smoothing constant and its value is set arbitrarily

(in practice it usually assumes values about 0.8). The recursive procedure may be
transformed to obtain the following formula:

S =, all-a)'y_;+@-a)y, (t=2...n)

Smoothed value S; is a weighted mean of observations from the original series and the
weights decrease in geometric progression when passing to older observations.
Therefore older observations have less effect on smoothed value than younger ones.
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At low value of constant o older observations, burdened with multidirectional
fluctuations have relatively great influence on smoothing value S;. On the other hand
at high value of o the final one or several last observations definitely affect S;. From
this fact one may draw an important conclusion considering the value of smoothing
constant. If a series is characterized by a big share of random fluctuations, a low value
of a should be assumed for their elimination.

Otherwise, smoothed series would easily adjust itself to random fluctuations
and the smoothing effect would be unsatisfactory. However, if the share of random
fluctuations is small, a high value of smoothing constant should be assumed to express
the phenomenon trend well [Jozwiak, Podgoérski 2001]. In practice the best value
of smoothing parameter may be sought (using methods available from statistical
packages) through a “sample” process conducted at various values of a. The best
parameter is the one at which the smallest possible value of mean square error
is obtained ex post (it is mean square of difference between empirical values
and forecasted for one period ahead).

While discussing a process of simple exponential smoothing it should be mentioned
that the method also often provides accurate forecasts.

In studies on economic phenomena conducted using time series it is often reasonable
to develop a mathematical model of the phenomenon trend. To do that analyses
of linear and non-linear regressions are applied. Time variable is the independent
variable in the model which is then named a development tendency model. Functions,
most frequently used in models describing a phenomenon development tendency
include: linear, exponential, power, polynominal and logistic functions. While
selecting a type of function one should use a diagram of series and, if possible, also
other than statistical information, i.e. well known economic laws and other regularities
shaping the development of analysed phenomenon.

Information about periodic fluctuations in a series is crucial for forecasting the future
development of a phenomenon. The values are measured by seasonality indices.
The way in which they are computed depends on some particular terms presence
in a series.

In a series where a distinct trend occurs, and such series are represented
in the discussed studies, computations of seasonality indices are conducted using
a comparison of original series with smoothed series representing the trend

In models including multiplicative fluctuations, individual seasonality indices are
computed first for all terms y;, where t crosses the moving average indices set.

L
Y4

The indices assume the form of quotients . Then raw indices of fluctuations are

calculated according to the formula:

: 1 Yo o
O- = — |=1,2,..,d
Lo, _1t§l:i Yi
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On this basis cleaned indices of periodic fluctuations are constructed:

0, :o;di i=12,..d

2.0
i=1
Then values of terms (O, —1)-100% inform by what percent the values

of phenomenon observed in the i-th sub-period of a cycle are higher (or lower
depending on the sign), due to seasonal fluctuations, than the level of a phenomenon
represented by the trend.

In models with multiplicative fluctuations, first individual seasonality indices are
calculated for all y, terms, where t crosses the moving average indices set, (one
of the methods described above is used for smoothing and to set the weight we assume

that it is moving average method). The indices assume forms of quotients i Then

Yt
raw indices of seasonal fluctuations are calculated according to the following formula:

o-—1_ S i-12..d
r]i _1teNi yt
On this basis cleaned indices of periodic fluctuations are constructed:

0, =0, dd i=12,...d

>0

i=1

Then values of terms (O; —1) -100% inform by which percent of value the phenomena

observed in the i-th sub-period of cycle are higher (or lower depending on sign) due
to seasonal fluctuations than the level of a phenomenon represented by the trend.

Seasonality indices allow eliminating seasonal fluctuations from the time series
and the result may be obtained using transformations of terms from the original series:

_ Y

i
The series transformed in this way is determined by the phenomenon trend and random
fluctuations. Then appropriate fitting procedures of trend function are applied for terms
of y,series, which are usually based on the least squares method. Knowledge

of measurements of seasonal fluctuations and trend function allows obtaining
prognoses for future periods.

Y, for t € N, for series with multiplicative fluctuations.

Result and discussion

On the basis of information supplied by the Provincial Labour Office in Krakow data
were collected on unemployment rate estimated for individual countries of the Region
Malopolska and for the total area of the province for the period from September 1998
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to June 2004 at quarterly intervals. In this way 24-element time series were obtained.
These were subjected to decomposition in order to separate their components, and then
a forecast of unemployment rate level was prepared for the four subsequent periods
(i.e. quarters). The series were subjected to exponential smoothing with parameter
a=0.1 and to seasonal decomposition using Winters model with linear trend
and seasonal fluctuations. The analysis was conducted using Statistica.pl 5.0. Due
to a limited space of this work only some, i.e. the most interesting results will be
presented.

Conducted analyses have demonstrated an apparently growing trend
of the phenomenon. It is true for all countries and, which is understandable, is visible
in a series of rates estimates for the whole province area (Figures 1-2). It is obviously
divergent with the expectations of Polish government assuming simply an opposite
tendency for this particular region.

Fig. 1: Unemployment rate level in the Region Malopolska in 1998-2005
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Source: own processing based on data from Provincial Labour Office in Krakow

Obtained series are characterized by a relatively high share of random fluctuations,
which makes difficult inference and forecasting. The most serious were observed
in January 2004 (Fig. 2), due to re-estimation of the unemployment level by the main
Statistical Office, a considerable growth of this index was registered. Presently
the unemployment rate considers also the results of last census, which revealed that far
less persons are employed in national economy than hitherto estimated on the basis
of census 1998 data. It concerns primarily persons employed on private farms.
Therefore the biggest differences in the unemployment rate level are found in typically
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agricultural counties: nowosadecki (8.6% difference in relation to the previous period),
in limanowski county (6.7%) and tarnowski county (5.9%).
Fig. 2: Unemployment rate level in nowosadeckie province in 1998-2005
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According to the developed forecasts, the highest unemployment rate level has been
foreseen in nowosadecki country, respectively for the studied period from September
2004 to June 2005: 24.6%, 26.1%, 27.5%, 26.3% (Fig.2), whereas the lowest level has
been expected for urban country of Krakow 9.5%, 9.7%, 10.1%.

Conclussion

This scientific paper leads us to conclusions about Poland and also some
methodological points. On the case study of Poland we have shown that the persistent
high unemployment of some region and countries is associated more with high inflows
to unemployment than with high outflows. Situation on labour market in the Region
Malopolska is perceived as favourable in comparison with the whole country.
However, the market is not uniform and the variables characterising it reveal
considerable regional and dynamic diversification. Beside the situation discussed
in the work and connected with distorting effect, it may be noticed that changes
of the described variable happened according to quite regular pattern, which was
a connection of a linear upward trend of unemployment and slight seasonal fluctuations
caused by periodic changes of employment level in construction and processing
industry.
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Statisticka analyza nezamestnanosti vo vybranom
regione Pol’ska v obdobi konvergencie do Europskej
unie

Abstrakt

RieSenie problémov nezavislého trhu prdace Vv jednotlivych regionoch Polska, ako
i dedicstvo socio-ekonomickych podmienok si vyzaduje planovanie regiondlnej miery
zamestnanosti. Situdcia na trhu prace v regione Malopolsko je vnimand ako priazniva
v kompardcii s celou krajinou. Avsak situdcia na trhu prdce v krajine nie je jednotnd,
kedZe prostrednictvom premennych identifikujeme znacné regiondlne diferenciacie.
Predkladany clanok sa pokusa uviest priciny tohto javu prostrednitvom Statistickej
analyzy. Na podklade casovych radov popisujeme zmeny miery nezamestnanosti
v rokoch 1998 — 2004 v jednotlivych oblastiach regionu Malopolsko.
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Kontaktni udaje

Ing. et Bc. Ladislav Mura, Ph.D.

Ustav odbornych predmetov, Dubnicky technologicky intitat v Dubnici nad Vihom
Sladkovic¢ova 533/20, 018 41 Dubnica nad Vahom, Slovensko

email: ladislav.mura@gmail.com



12 Pavel Zahradnicek - Krizovy management

Vei‘ejna sprava, krizovy management a jejich
systémové souvislosti.

Pavel Zahradnicek
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Abstrakt

Clanek pojedndva o krizovém managementu ve vazbé na verejnou spravu. Neni
polemikou o pojeti ¢i vymezeni managementu a o jeho funkcich. Jsou zde uvedeny
skutecnosti, které zpravidla nejsou v literature prilis akcentovany a jsou pro pochopeni
systéemovych souvislosti rovnez dulezité. Tezisté prispévku lezi v popisu modifikaci
managementu, keteré vytvdari krizové prostiedi. Transformuje jej do podoby
managementu krizového. Clanek je urcen pro akademickou verejnost a odborniky
zabyvajici se krizovym Fizenim.

Klicova slova

Verejna sprava; krizovy management; krizové situace; charakteristika krizoveho
managementu; zdsady prace krizového managera.

Uvod

Pocatek 21. stoleti lze charakterizovat z obecného bezpecnostniho pohledu dvéma
protichidnymi trendy. Na strané¢ jedné lze hovofit o oslabovani silovych
konfronta¢nich pfistupd statii, na strané¢ druhé o vyznamném nartstu nevojenskych
ohrozeni. Bezpecnost stitu a ochranu spoleCnosti je tedy nezbytné vnimat
komplexné, tj. zejména z pohledu politického, ekonomického, vojenského, vnitini
bezpecnosti a ochrany obyvatelstva atd.

Sprava véci vefejnych, tj. vykon vefejnych zalezitosti ve spolecnosti organizované
ve stat€¢, se neobejde bez procesu udrzovani takového prostiedi, ve kterém lze
efektivné dosahovat vybranych cilii. Tento proces se nazyva fizeni nebo management.
Mame-li na mysli feSeni krizovych situaci, pak hovofime o krizovém fizeni
(managementu).

Krizové fizeni tedy chapeme jako souhrn fidicich ¢innosti vécné prislusnych organt,
zamefenych na analyzu a vyhodnocovani bezpeCnostnich rizik, plénovani,
organizovani, realizaci a kontrolu ¢innosti, provadénych v souvislosti s feSenim
krizové situace. Krizovy management se stal soucasti souCasného managerského
prostfedi. Zpravidla vyzaduje specialné piipravené specialisty - krizové managery.
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Management a jeho modifikace v krizovém prosti-edi

Krizové situace a stavy jsou zékonitymi privodci konani ¢lovéka. Pochopeni pficin
vzniku krizovych situaci a jejich moznych disledkt je jen prvnim krokem na cesté
k jejich feseni. Druhym krokem je vytvoieni takovych fidicich mechanizmii, pomoci
kterych lze krizové stavy nejen ucinné ovliviiovat, ale i fidit.

Mezi zékladni tkoly managementu vzdy patfi:

1) minimalizace vstupt
2) maximalizace vystupt

Toto plati pro management obecné, nikoliv jen ve spojitosti s ekonomickou cinnosti.
Pro vetejnou spravu je tento pohled vyznamny.

Management musi veiejna sprava v téchto souvislostech vnimat jako:

e nastroj optimalizace (lidskych zdroji, informaénich zdroja, atd.)

e system slozeny z instituci a fidicich pracovnikl, ktefi se snazi dosahnout
maximalni efekt z vazeb, vztahti a kompetenci danych legislativou

e mechanizmus (postupy, metodiky, nastroje atd.), pomoci kterého lze splnit
planované ukoly

Krizovy management se z hlediska svych funkci (planovani, organizace, personalistika,
operativni fizeni, kontrola) neodliSuje od obecného managenetu. Rozdil je nutné
spatfovat v obsahu, ktery je v ptipad¢ krizového managementu formovan jinym
vnéjSim i vnitinim prostiedim. Jiné jsou rovnéz cile, které je nezbytné dosdhnout.

Nekteré charakteristické znaky krizového managementu:

e krizovy management ve vefejné spravé funguje jako centralné fizeny systém
(méa prvky fidici a vykonné)

e feSeni krizovych situaci i1 vlastni zasahy vyzaduji  centralni fizeni
(napt. krizovy $tab, 1ZS atd.)

e (Cinnost zachrannych akci je koordinovana z hlediska casu, mista, sil,

prosttedkl, technologie zasahu atd.

pravomoci a zodpovédnost jsou legislativné zakotveny (krizové zakony)

ptikazy (rozkazy) se vyznacuji jednoznacnosti

¢innost krizovych organti a zasahujicich slozek je nepfetrzita

délba prace krizovych $tabi i jednotek je uspofadana a ucelna

individualni zajmy jsou podfizeny zajmim spolecenskym (vefejnym)

krizové Staby i zasahujici jednotky jsou vedeny k discipling

v tymech vladne jednotny duch a pocit sounalezitosti

spravedlnost fidicich pracovnikii podporuje u€innost krizového managementu

iniciativa je zpravidla umocnovana nartstem krizovych faktort

atd.
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Dil¢i charakteristika verejné spravy ve vztahu ke krizovému
managementu

Spravou lze obecné rozumét soubor funkci a souhrn ¢innosti, kterych cilem je rozvoj
a zabezpeceni véci spolecného z4jmu. Sprava je tedy zvlaStnim druhem fidici ¢innosti
systémt, pii¢emz zadavatel stoji zpravidla mimo systém. Ridici systémy stabilizuji
potieby a vykony.

Spravni systémy by m¢ély pfinaset reformy, zmény, nové postupy atd. Obecné tidici
systémy maji tedy predevsim funkce stabilizacni, spravni systém funkce rozvojové.

Vefejnd sprava vykondvand vefejnopravnimi institucemi je vazana piisluSnou
legislativou. Forma vykonu vetejnospravni funkce se nazyva rozhodnuti.

Spravu lze Clenit dveé zakladni formy:

e vefejnou spravu (statni, samospravu)
e soukromou spravu

Rozdil mezi vefejnou spravou a soukromou spravou tkvi v:

e pravni pozici vykonavatele spravy
e cilech, které maji byt dosazeny vykonem spravy

Vefejnou spravu je mozné chapat jako souhrn metod, opatfeni, zptisobli a postupd,
které uvadi do chodu spolecensko-hospodaisky mechanizmus a zabezpecuji jeji
regulaci. Verejna sprava je absolutné vazana na pravni systém statu.

Subjekty soukromé spravy jsou pravnim fadem pouze omezovany a mohou jednat
a pouzivat i postupy, které nejsou legislativou pfimo zakazané. Jak je tedy vidét,
ve vetejné spraveé prevazuje jednani normativni nad jednanim osobnim.

Vefejnd sprava mad chranéné postaveni stitem, coZ ji umoziuje byt vyznamnou
organizatorskou silou, ktera zabezpe¢i plnéni statem stanovenych ekonomickych,
socialnich, politickych a dalsich tiloh, véetn€ obrany a bezpecnosti obcanti.

Vefejna sprava CR napliiuje pozadavky subsidiarity a konkurenéniho prostedi.
V krizovém fizeni vSak lze vySe uvedna kritéria (pozadavky) naplnit velice omezené,
nebot’ principy (znaky) krizového managementu toto témét neumozinuyji.

Management vefejné spravy prispiva a podili se na zvySovani G¢innosti a efektivnosti
prace systému vefejné spravy, napt. takto:

formulovanim a dosahovanim cild spravy
racionalizaci funkci spravy

rozSifovanim a zkvalithovanim informacni zakladny
zvySovanim urovné rozhodovacich procest
stimulovanim lidi a zavadénim motiva¢nich nastroji
zlepSenim kontrolni ¢innosti

zrychlenim procest spravniho fizeni atd.
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Pojeti a uloha krizového managementu

Konstatovali jsme, Ze ¢lovék dokéze objasnit pfiiny a zakonitosti prevazné vétSiny
krizi. Aby dokazal uc¢inn€ ovlivnit preventivni ¢innost a minimalizoval nasledky
krizovych situaci, bylo potieba vytvorit specificky druh managemetu, ktery by se vyse
naznacenymi problémy komplexné zabyval. Odborna literatura tedy hovofi o krizovém
managementu, zachranném managementu a managementu rizik. Pisobnost krizového
managementu zasahuje do vSech soucasti zivota spolecnosti (lidé, technologie,
technika, zivotni prostiedi atd.).

Zkoumame-li metody, formy a nastroje krizového fizeni, Ize vyvodit ze:
e systémové se ve zna¢né mife prolind se systémem vefejné spravy
e fesi vétSinou ukoly spravniho charakteru, nikoliv tikoly hospodatské
e plni rozhodujici ¢ast ukoll v obdobi prevence, nikoli v ¢ase krize

Krizovy management je tedy nutné chapat jako:

teoreticky problém ¢i disciplinu

praktickou Cinnost

zvlastni a specifickou ¢innost skupiny lidi (napf. krizového Stabu)
schopnost (uméni) fesit krizové stavy

Krizovy management je také tfeba vnimat jako interdisciplinarni védni obor.
Pfedmétem zajmu (zkoumani) je predevSim metodologie fizeni nékterého systému
Vv obdobi krize.

Pravé tizeni systémi ve specifickém prostiedi, zasadné odlisném od bézného spravniho
¢i vyrobniho prostedi, to je ono specifikum krizového managementu.

Z funkéniho pohledu jde o specifickou Cinnost fidicitho subjektu, z institucionalniho
pohledu jde o soustavu instituci (pracovniki), které se zabyvaji problematikou
krizového fizeni a z pohledu teoretického jde o uspofadany soubor poznatkl
0 krizovych situacich a jejich feseni.

Hlavni cile krizového managementu:

1) posuzovat a analyzovat rizika a podminky pro vznik krizovych jevi
2) posuzovat varianty vyvoje Krizi

3) ptijimat adekvatni feSeni

4) dostat krizi pod kontrolu a minimalizovat ztraty

Hlavni tikoly krizového managementu:
1) provadéni preventivnich opatieni a predchazeni krizovym jevim
2) vytvafeni predpokladd pro fizeni krizovych situaci
3) pfipravenost na zasah (fidicich i vykonnych slozek systému)



76

Pavel Zahradnicek - Krizovy management

Jaké markantni rozdily lze najit pii porovndni obecného managementu a krizového
managementu?

Neékteré z nich:

Vnéjsi a vnitini prostfedi, ve kterém krizovy management vefejné spravy
pusobi. Napft. v krizovém managementu neexistuji vztahy zalozené na trznim
mechanizmu. Cinnost krizovych manaZert je svazana legislativou, velikost
finan¢nich vstupl je zavisla na statnim rozpoctu, krizové fizeni ma donucovaci
charakter, prace krizovych manazert v obdobi bez krizi se tézko obhajuje atd.

Stanoveni cili pro krizovy management. Cile krizového managementu
se dostavaji do rozporu zejména s ekonomickymi moznostmi statu na vSech
urovnich fizeni statu. Proveéfovani dosazitelnosti cili mize byt rovnéz velice
problematické atd.

Pravomoci krizovych manazert. Autonomie v rozhodovani a flexibilita je
vyrazné potlacena. Kompetence a zodpovédnost jsou piesné vymezeny.
Pracuje se dle krizovych pland ¢i scénari.

Personalni prace v oblasti krizového managementu. Personalni pravomoci jsou
jasné vymezeny legislativou, hodnoceni vykonu je slozitéj§i nez
V hospodaiském managementu.

Cinnost krizového managenetu vefejné spravy ma odlisny charakter, rozsah
a vyznam na jednotlivych stupnich fizeni vefejné spravy a v jednotlivych
obdobich feseni krizové situace. Je tfeba rozlisit obdobi pfipravné, obdobi
feSeni situace a obdobi po skonceni krize. Kazdé z téchto obdobi ma jasné
definované cile, tikoly a opatieni.

Z vyse naznaceného lze vyvodit nékteré zasady, kterymi by se krizovi manageti méli

fidit:
1)
2)
3)
4)
5)
6)
7)
8)
9)

Vzdy promyslet a naplanovat mozné varianty feseni krizovych jevu.
Byt pfipraven na feSeni nejhorsi varianty.

Prevzit iniciativu pii feSeni krizové situace.

Zabranit §ifeni paniky.

Pfijimat opatfeni proti stupiiovani a Siteni krize.

Kazdou krizovou situaci hodnotit z vice aspekta.

V prubéhu krize se zabyvat pouze jejim feSenim.

Mimoiradnou pozornost vénovat spojeni a ziskavani informaci.
Informovat nadiizené, podiizené, sousedy a vetejnost.

10) Po ukonéeni krize okamzit€ obnovit pohotovost sil i prostifedki a systém

monitorovani.

11) Efektivnost ¢innosti krizového managementu mnohdy zavisti na stupni

ohroZeni vefejnosti (paradoxné - ¢im vétsi problém, tim je krizovy manager
pro instituci ¢i vefejnost potiebnéjsi).

12) Uznavat zasadu, ze kazdou krizi 1ze fidit.
13) Uznavat, ze krize jsou soucasti Zivota soudobé spole¢nosti.
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Ma-li vetejna sprava svymi krizovymi organy plnit vySe zadané ukoly, pak je tieba,
aby pravni prostiedi pro feSeni krizi bylo komplexni, kvalitni a soudobé. Také
personalni vybava vefejné spravy pro krizové fizeni musi byt velice kvalitni, méla by
byt feSena profesionalnimi krizovymi managery.

Krizové ftizeni na vSech stupnich vefejné spravy dale musi byt zabezpeceno:
strukturou fidicich organt, vykonnymi slozkami, technickymi prostfedky, financnimi
prostfedky. To v§e v systémovém pohledu.

Zavér

Sprava véci vefejnych, tj. vykon vefejnych zalezitosti ve spolecnosti organizované
ve staté, se neobejde bez procesu udrzovani takového vné&jsiho i vnitiniho prostredi
fizeného systému, ve kterém lze efektivné dosahovat vybranych cild. Charakter doby

vymodeloval ucelovou formu managementu tj. krizovy management, ktery se stal
nedilnou standardni soucésti managerského prostiedi.

Na rozdil od obecného managementu jsou cile, metody, formy a prostiedky uzivané
v krizovém managementu pro feSeni mimofadnych situaci ve znaéné mife jiné. Rizeni
systémi v nestandardnim (krizovém) prosttedi, tj. v prostfedi zasadné odliSném
od bézného spravniho ¢i vyrobniho prostiedi, to je ono specifikum krizového
managementu. Nékteré systémové souvislosti jsou uvedeny pravé v tomto piispévku.
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Public Service, Crisis Management and Their Systemic
Connections

Abstract

The article discusses crisis management in relation to public service. It is not
a controversy about conception or definition of management and its functions. There
are some facts stated, that are in principle not accented in literature but are also
important in order to understand some systemic connentions. The article centre
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of gravity lies in description of modifications of management being transformed by
crisis environment into crisis management.

Key words

Public service; crisis management; crisis situation; characteristics of crisis
management; principles of crisis manager s work.
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